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ii2KTi iQ /Bb+mbb i?2
Bbbm2 i ?M/ #v TT2HBM; iQ i?2 K2+?MBbK@/2bB;M TT`Q+?X  bm{+B2Mi@
biiBbiB+b TT`Q+? rBHH #2 7QHHQrb- BMbi2/- BM *?Ti2` j- i?2 MHvbBb Q7 i?2
N
/2+2Mi`HBx2/ 2+QMQKv #2BM; M2+2bb`v iQ mM/2`biM/ i?2 /`BpBM; 7Q`+2b M/
mM/2`HvBM; K2+?MBbKb #2?BM/ i?2 it 7Q`KmH i?2`2BM /2`Bp2/X
hQ TH+2 Qm` i?2bBb BM Bib +/2KB+ +QMi2ti- i?2 `2bi Q7 i?Bb b2+iBQM #`B2~v `2pB2rb
i?2 ?BbiQ`v Q7 i?2 }2H/ U/BbiBM;mBb?2/ #v 7Q+mb M/ TT`Q+?V- M/ /Bb+mbb2b
bQK2 Q7 i?2 i?2Q`2iB+H mM/2`TBMMBM;b Q7 i?2 biM/`/ KQ/2Hb Q7 QTiBKH BM+QK2
itiBQMX Ai HbQ T`QTQb2b  +`BiB+H Qp2`pB2r Q7 Qm` KBM +QMi`B#miBQMb iQ i?2
HBi2`im`2- #v ?B;?HB;?iBM;- r?2M2p2` TQbbB#H2- i?2 /pMi;2bf/Bb/pMi;2b Q7
Qm` TT`Q+?X
RXRXR PTiBKH BM+QK2 itiBQM, JB``H22b URNdRV
h?2 KQ/2`M MHvbBb Q7 QTiBKH BM+QK2 itiBQM +2`iBMHv bi`i2/ rBi? JB``H22b
URNdRVX >2 +QMbB/2`2/ i?2 T`Q#H2K Q7 KtBKBxBM;  bQ+BH r2H7`2 7mM+iBQM
#b2/ QM i?2 ;2MibǶ miBHBiB2b- bm#D2+i iQ i?2 ;Qp2`MK2Mi #m/;2i +QMbi`BMi M/
i?2 BM+2MiBp2 +QKTiB#BHBiv +QMbi`BMi `BbBM; 7`QK i?2 BM/BpB/mHbǶ H#Q` bmTTHv
`2bTQMb2b iQ i?2 it bvbi2KX
JQ`2 T`2+Bb2Hv- BM JB``H22bǶb KQ/2H- i?2 ;2Mib- #v /Bz2`BM; BM i?2B` #BHBiv- 2`M
/Bz2`2Mi r;2@`i2bX PM ++QmMi Q7 i?2 bQ+BH T`272`2M+2b- i?2 ;Qp2`MK2Mi b22Fb
iQ `2/Bbi`B#mi2 7`QK ?B;?@BM+QK2 iQ HQr@BM+QK2 ;2Mib- #mi ?2 +M QMHv /Q bQ
#v b2iiBM; it2b M/ i`Mb72`b #b2/ QM 2`MBM;b- `i?2` i?M QM T`Q/m+iBpBivX
h?2 2tBbi2M+2 Q7 M BM+2MiBp2@+QKTiB#BHBiv +QMbi`BMi- i?mb- H2/b iQ  MQM@
/2;2M2`i2 2[mBiv@2{+B2M+v i`/2@QzX h?2 i?2Q`2iB+H mM/2`TBMMBM; Q7 i?Bb FBM/
Q7 KQ/2Hb Bb i?i- mM/2` miBHBi`BM bQ+BH T`272`2M+2b- #2?pBQ`H `2bTQMb2b `2
i?2 bQH2 7+iQ` T`2p2MiBM; i?2 +QKTH2i2 `2/Bbi`B#miBQM Q7 BM+QK2- i?i biBHH rQmH/
`2bmHi B7 2`MBM;b r2`2 }t2/X
hQ bii2 i?2 T`Q#H2K KQ`2 7Q`KHHv- 7Q`  ;2M2`H bQ+BH r2H7`2 7mM+iBQM Q7 i?2
7Q`K
aq6 = ´ ωiW (ui(c(yi)))dF (i),
i?2 +QK#BMiBQM Q7 `#Bi``v S`2iQ r2B;?ib ωi Ur?B+? `2 BM/2T2M/2Mi Q7 BM/B@
pB/mH +?QB+2bV- M/ Q7 i?2 BM+`2bBM; M/ +QM+p2 bQ+BH r2H7`2 7mM+iBQM W (·)
UQ7 i?2 ;2MibǶ +QMbmKTiBQM miBHBiv ui i 2`MBM;b H2p2H yiV- TBMb /QrM i?2 bQ+BH
K`;BMH r2H7`2 r2B;?i QM BM/BpB/mH i-
µi =
ωiW ′(·)u′i(·)
λ
r?2`2 λ Bb i?2 bQ+BH K`;BMH pHm2 Q7 ;Qp2`MK2MiǶb `2p2Mm2bX AMimBiBp2Hv- µi
K2bm`2b i?2 /QHH` pHm2 Q7 BM+`2bBM; BM/BpB/mH iǶb +QMbmKTiBQM #v QM2 mMBiX
Ry
aQ+BH T`272`2M+2b 7Q` `2/Bbi`B#miBQM- i?2M- 2Mi2` QTiBKH it 7Q`KmHb i?`Qm;?
i?2 r2B;?ib µi X
AM i?2 +Hbb Q7 MQM@HBM2` it bvbi2Kb- i?2 QTiBKH K`;BMH it Bb b2i ++Q`/BM;
iQ
T ′(y)
1− T ′(y) =
1
ϵyτ
(
1− F (y)
yf(y)
)[
1− µ(y)
]
r?2`2 µ(y) Bb i?2 p2`;2 bQ+BH K`;BMH pHm2 Q7 +QMbmKTiBQM 7Q` itTv2`b
rBi? 2`MBM;b yi #Qp2 y- ϵy ≡ ∂y
∂(1− T ′(y))
1− T ′(y)
y
Bb i?2 2HbiB+Biv Q7 2`MBM;
iQ i?2 K`;BMH it `i2- M/ F (y) Bb i?2 *.6 Q7 y- rBi? /2MbBiv f(y) @ #Qi?
2M/Q;2MQmbX
h?Qm;? JB``H22b URNdRV ?/ M 2MQ`KQmb BM~m2M+2 BM i?2 /2p2HQTK2Mi Q7 bQ+BH
+QMi`+ib #b2/ QM BM7Q`KiBQM bvKK2i`v- Bib TTHB+iBQM BM T`+iB+2 rb p2`v
HBKBi2/X h?2 ;2M2`H bQHmiBQM iQ i?Bb T`Q#H2K Bb BM/22/ p2`v +QKTH2t- /m2 iQ
i?2 2M/Q;2M2Biv Q7 µ(y)- M/ T`QpB/2b HBiiH2 BMimBiBQMX JB``H22b ?BKb2H7 +``B2/
Qmi b2p2`H bBKmHiBQMb- mbBM;  *Q##@.Qm;Hb miBHBiv 7mM+iBQM M/  HQ;@MQ`KH
r;2 /Bbi`B#miBQM mM/2`  +HbbB+H miBHBi`BM aq6- M/ 7QmM/ i?i i?2 QTiBKH
it b+?2/mH2 Bb TT`QtBKi2Hv HBM2` #Qp2  +2`iBM i?`2b?QH/X JQ`2Qp2`- Bi Bb
Hrvb MQM@M2;iBp2X
TT2HBM; iQ i?2 +QM+2Tib Q7 ;;`2;i2 2HbiB+Biv ϵ ≡ ∂y
∂(1− τ)
1− τ
y
M/ p2`;2
ǳMQ`KHBx2/Ǵ bQ+BH K`;BMH r2H7`2 r2B;?i µ- r2B;?i2/ #v i?2 T`2@it BM+QK2b
yi- i?2 QTiBKH it `i2 BM i?2 +Hbb Q7 HBM2` it bvbi2K Bb ;Bp2M #v
τ =
1− µ
1− µ+ ϵ
r?2`2 y Bb i?2 U2M/Q;2MQmbV p2`;2 BM+QK2 M/ µ = 1
y
ˆ
µiyidF (i) Bb HbQ i?2
`iBQ Q7 i?2 BM+QK2 K2M- r2B;?i2/ #v i?2 BM/BpB/mH bQ+BH r2H7`2 r2B;?ib µi-
iQ i?2 +imH p2`;2 BM+QK2 yX
b  `2K`F- r?B+? TTHB2b iQ Qm` b2iiBM;- r2 MQi2 i?i- r?2M2p2` 2`MBM;b `2
;2M2`i2/ #v  T`iHv `M/QK T`Q+2bb BMpQHpBM; Hm+F BM //BiBQM iQ 2zQ`i Ub Bi
Bb BM Qm` KQ/2HV- i?2 it 7Q`KmHb #Qp2 biBHH ?QH/- b HQM; b i?2 bQ+BH r2H7`2
7mM+iBQM W (·) Bb /2}M2/ Qp2` i?2 BM/BpB/mHbǶ 2tT2+i2/ miBHBiv- E[ui(·)]X
aiB;HBix URN3kV /Bb+`2i2 p2`bBQM Q7 JB``H22b URNdRV KQ/2H rb mb27mH iQ mM/2`biM/
i?2 T`Q#H2K Q7 QTiBKH itiBQM b  KQ/2`M BM7Q`KiBQM T`Q#H2KX h?2 irQ@
ivT2 U?B;?@bFBHH2/ M/ HQr@bFBHH2/ ;2MiV +b2 ?B;?HB;?i2/ i?2 `2[mB`2K2Mi i?i
i?2 QTiBKH it bvbi2K Kmbi #2 b2i mT bQ b iQ /Bb+Qm`;2 i?2 ?B;?@bFBHH2/ ;2Mi
7`QK KBKB+FBM; i?2 HQr@bFBHH2/ #v rQ`FBM; H2bbX LQM2i?2H2bb- 2Bi?2` i?2 ;2M2`H
RR
KQ/2H Q7 JB``H22b M/ aiB;HBixǶb /Bb+`2i2 p2`bBQM- ?p2 ?/ HBKBi2/ mb2 7Q` +imH
TQHB+v `2+QKK2M/iBQMb BM T`+iB+2- bBM+2 Bi Bb ?`/ iQ Q#iBM it 7Q`KmHb BM
i2`Kb Q7 ǳbm{+B2Mi biiBbiB+bǴX
RXRXk PTiBKH iQT BM+QK2 K`;BMH it
h?2 itiBQM Q7 ?B;?@BM+QK2 2`M2`b Bb  p2`v BKTQ`iMi bT2+i Q7 Mv it bvb@
i2KX AMBiBHHv- T`Q;`2bbBp2 BM+QK2 it bvbi2Kb r2`2 HBKBi2/ iQ i?2 iQT Q7 i?2
BM+QK2 /Bbi`B#miBQMX hQ/v- #2+mb2 Q7 i?2 H`;2 BM+`2b2 BM BM+QK2 +QM+2Mi`@
iBQM- i?2 H2p2H Q7 itiBQM Q7 iQT BM+QK2b UBX2X- i?2 iQT RWV Kii2`b MQi QMHv 7Q`
2[mBiv `2bQMb #mi HbQ [mMiBiiBp2Hv- 7Q` `2p2Mm2@`BbBM; M22/bX aBM+2 i?2 iQT
Q7 i?2 BM+QK2 /Bbi`B#miBQM Bb i?2 QM2 i?i KQ`2 Bb +QM+2`M2/ #Qmi i?2 T`QpBbBQM
Q7 i?2 T2`[mBbBi2 ;QQ/- r2 7Q+mb QM i?2 QTiBKH iQT BM+QK2 it BM i?2 Hbi +?Ti2`
Q7 Qm` i?2bBb- M/ T`QTQb2 ?2`2  #`B27 `2pB2r Q7 Bib i?2Q`2iB+H /2`BpiBQMX
aiM/`/ KQ/2Hb Q7 QTiBKH iQT it `i2 bbmK2 i?i i?2 it `i2 #Qp2  }t2/
BM+QK2 H2p2H y⋆ Bb +QMbiMi M/ 2[mH iQ τbX "v  T2`im`#iBQM `;mK2Mi- 7Q`
Mv bKHH p`BiBQM dτ - #v 2`MBM; bi #Qp2 y⋆- BM/BpB/mH i K2+?MB+HHv Tvb
(bi − y⋆)dτ 2ti` mMBib BM it2bX h?Bb 2ti` TvK2Mi +`2i2b  bQ+BH r2H7`2
HQbb 2[mH iQ −µi · (bi − y⋆)dτ - r?2`2 µi Bb i?2 bQ+BH K`;BMH r2H7`2 r2B;?i
QM BM/BpB/mH iX h?2 it +?M;2- ?Qr2p2`- i`B;;2`b  #2?pBQ`H `2bTQMb2- dbi-
bQ H2/BM; iQ M //BiBQMH +?M;2 BM it2b 2[mH iQ dbi · τbX
"v +QK#BMBM; i?2 K`;BMH 2z2+i Q7 i?Bb bKHH `27Q`K QM BM/BpB/mH i - M/
;;`2;iBM; i?2 r2H7`2 2z2+ib +`Qbb HH i?2 iQT@#`+F2i itTv2`b- bQ i?i yb
Bb i?2 p2`;2 BM+QK2 Q7 i?2 BM/BpB/mHb BM i?2 iQT@#`+F2i- i?2 QTiBKH iQT it
`i2 bQHp2b
τb
1− τb =
(1− gb)(yb/y⋆ − 1)
ϵb ·
( yb
y⋆
)
r?2`2 gb Bb i?2 p2`;2 bQ+BH K`;BMH r2H7`2 r2B;?i Ur2B;?i2/ #v BM/BpB/mHbǶ
BM+QK2 biV 7Q` i?2 iQT@#`+F2i BM/BpB/mHb- M/ ϵb Bb i?2 iQT@#`+F2i BM/BpB/m@
HbǶ p2`;2 2HbiB+Biv Q7 BM+QK2 yb rBi? `2bT2+i iQ i?2 M2i@Q7@it `i2 1 − τb -
KmHiBTHB2/ #v 2`MBM;b ybX
JQ`2Qp2`- bBM+2 i?2 iQT iBH Q7 i?2 BM+QK2 /Bbi`B#miBQM Bb +HQb2Hv TT`QtBKi2/
#v  S`2iQ /Bbi`B#miBQM rBi? iBH T`K2i2` a = yb/y
⋆( yb
y⋆
− 1
) = yb/(yb − y⋆) > 1-
i?2 #Qp2 7Q`KmH Bb ;2M2`HHv T`QTQb2/ BM Bib bBKTHB}2/ p2`bBQM- i?i Bb
τb =
1− gb
1− gb + a · ϵb
Rk
++Q`/BM;Hv- i?2 QTiBKH iQT it `i2 /2+`2b2b BM,
BV gbX AM i?2 HBKBi- r?2M i?2 bQ+BH K`;BMH r2B;?i QM iQT@#`+F2i 2`M2`b Bb
x2`Q- Bi bBKTHB}2b iQ τb = 1
1 + a · ϵb - r?B+? Bb HbQ i?2 `2p2Mm2 KtBKBxBM; iQTit `i2c
BBV ϵb- b  ?B;?2` 2HbiB+Biv H2/b iQ H`;2` 2{+B2M+v HQbb2bc
BBBV aX JQ`2Qp2`- B7 y⋆ `2+?2b i?2 H2p2H Q7 BM+QK2 Q7 i?2 ?B;?2bi BM+QK2 2`M2`-
7Q` a→ 0- i?2M τb → 0 UmMH2bb ϵb = 0V- r?B+? Bb i?2 7KQmb x2`Q@iQT@`i2 `2bmHi
}`bi /2KQMbi`i2/ #v a/FURNdeV M/ a2/2 URNddVX
h?2 BKTQ`iM+2 Q7 i?2 iQT it `i2 Bb BM Bib #2BM; i?2 bvKTiQiB+ HBKBi Q7 i?2
QTiBKH K`;BMH it `i2 Q7 i?2 7mHHv MQM@HBM2` it T`Q#H2K Q7 JB``H22b URNdRVX
q?i i?2 HBi2`im`2 QM 2Bi?2` QTiBKH BM+QK2 M/ QTiBKH iQT BM+QK2 itiBQM
2KT?bBx2b- i?2`27Q`2- Bb i?i Mv TQHB+v `2+QKK2M/iBQM QM ?Qr i?2 QTiBKH
it bvbi2K b?QmH/ #2 /2bB;M2/ /2T2M/b QM i?2 2ti2Mi Q7 #2?pBQ`H `2bTQMb2b
iQ it2b- M/- ?2M+2- QM i?2 bBx2 Q7 i?Qb2 2KTB`B+H T`K2i2`b- bm+? b i?2
2HbiB+Biv Q7 H#Q` bmTTHv M/ i?2 /2MbBiv Q7 2`MBM;bX .Bz2`2Mi +QM+2Tib Q7
2HbiB+Biv ?p2 #22M BMpQHp2/- iQ iF2 BMiQ ++QmMi 2Bi?2` i?2 T`iB+BTiBQM H#Q`
bmTTHv `2bTQMb2 Ui?2 bQ@+HH2/ 2ti2MbBp2 K`;BMV- M/ i?2 2zQ`iǶb `2bTQMb2b Ui?2
BMi2MbBp2 K`;BMVX
aBM+2 r2 7Q+mb QM i?2 BMi2MbBp2 H#Q` bmTTHv K`;BM- BX2X QM i?2 +?QB+2 Q7 ?Qr
Km+? iQ rQ`F- +QM/BiBQMH QM i?2 +QKT2MbiBQM b+?2K2- M/ bBM+2 r;2@`i2b
`2 b2i #v BM/2T2M/2Mi }`Kb- i?2 2HbiB+Biv +QM+2Tib i?i `2 +QMp2MB2Mi BM Qm`
7`K2rQ`F `2 i?Qb2 Q7 M mM+QKT2Mbi2/ UQ` J`b?2HHBMV 2HbiB+Biv Q7 2`MBM;b-
M/ i?i Q7 M mM+QKT2Mbi2/ 2HbiB+Biv Q7 H#Q` bmTTHv- #Qi? rBi? `2bT2+i iQ
i?2 it `i2X b r2 b?HH b22 BM *?Ti2` j- BM 7+i- i?2 mM+QKT2Mbi2/ 2HbiB+Biv
Q7 H#Q` bmTTHv +QK#BM2b rBi? i?2 mM+QKT2Mbi2/ 2HbiB+Biv Q7 2`MBM;b Ui?2 irQ
#22M i?2 bQHmiBQMb Q7 irQ /Bz2`2Mi KtBKBxiBQM T`Q#H2KbV BM Q`/2` iQ /2i2`KBM2
i?2 QTiBKH iQT it `i2X
:2M2`HHv bT2FBM;- #2+mb2 i?2`2 `2 MQ BM+QK2 2z2+ib BM Qm` KQ/2Hb- BM i?2
b2Mb2 i?i BM+`2bBM; i?2 U+2`iBM KQmMi Q7V MQM@H#Q` BM+QK2 Q7 2Bi?2` i?2
;2Mib Q` i?2 }`K /Q2b MQi z2+i H#Q` bmTTHv /2+BbBQMb- mM+QKT2Mbi2/ 2Hb@
iB+BiB2b `2 HbQ +QKT2Mbi2/ QM2bX >Qr2p2`- i?2 T`QpBbBQM Q7 T2`Fb- r?B+? Bb
K/2 iQ i?2 ;2Mi #v  b2H7@BMi2`2bi2/ }`K- Bb ;QBM; iQ bHB;?iHv +?M;2 i?Bb
2[mBpH2M+2X AM i?2 bTB`Bi Q7  /2+2Mi`HBx2/ 2+QMQKv- i?2 T`QpBbBQM Q7 T2`Fb
i?i 7QHHQrb iQ M BM+`2b2 BM i?2 it `i2 +M #2 HQQF2/ i b  +QKT2Mbi2/
H#Q`@BM+QK2 BM+`2b2- bBM+2 i?2 BM+2MiBp2 +QKTiB#BHBiv +QMbi`BMi biBHH #BM/bX A7
i?Qb2 ǳBM+QK2 2z2+ibǴ r2`2 H`;2- M/ T2`Fb ?/  H`;2 BKT+i QM H#Q` bmT@
Rj
THv M/ 2`MBM;b /2+BbBQMb- /BbiQ`iBQM`v it2b +QmH/ THv 2p2M  ?B;?2` `QH2 BM
#HM+BM; BMbm`M+2f`2/Bbi`B#miBQM ;BMbi BM+2MiBp2bX
6BMHHv- Qm` +QMi`B#miBQM iQ i?Bb HBi2`im`2 +QmH/ #2 2ti2M/2/ iQ i?2 bm;;2biBQM
Q7  K2bm`2 7Q` i?2 /2MbBiv Q7 2`MBM;b i?i Bb /2`Bp2/ 7`QK i?2 T`B+BM; Q7 r;2b
BM i?2 H#Q` K`F2i- b  `2bTQMb2 iQ i?2 bvKK2i`B+ BM7Q`KiBQM T`Q#H2KX AM
i?i b2Mb2- r2 T`QTQb2  KB+`Q@7QmM/iBQM Q7 i?2 BM+QK2@/Bbi`B#miBQM- i?i HbQ
+QmH/ b2`p2 iQ `mH2 Qmi i?2 x2`Q iQT@`i2 `2bmHiX
RXRXj .Bb+`2i2 KQ/2Hb Q7 H#Q` BM+QK2 it
SBF2iiv URNNdV M/ a2x UkyykV /2p2HQT M Hi2`MiBp2 7Q`K Q7 i?2 /Bb+`2i2 JB`@
`H22b KQ/2H rBi?  }MBi2 MmK#2` Q7 TQbbB#H2 2`MBM;b H2p2Hb- M/ i?2`27Q`2- Q7
TQbbB#H2 DQ#b n = 0, ..., N - #mi  +QMiBMmmK Q7 BM/BpB/mH ivT2b bQ i?i i?2
7`+iBQM Q7 BM/BpB/mHb i 2+? 2`MBM;b H2p2H Bb  bKQQi? 7mM+iBQM Q7 i?2 it
`i2X
JQ`2 7Q`KHHv- BM/BpB/mH i +?QQb2b n bQ b iQ KtBKBx2  7mM+iBQM ui(cn, n)
r?2`2 cn = yn − T (yn) Bb i?2 7i2`@it +QMbmKTiBQM H2p2HX 6Q`  ;Bp2M it
M/ i`Mb72` bvbi2K r?B+? BKTH2K2Mib {cn}-  7`+iBQM pn({cn}) Q7 BM/BpB/mHb
+?QQb2b Q++mTiBQM n- pn #2BM; /Bz2`2MiB#H2X
bbmKBM; i?i M BM/BpB/mH +M QMHv rQ`F BM irQ /D+2Mi Q++mTiBQMb- n− 1
M/ n- M/ i?i i?2`2 `2 MQ BM+QK2 2z2+ib- B7 r2 /2MQi2 #v n i?2 Q++mTiBQMH
+?QB+2 Q7 BM/BpB/mH i- M/ #v τn = Tn − Tn−1
yn − yn−1 i?2 K`;BMH it `i2 #2ir22M
2`MBM;b H2p2H yn−1 M/ yn- #2BM; ϵn = 1− τn
pn
∂pn
∂1− τn i?2 2HbiB+Biv rBi? `2bT2+i
iQ 1−τn Q7 i?2 7`+iBQM pn Q7 BM/BpB/mHb BM DQ# n- i?2 ;Qp2`MK2Mi +?QQb2b {Tn}-
bQ b iQ KtBKBx2 i?2 bQ+BH r2H7`2 7mM+iBQM- ++Q`/BM; iQ
τn
1− τn =
1
ϵn
[∑
m≥n(1− µm)pm
pn
]
AM bTBi2 Q7 i?2 /BbbBKBH`BiB2b #2ir22M i?Bb KQ/2H M/ Qm` KQ/2H Q7 +QMiBMmQmb
2zQ`i M/ MQM@`2bi`B+i2/ BM+2MiBp2 +QKTiB#BHBiv +QMbi`BMi@b2i- i?2`2 2tBbib M
BKTQ`iMi bBKBH`Biv #2ir22M i?2 #Qp2 it 7Q`KmH M/ i?2 QM2 r2 /2`Bp2 BM
*?Ti2` jX
hQ KF2 i?2 TQBMi +H2`2`- Bi bm{+2b iQ MQi2 i?i `272``BM; iQ i?2 T`Q##BHBiv
Q7 `2HBxBM; /Bz2`2Mi bii2b Q7 BM+QK2 Bb i?2 bK2 b +QMbB/2`BM;  TQTmHiBQM
Q7 K2bm`2 QM2 Q7 BM/BpB/mHb- 7`+iBQMb Q7 r?B+?- i M 2[mBHB#`BmK- `2HBx2
/Bz2`2Mi BM+QK2 H2p2HbX h?2 KBM TQBMi Bb i?i i?Qb2 7`+iBQMb- b i?2 /Bb+`2i2
T`Q##BHBiB2b BM Qm` KQ/2H- `2 2M/Q;2MQmbX
R9
RXk a?QmH/ 7`BM;2@#2M2}ib #2 it2/\
aBM+2 Bi Kv #2 `;m2/ i?i- BM //BiBQM iQ  MQM@HBM2` BM+QK2 it- i?2 ;Qp@
2`MK2Mi +QmH/ TQi2MiBHHv BKTH2K2Mi  /Bz2`2MiBi2/ itiBQM QM +QKKQ/Biv
;QQ/b- r2 TT2H ?2`2 iQ  r2HH 2bi#HBb?2/ `2bmHi BM QTiBKH itiBQM i?2Q`v-
iQ `mH2 Qmi i?2 it#BHBiv Q7 i?2 T2`[mBbBi2 ;QQ/ BM Qm` KQ/2H- i?Qm;? r2 /Q MQi
2tTHB+BiHv /2`Bp2 BiX
hQ +H`B7v i?2 TQBMi- +QMbB/2` M 2+QMQKv +QMbBbiBM; Q7 N /Bz2`2MiBi2/ +QM@
bmKTiBQM ;QQ/b q = (c, q1..., qN−1) M/ T`2@it T`B+2b k = (1, k1, ..., kN−1)X
AM/BpB/mH i /2`Bp2b miBHBiv 7`QK i?2 +QMbmKTiBQM #mM/H2 q M/ 2`MBM;b y- +@
+Q`/BM; iQ M miBHBiv 7mM+iBQM Q7 i?2 7Q`K ui(y, q)X
iFBMbQM M/ aiB;HBix URNdeV KQ/2H Q7 +QKKQ/Biv itiBQM b?Qrb i?i- mM/2` i?2
bbmKTiBQMb Q7 r2F b2T`#BHBiv #2ir22M q M/ y BM ui(·, ·)- M/ ?QKQ;2M2Biv
BM i?2 ;2MibǶ T`272`2M+2b 7Q` q- bm+? i?i ui(y, q) = Ui(y, g(q))-  /Bz2`2MiBi2/
+QKKQ/Biv itiBQM Bb mb2H2bb b HQM; b 2`MBM;b `2 it2/ ++Q`/BM; iQ  MQM@
HBM2` it 7mM+iBQMX b r2 b?HH b22- +QM/BiBQMH QM i?2 H2p2H Q7 2zQ`i- i?2b2
+QM/BiBQMb `2 2[mHHv biBb}2/ BM Qm` b2iiBM;X
h?2 `2bQM #2?BM/ i?2 `2bmHi Bb i?i- mM/2` i?Qb2 bbmKTiBQMb- +QMbmKTiBQM
+?QB+2b 7Q` #mM/H2 q T`QpB/2 MQ BM7Q`KiBQM QM BM/BpB/mHbǶ #BHBivX A7 i?2 it
bvbi2K r2`2 KQ`2 T`Q;`2bbBp2 U`2HiBp2 iQ i?2 biM/`/ +b2V-  ?B;? #BHBiv
BM/BpB/mH rQmH/ +?QQb2 iQ rQ`F H2bb M/ +QMbmK2 i?2 bK2 #mM/H2 q iQ KBKB+
i?2 BM+QK2 H2p2H M/ T`272`2M+2b Q7  HQr@#BHBiv ;2MiX "Qi? BM/BpB/mHb rQmH/
Tv i?2 bK2 BM+QK2 it M/ ?p2 i?2 bK2 7i2`@it +QMbmKTiBQM- #mi i?2 ?B;?
#BHBiv ;2Mi rQmH/ 2M/ mT 2MDQvBM; KQ`2 H2Bbm`2X .Bz2`2MiBi2/ +QKKQ/Biv
it2b- i?2`27Q`2- +`2i2 7m`i?2` /BbiQ`iBQMb rBi? MQ #2M2}iX i i?2 HBKBi- ?2M+2-
Bi Bb QTiBKH iQ ?p2  mMB7Q`K x2`Q itiBQM Q7 HH +QMbmKTiBQM ;QQ/b- M/ iQ
ii2KTi `2/Bbi`B#miBQM bQH2Hv i?`Qm;? BM/BpB/mH- MQM@HBM2` BM+QK2 it2b HQM2X
>Qr2p2`- b TQBMi2/ Qmi #v .BKQM M/ JB``H22b URNdRV M/ #v .BKQM/ URNd8V-
rBi? HBM2` BM+QK2 it2b HQM2- /Bz2`2MiBH +QKKQ/Biv itiBQM +M biBHH #2 mb2@
7mH iQ MQM@HBM2`Bx2 i?2 it bvbi2KX :Bp2M i?Bb `2K`F- r2 /2bB;M Qm` 7`K2rQ`F
bQ b iQ BKTHB+BiHv ++QmMi 7Q`  TQbBiBp2 i`Mb72` iQ i?2 ;2Mib i i?2 #QiiQK Q7
i?2 BM+QK2 /Bbi`B#miBQM- i?Qm;? r2 /Q MQi 2tTHB+BiHv bQHp2 7Q` BiX
 7m`i?2` Bbbm2 Bb BKTQb2/- ?Qr2p2`- #v i?2 ?QKQ;2M2Biv Q7 T`272`2M+2bX aBM+2
i?2 i?2Q`2K bii2b i?i ;QQ/b 7Q` r?B+? ?B;?@BM+QK2 T2QTH2 ?p2  `2HiBp2Hv
bi`QM;2` ibi2- BX2X ;QQ/b r?B+? `2 KQ`2 +QKTH2K2Mi`v iQ H2Bbm`2- b?QmH/ #2
it2/ KQ`2 ?2pBHv- r2 KQ/2H ?2i2`Q;2M2Biv BM Qm` KQ/2Hb BM i?2 7Q`K Q7 /Bz2`@
2M+2b BM i?2 T`Q/m+iBQM i2+?MQHQ;v- `i?2` i?M Q7 BM/BpB/mHbǶ miBHBiv 7mM+iBQMX
R8
JQ`2Qp2`- r2 Kmbi `2KBM/ i?i r2 7Q+mb QM  +Hbb Q7 T2`Fb i?i- #v +QM@
bi`m+iBQM- `2 i?Qm;?i Q7 b Tm`2 rQ`F@`2Hi2/ ;QQ/b- BM i?i #2BM; KQ`2 +HQb2
bm#biBimi2b iQ H2Bbm`2 i?M r;2bX
A7 iFBMbQM M/ aiB;HBix URNdeVǶb `;mK2Mi 2bBHv TTHB2b iQ Qm` KQ/2H BM *?Ti2`
k- iQ DmbiB7v i?2 MQM@it#BHBiv Q7 T2`Fb BM i?2 /2+2Mi`HBx2/ 2+QMQKv bim/B2/ BM
*?Ti2` j- r2 TT2H iQ .BKQM/ M/ JB``H22b URNdRV KQ/2H rBi? 2M/Q;2MQmb
T`B+2b- M/ iQ i?2B` `2bmHi Q7 M QTiBKH }b+H TQHB+v KBMiBMBM; T`Q/m+iBQM
2{+B2M+vX b i?2 Hii2` mi?Q`b b?Qr- /2bTBi2 i?2 M22/ iQ /BbiQ`i +QMbmKTiBQM
+?QB+2b iQ `Bb2 `2p2Mm2b UQ` iQ `2/Bbi`B#mi2V- Bi Bb Hrvb QTiBKmK MQi iQ /BbiQ`i
i?2 T`Q/m+iBQM bB/2- bBM+2 it2b QM i?Qb2 BMi2`K2/Bi2 ;QQ/b i?i `2 MQi b2iiH2/
7Q` }MH +QMbmKTiBQM UBX2X ;QQ/b i?2 BM/BpB/mHb +MMQi #mv QM i?2 K`F2iV- #v
z2+iBM; }`KbǶ i`Mb+iBQMb- rQmH/ /BbiQ`i T`Q/m+iBQM- M/ i?2`27Q`2- 2{+B2M+vX
aBM+2 r2 bbmK2 i?i i?2 T2`F ;QQ/- r?B+? Bb +[mB`2/ #v i?2 }`K BM i?2 2ti2`MH
K`F2i- b2`p2b b M BMi2`K2/Bi2 ;QQ/- #v `mHBM; Qmi i?Qb2 b+2M`BQ BM r?B+?
Bi Kv b2`p2 b  +QMbmKTiBQM ;QQ/ mM/2` T2`72+i BM7Q`KiBQM- .BKQM/ M/
JB``H22b URNdRVǶb `2bmHi T`QpB/2b  `iBQMH2 7Q` BKTQbBM; MQ i`Bz QM T2`FbX
RXj h?2 }`bi@Q`/2` TT`Q+? U6PV
hQ bQK2 2ti2Mi- Qm` rQ`F Bb BM +HQb2 `2HiBQMb?BT rBi? i?2 rQ`F #v #`?K-
M/ SpMB Ukyy3V QM QTiBKH BM+QK2 itiBQM M/ ?B//2M bpBM;bX h?2B` TT2`
bim/B2b i?2 irQ T2`BQ/ p2`bBQM Q7  /vMKB+ KQ`H ?x`/ KQ/2H r?2`2 ;2Mib
+M #Q``Qr M/ bp2 QM  `BbF@7`22 #QM/ K`F2i M/ i?2B` bb2i /2+BbBQMb `2 MQi
Q#b2`p#H2 iQ i?2 THMM2`X AM bTBi2 Q7 i?2 /Bz2`2M+2b #2ir22M i?2 ;2MiǶb ?B//2M
++mKmHiBQM Q7 bpBM;b- M/ i?2 T`BM+BTHǶb T`QpBbBQM Q7 T2`Fb b bm#biBimi2b iQ
r;2b- #Qi? b2iiBM;b b?`2 i?2 bK2 /B{+mHiB2b Q7  TQbbB#H2 /2pBiBQM 7`QK i?2
2{+B2Mi +QMbmKTiBQM THMX
h?2 KBM +QMi`B#miBQM Q7 #`?K- M/ SpQMB Ukyy3V HB2b BM T`QpB/BM; bm{@
+B2Mi +QM/BiBQMb mM/2` r?B+? i?2 }`bi@Q`/2` TT`Q+? U6PV Bb pHB/X h?2 6P
+QMbiBimi2b BM `2TH+BM; i?2 THMM2`Ƕb BM+2MiBp2 +QKTiB#BHBiv +QMbi`BMi@b2i #v
i?2 +Q``2bTQM/BM; }`bi@Q`/2` M2+2bb`v +QM/BiBQMb /2`Bp2/ 7`QK i?2 ;2MibǶ KtB@
KBxiBQM T`Q#H2KX _Q;2`bQM URN38V M/ C2rBii URN33V T`QpB/2 +QM/BiBQMb 7Q` i?2
pHB/Biv Q7 i?2 6P BM i?2 +Hbb Q7 biiB+ T`BM+BTH@;2Mi KQ/2HbX *2`iBMHv- i?2
bBKTHB}+iBQM Q7 i?2 +QMbi`BMi@b2i #2+QK2b 2p2M KQ`2 BKTQ`iMi BM  /vMKB+
2MpB`QMK2Mi r?2`2BM i?2 T`BM+BTH 7+2b //BiBQMH BM7Q`KiBQM T`Q#H2Kb- b Bi
?TT2Mb r?2M i?2 ;2Mi ?b ++2bb iQ M ?B//2M bpBM;b i2+?MQHQ;vX #`?K-
Re
M/ SpQMB Ukyy3VǶb bi`i2;v Bb iQ b?Qr i?i B7 i?2 ;2MiǶb T`Q#H2K Bb ;HQ#HHv
+QM+p2 r?2M 7+BM; i?2 QTiBKH +QMi`+i- i?2 }`bi@Q`/2` +QM/BiBQMb `2 2Bi?2`
M2+2bb`v M/ bm{+B2Mi 7Q` i?2 QTiBKHBiv Q7 i?2 ;2MiǶb /2+BbBQMb- bQ i?i MQM2
TQi2MiBH #2M2}i Bb /2`Bp2/ 7`QK DQBMiHv /2+`2bBM; 2zQ`i M/ BM+`2bBM; bpBM;bX
AM //BiBQM iQ i?2 +QM/BiBQMb i?i `2 `2[mB`2/ BM i?2 biiB+ M/ Q#b2`p#H2
bpBM;b +b2- UBX2X i?2 KQMQiQMB+ HBF2HB?QQ/ `iBQ T`QT2`iv M/ i?2 +QM+pBiv Q7
i?2 /Bbi`B#miBQM 7mM+iBQMV- i?2v b?Qr i?i- rBi?BM i?2 7KBHv Q7 MQM@BM+`2bBM;
#bQHmi2 `BbF p2`bBQM ULA_V miBHBiv 7mM+iBQMb BM +QMbmKTiBQM- 2Bi?2`  bi`QM;
+QM+pBiv +QM/BiBQM QM i?2 /Bbi`B#miBQM 7mM+iBQM Q`  bi`B+i `2[mB`2K2Mi QM i?2
+QMp2tBiv Q7 i?2 /BbmiBHBiv Q7 2zQ`i ;m`Mi22 i?i i?2 6P Bb TTHB+#H2X
b i?2v /m2- r2 `2Hv QM i?2 }`bi@Q`/2` TT`Q+? iQ +?`+i2`Bx2 i?2 QTiBKH
BMbm`M+2 +QMi`+i rBi?  T`QpBbBQM Q7 T2`Fb BM *?Ti2` k- M/ +QKTmi2 ?Qr
Km+? /BbT2`bBQM i?2 QTiBKH +QMbmKTiBQM 2t?B#Bib i i?2 p`vBM; Q7 BM+QK2-
r?2M T2`Fb `2 QTiBKHHv T`QpB/2/X b r2 b?HH b22-  HBF2rBb2 `2bi`B+iBQM QM
i?2 `2HiBQMb?BT #2ir22M i?2 6`Bb+? H#Q` 2HbiB+Biv M/ i?2 +QM+pBiv Q7 i?2
i2+?MQHQ;v 7Q` T2`Fb Bb +imHHv `2[mB`2/ 7Q` i?2 T`Q#H2K #2BM; DQBMiHv +QM+p2
BM 2zQ`i M/ T2`FbX
6m`i?2`KQ`2- #`?K M/ SpQMB Ukyy3VǶb KBM +QM+HmbBQM Bb i?i- r?2M2p2`
i?2 ;2MiǶb miBHBiv 7mM+iBQM 2t?B#Bib /2+`2bBM; M/ +QMp2t #bQHmi2 `BbF p2`bBQM
U>_V- i?2 TQbbB#BHBiv Q7 i?2 ?B//2M bb2i ++mKmHiBQM KF2b i?2 QTiBKH
+QMbmKTiBQM  KQ`2 +QMp2t 7mM+iBQM Q7 BM+QK2X >2M+2- mM/2` ?B//2M bb2i +@
+mKmHiBQM i?2 QTiBKH it bvbi2K #2+QK2b KQ`2 `2;`2bbBp2 UQ` H2bb T`Q;`2bbBp2V
+QKT`2/ iQ i?2 +b2 r?2`2 bb2i ++mKmHiBQM Bb Q#b2`p#H2X
AM i?i `2;`/- i?Qm;? r2 7QHHQr  biM/`/ miBHBi`BM TT`Q+? `i?2` i?M iQ
bQHp2  `2p2Mm2@KtBKBxBM; T`Q#H2K- r2 }M/ i?i- r?2M2p2` T2`Fb `2 T`QpB/2/
BM TQbBiBp2 KQmMi- i?2 KQ`2 `2;`2bbBp2 it@i`Mb72` bvbi2K- r?B+? Bb b2i iQ
bmTTQ`i i?2K- +QmH/ `2bmHi BM r2H7`2 HQbb2b- B7 Bi r2`2 BKTH2K2Mi2/ i i?Qb2
BM+QK2 H2p2Hb 7Q` r?B+? i?2 ;2Mib pHm2 i?2 T`QpBbBQM Q7 BMbm`M+2 KQ`2 i?M
i?2v pHm2 T`Q/m+iBQM 2{+B2M+vX AM i?i- BM Qm` KQ/2H- i?2 +Q2{+B2Mi Q7 #bQHmi2
`BbF@p2`bBQM THvb 2p2M  ;`2i2` `QH2 i?M Bi /Q2b BM #`?K- M/ SpQMB
Ukyy3VX
 }MH `2K`F Bb Qr2/- r?B+? +QM+2`Mb i?2 `2H2pM+2 M/ `Q#mbiM2bb Q7 Qm`
T`2/B+iBQMbX h?Qm;? Qm` MHviB+H `2bmHib 7Q` i?2 irQ@BM+QK2@H2p2H KQ/2H +M
#2 2bBHv 2ti2M/2/ iQ  7`K2rQ`F rBi? KQ`2 i?M irQ bii2b M/ +QMiBMmQmb@
BM+QK2 Ub HQM; b  KQMQiQMB+ HBF2HB?QQ/ `iBQ T`QT2`iv Bb biBb}2/V- +HQb2/ 7Q`K
bQHmiBQMb 7Q` i?2 KQ/2H BM *?Ti2` j ?p2 #22M /2`Bp2/ QMHv 7Q` i?2 bT2+BH +b2
Rd
r?2`2 i?2 bm#biBimi#BHBivf+QKTH2K2Mi`Biv #2ir22M T2`Fb M/ r;2b Bb `mH2/
Qmi #v  `2bi`B+iBQM QM i?2 T`Q##BHBiv /Bbi`B#miBQM 7mM+iBQMX q?2M2p2` r;2b
`2 b2iiH2/ #v i?2 }`K BM/2T2M/2MiHv 7`QK i?2 ;2MibǶ ibi2 7Q` i?2 T2`[mBbBi2
;QQ/ M/ Bib KQM2i`v +Qbi- T2`Fb /Q z2+i r2H7`2 QMHv i?`Qm;? i?2B` /B`2+i
2z2+i QM 2zQ`iX #b2Mi Mv bm#biBimiBQM #2ir22M +b? TvK2Mib M/ 7`BM;2@
#2M2}ib- i?2`27Q`2- Qm` `2bmHib +M #2 BMi2`T`2i2/ b  HQr2`@#QmM/ Q7 i?2 2z2+i
Q7 T2`Fb QM i?2 2+QMQKvX
RX9  bF2i+? Q7 i?2 Qp2`HH `2bmHib
hQ i?2 #2bi Q7 Qm` FMQrH2/;2- i?Bb i?2bBb +QMbiBimi2b i?2 }`bi bi2T iQr`/ i?2
i?2Q`2iB+H bim/v Q7 ?Qr i?2 T`QpBbBQM Q7 T2`Fb Kv z2+i i?2 T`Q;`2bbBpBiv Q7
i?2 QTiBKH it@i`Mb72` bvbi2K M/ i?2 QTiBKH iQT BM+QK2 it `i2- BM i?2
+Hbb Q7 biM/`/ KQ`H@?x`/ KQ/2Hb Q7 bQ+BH BMbm`M+2 U*?Ti2` kV- M/
bi`i2;B+ BMi2`+iBQM ;K2b #2ir22M i?2 }b+H mi?Q`Biv M/ i?2 H#Q`@K`F2i
;2Mib U*?Ti2` jVX
h?2 irQ +?Ti2`b- i?Qm;? +H2`Hv `2Hi2/- `2 BM/2T2M/2MiX A7 i?2 BK Q7 i?2
}`bi KQ/2H Bb iQ BMp2biB;i2 i?2 +2Mi`HBx2/ UbQ+BHHv QTiBKHV HHQ+iBQM M/ i?2
2z2+i Q7 T2`Fb QM i?2 /2bB;MBM; Q7 i?2 QTiBKH itiBQM b+?2K2- i?2 MHvbBb
T`QTQb2/ BM i?2 Hbi +?Ti2` 7Q+mb2b QM i?2 /2+2Mi`HBx2/ 2[mBHB#`BmK Qmi+QK2b
i?i `Bb2 BM i?2 H#Q` K`F2i M/ QM i?2 BMi2`2bib i?i Kv H2/ i?2 QTiBKH
it iQ /Bb+Qm`;2 Q` bmTTQ`i i?2 T`QpBbBQM Q7 T2`FbX
6Q` Bib biiB+ +?`+i2`- i?2 KQ/2H /2p2HQT2/ BM *?Ti2` k Kv #2 i?Qm;?i Q7
b i?2 bvKTiQiB+ bi2/v bii2 Q7  `2H 2+QMQKv- BM/2t2/ #v Bib i2+?MQHQ;vX
Pm` `2bmHib }`biHv b?Qr i?i i?2`2 Kv #2  b+QT2 7Q` T`QpB/BM; T2`Fb mM/2`
KQ`H ?x`/ i?i 2t+22/b i?2 QM2 rBi? T2`72+i BM7Q`KiBQMX a2+QM/Hv- r2 T`Qp2
i?i- 7`QK M 2t@TQbi T2`bT2+iBp2- i?2 2[mBHB#`BmK K`;BMH@`i2 Q7 bm#biBimiBQM
#2ir22M +b? M/ T2`Fb Bb Hrvb- i HH H2p2Hb Q7 +QMbmKTiBQM M/ 7Q` HH bii2b Q7
i?2 rQ`H/- ;`2i2` i?M Bib }`bi@#2bi pHm2X AM bTBi2 Q7 i?Bb 2t@TQbi BM2{+B2M+v-
?Qr2p2`- r2 }M/ i?i i?2 T`QpBbBQM Q7 T2`Fb Kv #2 bQ+BHHv 2{+B2Mi B7 i?2B`
+QKTH2K2Mi`BiB2b rBi? i?2 ;2MiǶb 2zQ`i HHQr iQ Qzb2i i?2 M2;iBp2 2z2+ib QM
i?2 H#Q` bmTTHv i?i Mim`HHv `Bb2 i ?B;? BM+QK2 H2p2HbX
JQ`2Qp2`- Qm` MHvbBb bm;;2bib i?i- r?2M2p2` T2`Fb `2 2{+B2MiHv T`QpB/2/-
i?2 ;Qp2`MK2Mi +imHHv i`/2b Qz T`Q;`2bbBpBiv 7Q` T2`F T`QpBbBQMX Pm` KBM
+QM+HmbBQM- BM 7+i- Bb i?i i?2 b2+QM/@#2bi 2{+B2Mi itiBQM b+?2K2 rBi? T2`Fb
Bb UKQ`2V `2;`2bbBp2 +QKT`2/ iQ Bib T2`F@H2bb 2[mBpH2MiX
R3
b i?2 ;2MiǶb `BbF p2`bBQM BM+`2b2b- ?Qr2p2`- i?2 T`QpBbBQM Q7 T2`Fb i?i rQmH/
?p2 Q++m``2/ i HQr BM+QK2 H2p2Hb ++Q`/BM; iQ i?i HQ;B+ #2+QK2b BM2{+B2MiX
b r2 b?Qr- BM 7+i- i HQr2` bii2b- r?2M i?2 `2p2Mm2b +QHH2+iBQM T`Q#H2K Bb
KQ`2 b2p2`2- i?2 QTiBKH it bvbi2K bmTTQ`iBM;  TQbBiBp2 T`QpBbBQM Q7 T2`Fb Bb
bm+? i?i i`Mb72`b `2 KQ`2 T`Q;`2bbBp2- M/ it2b `2 H2bb `2;`2bbBp2 i?M BM
i?2 T2`F@H2bb b+2M`BQX aBM+2 i?2b2 +?M;2b Q++m` i i?Qb2 bii2b i r?B+? i?2
;2Mi pHm2b BMbm`M+2 i?2 KQbi- T`QpB/BM; T2`Fb Bb +imHHv BM2{+B2MiX
LQi#Hv- BM i?2 `B+?M2bb Q7 i?2 `2bmHib /2`Bp2/ BM *?Ti2` j b M 2[mBHB#`BmK
bQHmiBQM iQ i?2 BMi2`+iBQM ;K2 #2ir22M i?2 }b+H mi?Q`Biv M/ i?2 ;2Mib- 
bBKBH` T`2/B+iBQM +M #2 7QmM/X AM 7+i- i?2 KBM +QMi`B#miBQM Q7 i?i +?Ti2`
+QMbBbib BM b?QrBM; i?i- r?2M2p2` bQ+B2ivǶb T`272`2M+2b 7Q` i?2 Tm#HB+ 2tT2M@
/Bim`2 M/ ;2MibǶ `BbF p2`bBQM `2 bm{+B2MiHv HQr-  `2;`2bbBp2 K`;BMH it
`i2 Bb +QMbBbi2Mi rBi?  TQbBiBp2 T`QpBbBQM Q7 T2`Fb B7- BM `2HtBM; i?2 BM+2MiBp2
+QKTiB#BHBiv +QMbi`BMi Q7 i?2 ;2Mi- T2`Fb /Q MQi KF2 ?2` rQ`b2 QzX PM i?2
Qi?2` ?M/- ?Qr2p2`- B7 ;2Mib `2 bm{+B2MiHv HQr `BbF p2`b2- i?2 2[mBHB#`BmK
iQT@BM+QK2 K`;BMH it `i2 i?i Bb +QMbBbi2Mi rBi?  TQbBiBp2 T`QpBbBQM Q7 T2`Fb
UM/ Bi Bb bQ 2p2M r?2M T`272`2M+2b 7Q` i?2 +QMbmKTiBQM Q7 i?2 Tm#HB+ ;QQ/ `2
H`;2`V Bb 7QmM/ iQ #2 T`Q;`2bbBp2X
hQ bQK2 2ti2Mi- r2 HbQ +QMi`B#mi2 iQ i?2 HBi2`im`2 #b2/ QM i?2 bm{+B2Mi@
biiBbiB+b TT`Q+?- #v T`QTQbBM;  bBKTH2 it@7Q`KmH- r?B+? #mBH/b QM  M2r
i?2Q`2iB+H 2tTHMiBQM i?i 2tTHB+BiHv ++QmMib 7Q` i?2 T`QpBbBQM Q7 T2`FbX Aib
MQp2Hiv b?QmH/ #2 7QmM/ QM Bib `2TH+BM; i?2 2HbiB+Biv Q7 i?2 `2TQ`i2/ BM+QK2
rBi? i?2 +QK#BMiBQM Q7 i?2 2HbiB+Biv iQ i?2 it `i2 Q7 2zQ`i Ur?B+? ++QmMi
7Q` i?2 2ti2MbBp2 K`;BM Q7 i?2 iQT@2`M2`bǶ H#Q` bmTTHvV M/ r;2b Ur?B+?
+Tim`2b i?2 BMi2MbBp2 K`;BM Q7 i?2 H#Q` bmTTHv- M2i- ?Qr2p2`- i?2 TQ`iBQM Q7
Bi i?i Bb `2TB/ #v T2`FbVX
6BMHHv- r2 Kmbi K2MiBQM i?i- BM bTBi2 Q7 i?2 #BHBiv Q7 Qm` i?2Q`2iB+H 7`K2rQ`F
iQ +Tim`2 i?2 `2HiBQMb?BT #2ir22M `BbF p2`bBQM M/ 2{+B2Mi T`QpBbBQM Q7 T2`Fb
i?`Qm;? i?2B` 2z2+i QM i?2 QTiBKH i`/2@Qz #2ir22M i?2 BMbm`M+2 M/ BM+2MiBp2
KQiBp2b Q7 itiBQM- Qm` KQ/2H ?b Bib r2FM2bbX AM 7+i- 2Bi?2` MHviB+HHv
M/ #v K2Mb Q7 MmK2`B+H bBKmHiBQMb- r2 b?Qr ?Qr Qm` `2bmHib `2 b2MbBiBp2
iQ i?2 biQ+?biB+ /QKBMM+2 T`QT2`iB2b Q7 i?2 T`Q##BHBiv /Bbi`B#miBQM M/ i?2
pHm2 Q7 i?2 bii2 BM i?2 2+QMQKvX A7- BM i?2 7Q`K2` +b2- /2pBiBQMb 7`QK i?2
#2M+?K`F /Bbi`B#miBQM `2 [mHBiiBp2Hv BKTQ`iMi #mi [mMiBiiBp2Hv bKHH- BM
i?2 Hii2` +b2- i?2 [mMiBiiBp2 BKTHB+iBQMb Q7 /Bz2`2Mi BM+QK2 H2p2Hb `2 [mBi2
bB;MB}+iBp2X
 HQi Q7 rQ`F Kmbi biBHH #2 /QM2- i?2`27Q`2- iQ bb2bb i?2 #BHBiv Q7 Qm` KQ/2H iQ
RN
DQBMiHv ++QmMi 7Q` i?2 i?2 7+ib QM r;2b M/ T2`F T`QpBbBQM- i?2 /vMKB+b Q7
it `2p2Mm2b M/ i?2 H2p2H Q7 ;Qp2`MK2MiǶb 2tT2M/Bim`2X  T`2+Bb2 +HB#`iBQM
Q7 Qm` KQ/2Hb Bb i  M22/- HQM; rBi?  #2ii2` +?`+i2`BxiBQM Q7 i?2 `2bmHib BM
i2`Kb Q7 i?2 /2;`22 Q7 biQ+?biB+ /QKBMM+2 BKTHB2/ #v i?2 BM+QK2 /Bbi`B#miBQMX
ky
*?Ti2` k
PTiBKH H#Q` BM+QK2 it2b
rBi? T2`Fb,  K2+?MBbK
/2bB;M TT`Q+?
h?i i?2 +QKT2MbiBQM Q7 2KTHQv22b Kv +QMiBM MQM@KQM2i`v BM;`2/B2Mib Bb 
r2HH 2bi#HBb?2/ 7+iX h?2b2 7`BM;2@#2M2}ib UQ` T2`Fb- b i?2v `2 +HH2/V i?Qm;?
+QKKQM KQM; +?B27 2t2+miBp2b- `2 +2`iBMHv MQi 2t+HmbBp2 iQ i?2Kc MQ` i?2v
`2  T?2MQK2MQM bT2+B}+ iQ H`;2 M/ T`Bpi2 +Q`TQ`iBQMbX
h?2`2 Bb  HQM;@HbiBM; /2#i2 QM r?2i?2` ;2Mib `2 Qp2`@ Q` mM/2`@ T`QpB/2/
rBi? T2`Fb- M/ r?2i?2` T2`Fb M/ +b? `2 +QKTH2K2Mib Q` bm#biBimi2b BM
T`QpB/BM; BM+2MiBp2bX LQM2i?2H2bb- i?2 HBi2`im`2 QM MQM@KQM2i`v +QKT2MbiBQM
/Q2b MQi /2H- 7Q` i?2 KQbi T`i- rBi? i?2 bT2+B}+ Bbbm2 +QMbB/2`2/ ?2`2, MK2Hv-
?Qr T2`Fb Kv z2+i i?2 T`Q;`2bbBpBiv Q7 i?2 QTiBKH itfi`Mb72` bvbi2KX A7 Bi Bb
r2HH FMQrM- BM 7+i- i?i iQT KM;2`b `2+2Bp2  H`;2 T`i Q7 i?2B` `2KmM2`iBQM
BM i2`Kb Q7 T2`Fb- Bi Bb  7` H2bb +H2` TQBMi ?Qr i?2 2tT2M/Bim`2 BM T2`Fb Kv
z2+i i?2 /2bB;M Q7 i?2 QTiBKH H#Q` BM+QK2 it M/- i?2`27Q`2- i?2 /Bbi`B#miBQM
Q7 i?2 ;2MibǶ BM+QK2 M/ i?2B` r2HH@#2BM;X
h?Qm;? i?2 H`;2bi T`i Q7 i?2 HBi2`im`2 ?b //`2bb2/ i?2 Bbbm2 QM i?2 T`QpBbBQM
Q7 T2`Fb i?`Qm;? biiB+ p2`bBQMb Q7  KQ`H ?x`/ T`Q#H2K #2ir22M  `BbF@
M2mi`H T`BM+BTH Ui?2 }`KV M/  `2T`2b2MiiBp2 ;2Mi Ui?2 rQ`F2`V- r2 iF2 ?2`2
M Hi2`MiBp2 `Qmi2- M/ BMbi2/ Q7 bbmKBM; /Bb+`2i2 2zQ`i +?QB+2 M/ T`Q}i@
KtBKBxBM; #2?pBQ`- r2 TT`Q+? i?2 Kii2` #v /2p2HQTBM;  biiB+ p2`bBQM Q7 
biQ+?biB+ _Kb2vǶb T`Q#H2K- r?2`2 M miBHBi`BM- `2bQm`+2@b22FBM; ;Qp2`MK2Mi
kR
iF2b i?2 TQbi Q7 i?2 T`BM+BTH M/ QrM2` Q7 i?2 QMHv }`K BM i?2 2+QMQKvX q?2M
/2bB;MBM; i?2 QTiBKH `mH2b 7Q` +b? U+QMbmKTiBQM- bQ 7`V M/ T2`F T`QpBbBQM-
i?2 ;Qp2`MK2Mi- r?Q Bb HbQ +QMbi`BM2/ #v ?Bb QrM #m/;2i #HM+2- iF2b BMiQ
++QmMi i?2 ;2MiǶb mMQ#b2`p#H2 `2+iBQM iQ i?2 it bvbi2KX
Ai Bb i?2 /Bz2`2Mi i2+?MQHQ;v 7Q` T2`Fb M/ KQM2v r?i ;Bp2b  MQp2H /pMi;2
iQ i?2 ;Qp2`MK2Mi- r?BH2 /2HBM; rBi?  `BbF@p2`b2- miBHBiv@KtBKBx2` ;2Mi-
r?Qb2 2zQ`i +?QB+2b z2+i @ BM  MQM@/2i2`KBMBbiB+ rv @ i?2 `2HBxiBQMb Q7 i?i
BM+QK2 QM r?B+? i?2 ;Qp2`MK2Mi H2p2b bii2@+QMiBM;2Mi /BbiQ`iBM; it2bX
hQ BMp2biB;i2 Qm` TQBMi- r2 7Q+mb QM  +Hbb Q7 Tm`2 rQ`F@`2Hi2/ ;QQ/b- rBi?
MQ T`Q/m+iBp2 ii`B#mi2b- r?B+? r2 /2}M2 b Mv MQM@it#H2- MQM@KQM2i`v
+QKT2MbiBQM i?i i?2 ;2Mi Bb MQi HHQr2/ iQ b2HHX 1tKTH2b BM+Hm/2 UBV T2`@
bQMH #mbBM2bb K+?BM2b- bm+? b +`b- +QKTmi2`b- HTiQTb M/ KQ#BH2 T?QM2bc
UBBV rQ`FTH+2 K2MBiB2b M/ T2`bQMH b2`pB+2b- bm+? b TH2bMi rQ`FBM; 2MpB@
`QMK2Mi- +Qz22 K+?BM2b- K2H iB+F2ib M/ ;vKbc UBBBV i`MbTQ`iiBQM b2`pB+2b-
bm+? b miQKQ#BH2b- B`THM2b- M/ HBKQmbBM2bX
h?2 F2v bbmKTiBQM BM KQ/2HBM; i?Bb FBM/ Q7 ;QQ/b Bb i?i i?2`2 `2 miBHBiv
+QKTH2K2Mi`BiB2b #2ir22M T2`Fb M/ 2zQ`i- BM i?2 mbmH b2Mb2 i?i +QMbmKBM;
KQ`2 Q7 i?2 7Q`K2` ;QQ/ BM+`2b2b i?2 miBHBiv U?2`2- /2+`2b2b i?2 /BbmiBHBivV Q7
i?2 Hii2`X LQ 7`i?2` /BbiQ`iBQM- bm+? b i?2 KBbmbBM; Q7 T2`Fb- Bb iF2M BMiQ
++QmMiX
hQ /2H rBi? i?2 biiB+ Mim`2 Q7 Qm` T`Q#H2K- r2 bbmK2 i?i i?2 ;Qp2`MK2Mi
`mMb  #HM+2/ #m/;2i BM 2tT2+i2/ i2`Kb- b QTTQbBi2 iQ  bii2@#v@bii2 #m/;2i
+QMbi`BMiRX q2 DmbiB7v Qm` +?QB+2 #v bbmKBM; i?i i?2 ;Qp2`MK2Mi @ MQi i?2
;2Mi @ ?b ++2bb iQ M #`Q/ BMbm`M+2f}MM+BH K`F2i- i?i HHQrb ?BK iQ
bKQQi? it2bf+QMbmKTiBQM +`Qbb BM+QK2 `2HBxiBQMb- r?2M Bi Bb QTiBKH iQ /Q
bQX 6Q` Bib biiB+ +?`+i2`- i?Bb KQ/2H b?QmH/ #2 i?Qm;?i Q7 b i?2 bvKTiQiB+
bi2/v bii2 Q7  `2H 2+QMQKv- BM/2t2/ #v Bib i2+?MQHQ;B+H T`K2i2`- r?2`2BM
i?2 #2M2}ib 7`QK T2`Fb- B7 Mv- b?HH #2 7QmM/ BM i?2B` /2+`2bBM; i?2 ;2MiǶb
/BbmiBHBiv Q7 2zQ`iX
J2i?Q/QHQ;B+HHv- i?Bb TT2` `2HB2b QM i?2 }`bi@Q`/2` TT`Q+? U6PV iQ `2TH+2
i?2 2zQ`i BM+2MiBp2 +QKTiB#BHBiv +QMbi`BMi rBi? i?2 }`bi Q`/2` M2+2bb`v +QM/B@
iBQM /2`Bp2/ 7`QK i?2 ;2MiǶb T`Q#H2KX h?Bb HHQrb mb iQ +?`+i2`Bx2 Qm` `2bmHib
BM i2`Kb Q7 i?2 bbQ+Bi2/ #2bi `2bTQMb2 7mM+iBQMbX hQ F22T i?BM;b b bBKTH2 b
TQbbB#H2- r2 bbmK2 i?i T`272`2M+2b `2 //BiBp2 b2T`#H2 BM +QMbmKTiBQM M/
2zQ`i- M/ H2i i?2 ;2MiǶb H#Q` /BbmiBHBiv #2 bi`B+iHv +QMp2tX q2 HbQ bbmK2 
Rh?Qm;? r2 HBKBi Qm`b2H7 iQ i?2 +b2 Q7 Dmbi irQ bii2b Q7 i?2 rQ`H/- Qm` MHvbBb 2ti2M/b
iQ Mv KmHiB@bii2 T`Q#H2K M/- BM i?2 HBKBi- iQ i?2 +QMiBMmmK +b2X
kk
HBM2` biQ+?biB+ T`Q+2bb 7Q` BM+QK2 `2HBxiBQMb- 2Bi?2` BM 2zQ`i M/ BM T`Q/m+iBp@
Biv- M/ b22 ?Qr i?2 Ur2FV BM+QK2 M/ bm#biBimiBQM 2z2+ib T`QT;i2 i?`Qm;?
i?2 ;2MiǶb QTiBKH 2zQ`i `2bTQMb2b iQ 2Bi?2` i?2 ;Qp2`MK2MiǶb BMbi`mK2MiX rBi?
`2bT2+i iQ i?2 ;Qp2`MK2MiǶb BMbi`mK2MibX h?Qm;? bm{+B2Mi +QM/BiBQMb 7Q` i?2
pHB/Biv Q7 i?2 6P BM i?Bb +Hbb Q7 KQ/2Hb ?p2 #22M `2+2MiHv B/2MiB}2/ #v #`@
?K M/ SpQMB Ukyy3V- M/ i?Qb2 `2 HbQ K2i BM Qm` b2imT- r2 `;m2 i?i i?2
2tBbi2M+2 Q7 T2`Fb- M/ i?2 r2F b2T`#BHBiv #2ir22M T2`Fb M/ 2zQ`i- BKTQb2b
M 2p2M bi`QM;2` `2bi`B+iBQM QM i?2 +QMp2tBiv Q7 2zQ`i r?B+?- i?Qm;? `2Hi2/ iQ
i?2 +QM+pBiv Q7 i?2 T2`F i2+?MQHQ;v- Bb MQi z2+i2/ #v i?2 +Qbi Q7 T2`FbX
Hi?Qm;? `2HvBM; QM i?2 6P K2Mb KQ`2 +QKTH2t +H+mHiBQMb i?M i?2 /Bb@
+`2i2 2zQ`i@+?QB+2 QTiBQM /Q2b- Bi HHQrb mb iQ MHvx2 i?2 Bbbm2 i ?M/ #v
//`2bbBM;  72r [m2biBQMb i?i Mim`HHv `Bb2 7`QK Q#b2`pBM; i?2 2tBbi2M+2 Q7
T2`FX LK2Hv- B7 }`Kb `2 rBHHBM; iQ Tv BM T2`Fb- rQ`F2`b 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i?2K M/ i?2 }MM+BH mi?Q`Biv Bb rBHHBM; iQ `2;mHi2 i?2K- ?Qr bi`QM;Hv Bb
i?2B` T`QpBbBQM iB2/ iQ bQ+BH r2H7`2\ >Qr /Q2b i?2 QTiBKH T`QpBbBQM Q7 T2`Fb
/2T2M/ mTQM i?2 +Qbi Q7 T2`Fb M/ i?2 ;Qp2`MK2Mi `2bQm`+2@`2[mB`2K2Mi\ q?i
Bb i?2 `2HiBQMb?BT #2ir22M i?2 QTiBKH KQmMi Q7 T2`F M/ i?2 i?2 ;2MiǶb H#Q`
bmTTHv b2MbBiBp2M2bb iQ it2b\ .Q UMQi +Qbi@KBMBKBxBM;V T2`Fb ?2HT iQ Qp2`+QK2
i?2 BM2{+B2M+v Q7 /BbiQ`iBM; it2b\
"27Q`2 /Bb+mbbBM; i?2 QTiBKH K2+?MBbK BM T`2b2M+2 Q7 KQ`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x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pB/2  #2M+?K`F KQ/2H rBi? T2`72+i BM7Q`KiBQM- r?2`2 T2`Fb Kv #2 mb2/-
HQM; rBi? +b?- iQ `2r`/ i?2 ;2MiǶb Q#b2`p#H2 2zQ`iX Pm` MHvbBb bm;;2bib
i?i- r?2M 2zQ`i Bb Q#b2`p#H2- i?2 ;Qp2`MK2Mi `2+?2b ?Bb Q#D2+iBp2 #v H2iiBM;
i?2 ;2Mi #2 i?2 7mHH@`2bB/mH +HBKMi Q7 HH ?2` 2tT2+i2/ BM+QK2- #Qp2 i?2
Tm#HB+ 2tT2M/Bim`2 `2[mB`2K2MiX h?2 bvbi2K Q7 QTiBKH i`Mb72`b M/ BM+QK2
it2b 7mHHv BMbm`2b i?2 ;2Mi ;BMbi i?2 bvbi2KB+ `BbFX b iQ `2;`/ iQ T2`Fb-
r2 `;m2 i?i- 2p2M BM  rQ`H/ rBi? T2`72+i BM7Q`KiBQM- T2`Fb KB;?i BM T`BM+B@
TH2 #2 T`QpB/2/ BM TQbBiBp2 KQmMib #2+mb2 Q7 i?2B` ǳ#2BM;  /Bz2`2Mi ;QQ/ǴX
h?Qm;? Qm` `2bmHib `2THB+i2 i?2 r2HH@2bi#HBb?2/ 2[mHBiv- i M QTiBKmK- #2@
ir22M `2HiBp2 T`B+2 M/ K`;BMH `i2 Q7 bm#biBimiBQM #2ir22M +b? M/ T2`Fb-
r2 /Bb+mbb i?2 +QM/BiBQMb mM/2` r?B+? i?2`2 Kv #2  `QQK 7Q` i?2 T`QpBbBQM
Q7 T2`Fb rBi? KQ`H ?x`/- i?i i?2`2 Bb MQi rBi? T2`72+i BM7Q`KiBQM- M/ b22
i?i- r?2M2p2` i?2`2 Bb  b+QT2 7Q` T`QpB/BM; T2`Fb BM i?2 }`bi #2bi- i?2`2 Kmbi
#2 i?2M HbQ  b+QT2 7Q` T`QpB/BM; T2`Fb mM/2` bvKK2i`B+ BM7Q`KiBQMX
q?2M TTHB2/ iQ i?2 KQ`H ?x`/ b2iiBM;- Qm` MHvbBb }`biHv b?Qrb i?i- 7`QK
M 2t@TQbi T2`bT2+iBp2- i?2 2[mBHB#`BmK K`;BMH `i2 Q7 bm#biBimiBQM #2ir22M
KQM2v M/ T2`Fb Bb Hrvb- i HH H2p2Hb Q7 +QMbmKTiBQM M/ 7Q` HH bii2b Q7
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i2` i?M Bib pHm2 Q7 }`bi #2biX 6`QK  MQ`KiBp2 T`QbT2+iBp2-
?Qr2p2`- r2 `;m2 i?i- #2+mb2 Q7 i?2 +QKTH2K2Mi`BiB2b i?i `Bb2 #2ir22M
+b? M/ T2`Fb r?2M iFBM; BMiQ ++QmMi i?2 ;2MiǶb QTiBKH `2bTQMb2b- i?2`2
2tBbib MQM2 BM+QK2 it U2p2M MQM@T`QTQ`iBQMHV MQ` 2t+Bb2 QM T2`Fb bm+? i?i
r2 +M `2THB+i2 i?2 `2bmHi Q7 }`bi@#2biX
a2+QM/Hv- r2 MQiB+2 i?i i?2 ;2M+v T`Q#H2K +mb2b M //BiBQMH /BbiQ`iBQM-
r?B+? KF2b Bi H2bb +QbiHv 7Q` i?2 ;Qp2`MK2Mi iQ BKTH2K2Mi ?B;? 2zQ`i #v T2`FbX
AM/22/- i?2 bm#biBimi#BHBiv #2ir22M T2`Fb M/ H2Bbm`2- M/ i?2 +QKTH2K2Mi`Biv
#2ir22M T2`Fb M/ +b? i?i `Bb2 7`QK i?2 ;2MiǶb QTiBKH `2bTQMb2 7mM+iBQMb
`2 i?2 /`BpBM; 7Q`+2b Q7 Qm` KQ/2HX >Qr2p2`- i?Bb Hii2` 7Q`+2 Bb +QmMi2`#H@
M+2/ #v M QTTQbBi2 7Q`+2- r?B+? `2[mB`2b i?2 ;Qp2`MK2MiǶb #m/;2i +QMbi`BMi
iQ #BM/X h?Qm;? ;BpBM; KQ`2 T2`Fb BM+`2b2b i?2 `2bTQMbBp2M2bb Q7 2zQ`i iQ
+b? TvK2Mib M/- i?2`27Q`2- i?2 2{+B2M+v HQbb 7`QK /BbiQ`iBM; it2b- Bi HbQ
`2/m+2b i?2 2t@TQbi /BbTQb#H2 `2bQm`+2b- bQ 2M?M+BM;  M2;iBp2 BM+QK2 2z2+i
i?i KF2b i?2 ;2Mi KQ`2 rBHHBM; iQ rQ`F QM ?2`@QrMX A7 bm+?  M2;iBp2 BM@
+QK2 2z2+i Bb H`;2 2MQm;?- M BM+`2b2 BM i?2 +Qbi Q7 T2`Fb- 7Q` 2tKTH2- #v
BM+`2bBM; i?2 2tT2+i2/ H2p2H Q7 BM+QK2- +QmH/ HbQ HHQr 7Q`  KQ`2 T`Q;`2bbBp2
itfi`Mb72` bvbi2KX
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 [mMiBiiBp2 2t2`+Bb2 r2 i2bi i?2 #BHBiv Q7 Qm` KQ/2H iQ F22T i`+F Q7
HH i?2b2 /vMKB+bX AKTQbBM; i?2 `2bi`B+iBQMb QM T`K2i2` pHm2b r2 /2`Bp2/
7`QK Qm` MHviB+H MHvbBb- r2 +QKTmi2 i?2 QTiBKH HHQ+iBQM rBi? T2`Fb M/
+QKT`2 Bi iQ i?2 bQHmiBQM 7Q` i?2 T2`F@H2bb 2+QMQKvX Pm` bBKmHiBQMb bm;;2bi
i?i i?2 T`QpBbBQM Q7 T2`Fb `2/m+2b i?2 T`Q;`2bbBpBiv Q7 i?2 it bvbi2K bmTTQ`iBM;
i?2 2[mBHB#`BmK +QMbmKTiBQM H2p2HbX h?2 KBM 2+QMQKB+ BMimBiBQM #2?BM/ Qm`
`2bmHi Bb b 7QHHQrbX h?2 miBHBiv +QKTH2K2Mi`BiB2b #2ir22M T2`Fb M/ 2zQ`i
?p2 M BM+2MiBp2 2z2+i- r?B+? HbQ +mb2b M BM+`2b2 BM i?2 b2MbBiBpBiv Q7 H#Q`
bmTTHv iQ KQM2i`v TvK2MibX h?2 ?B;?2` i?i 2HbiB+Biv Bb- i?2 ;`2i2` Bb i?2
/BbiQ`iBM; 2z2+i Q7 Mv T`Q;`2bbBp2 BM+QK2 it- r?B+? BM im`M 2tTHBMb r?v- BM M
2+QMQKv rBi? T2`Fb- i?2 bmTTQ`iBM; it bvbi2K Bb KQ`2 `2;`2bbBp2X JQ`2Qp2`-
b HQM; b T2`Fb `2 QTiBKHHv T`QpB/2/ i?2 QTiBKmK KQmMi Q7 T2`Fb /2T2M/b
QM 2Bi?2` BV i?2 /Bz2`2MiBH Q7 2[mBHB#`BmK +QMbmKTiBQM H2p2Hb UBMp2`b2HvV- M/
BBV i?2 i?2 +QMbmKTiBQM /BbT2`bBQM U/B`2+iHvVX Smi Bi /Bz2`2MiHv- 7`QK  bQ+BH
TQBMi Q7 pB2r- Bi Bb QTiBKmK 7Q` i?2 ;Qp2`MK2Mi iQ i`/2 Qz T`Q;`2bbBpBiv 7Q`
T2`F T`QpBbBQMX
h?2 `2bi Q7 i?2 +?Ti2` Bb Q`;MBx2/ b 7QHHQrbX a2+iBQM kXR #`B2~v `2pB2rb bQK2
Q7 i?2 KQbi `2+2Mi rQ`Fb QM T2`F T`QpBbBQM M/ QTiBKH +QKT2MbiBQM b+?2K2bX
a2+iBQM kXk /2b+`B#2b i?2 b2imT Q7 i?2 KQ/2H M/ BMi`Q/m+2 i?2 +QM+2Ti Q7 BMi2`@
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i2 T`Q;`2bbBpBiv Q7 i?2 it bvbi2KX a2+iBQM kXj +?`+i2`Bx2b i?2
QTiBKH HHQ+iBQM UrBi? M/ rBi?Qmi T2`FbV Q7 }`bi@#2bi M/ T`QpB/2b bQK2 mb2@
7mH +QKT`iBp2 biiB+b `2bmHibX a2+iBQM kX9 /Bb+mbb2b i?2 QTiBKH +QMbmKTiBQM
THM M/ T`QpBbBQM Q7 T2`Fb mM/2` bvKK2i`B+ BM7Q`KiBQMX Ai T`2b2Mib i?2 KBM
MHviB+H `2bmHib Q7 i?2 TT2` b iQ `2;`/ i?2 +?MM2Hb i?`Qm;? r?B+? T2`Fb
Kv z2+i i?2 T`Q;`2bbBpBiv Q7 i?2 QTiBKH BM+QK2 itX a2+iBQM kX8 Tmib i?2
KQ/2H i rQ`F BM  [mMiBiiBp2 2t2`+Bb2X a2+iBQM kXe +QM+Hm/2bX
kXR S2`Fb BM i?2 HBi2`im`2
6Q` i?2 KQbi T`i- i?2 HBi2`im`2 QM T2`Fb /Q2b MQi /2H rBi? i?2 bT2+B}+ Bbbm2
+QMbB/2`2/ ?2`2- MK2Hv- ?Qr T2`Fb /Q z2+i QTiBKH BM+QK2 itiBQMX L2Bi?2`
/Q2b i?2 HBi2`im`2 QM QTiBKH itiBQM M/ KmHiBTH2 ;QQ/b- #2+mb2 Q7 i?2 i2+?@
MQHQ;v /Bz2`2M+2b i?i i?2`2 2tBbi #2ir22M Mv +QKKQ/Biv ;QQ/- 2Bi?2` mb2/ b
 +QMbmKTiBQM ;QQ/ Q`  T`Q/m+iBQM 7+iQ`- M/ i?2 T2`[mBbBi2 ;QQ/X
JQ`2Qp2`- i?2 [m2biBQM i ?M/ Bb 7` 7`QK ?pBM; MQ 2KTB`B+H `2H2pM+2- b `2@
+2Mi bm`p2vb bm;;2biX  `2b2`+? +QM/m+i2/ #v 1[mBH`- 7Q` i?2 J2`+m`v L2rb-
`2TQ`ib QM i?2 +QKT2MbiBQMb `2+2Bp2/ #v b2p2`H aBHB+QM oHH2vǶb +?B27 2t2+m@
iBp2b- BM kyyeX Ai BM/B+i2b i?i G``v 1HHBbQM- P`+H2Ƕb *1P- `2+2Bp2/ HKQbi
irQ KBHHBQMb BM ǵT2`Fb M/ Qi?2` +QKT2MbiBQMbǶ- M/ i?i J2; q?BiKM U2"vV
HM/2/ KQ`2 i?M QM2 KBHHBQM- r?BH2 b2p2`H Qi?2` *1Pb `2+2Bp2/ 08yy-yyy Q`
KQ`2X AM :`BMbi2BM 2i HX UkyyNV- Q7  `M/QK bKTH2 Q7 jeR }`Kb #2HQM;BM; iQ
i?2 aS R8yy AM/2t 7Q` i?2 v2`b kyyeĜkyyd- NyW ?b #22M 7QmM/ iQ T`QpB/2
T2`Fb iQ i?2B` iQT }p2 2t2+miBp2b- rBi?  K2M@MMmH pHm2 Q7 0kNe-jyyX
A7 2KTB`B+H rQ`F ?p2 7Q+mb2/ QM i?2 +QKT2MbiBQM Q7 ?B;? T`Q}H2 *1Pb M/
Bib 2z2+ib QM K`F2i +TBiHBxiBQM M/ K`F2i pHm2b Ub22 u2`K+F UkyyeV-
C2Mb2M M/ Jm`T?v URNNyV- _DM M/ qmH7 UkyyeVV- Qi?2`b ?p2 TT`Q+?2/
i?2 T`Q#H2K i?2Q`2iB+HHv- #v /2p2HQTBM; /Bz2`2Mi p2`bBQMb Q7  biM/`/ KQ`H
?x`/ T`Q#H2KX
AM i?2 }MM+BH HBi2`im`2- i?2 biM/`/ 2tTHMiBQM 7Q` T2`Fb `2HB2b QM bQK2
7Q`K Q7 ;2M+v T`Q#H2K Ub22 C2Mb2M M/ J2+FHBM; URNdeV M/ "2#+?mF M/
6`B2/ UkyyjVVX S2`Fb `2 mb2/ #v KM;2`b iQ TT`QT`Bi2 bQK2 Q7 i?2 bm`THmb
;2M2`i2/ #v i?2 }`K- BM  rv i?i Bb M2Bi?2` TT`Qp2/ MQ` +FMQrH2/;2/ #v
b?`2?QH/2`bX h?Bb Bb #2M2}+BH 7Q` i?2K- #mi /2i`BK2MiH 7Q` r2H7`2X q2 i?BMF-
?Qr2p2`- i?i KQMBiQ`BM; +QM+2`Mb- r?B+? `2 i?2 F2v 7+iQ` Q7 i?Qb2 KQ/2Hb-
`2 H2bb `2bQM#H2 r?2M /2HBM; rBi?  }b+H mi?Q`Biv- i?i- 7Q` i?2 KQbi T`i-
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Kv KQMBiQ` i?2 T`QpBbBQM Q7 T2`Fb #2ii2` i?M i?2 T`QpBbBQM Q7 +b?X
 b2+QM/ ;`QmT Q7 `2b2`+?2`b +QMbB/2` T2`Fb b T`Q/m+iBp2 ;QQ/bX h?Bb pB2r
bm;;2bib i?i T2`Fb `2 mb27mH BMbi`mK2Mib iQ HB;M i?2 Q#D2+iBp2b Q7 T`BM+BTH
M/ ;2Mib- bQ i?i i?2 BMp2biK2Mi BM i?2K Bb 2{+B2MiX Pi?2` mi?Q`b- ?Qr2p2`-
r?BH2 i?BMFBM; Q7 T2`Fb b ;QQ/b i?i- BM _Qb2MǶb UkyyyV i2`KBMQHQ;v- ?p2 MQ
ǳT`Q/m+iBp2Ǵ ii`B#mi2b #mi `2 mMB[m2Hv /2}M2/ #v i?2B` +QKTH2K2Mi`Biv rBi?
M ;2MiǶb 2zQ`i- /Q 7Q+mb QM i?2 Bbbm2 Q7 T2`F QTiBKH T`QpBbBQM M/ 2t@TQbi
2{+B2M+vX
hQ i?Bb ;`QmT #2HQM;b i?2 rQ`F #v "2MM`/Q- *?BTTQ`B M/ aQM; UkyRyVX h?2v
b?Qr i?i r?2M2p2` T2`Fb `2 bm#biBimi2 iQ H2Bbm`2 UQ` 2p2M H2bb +QKTH2K2Mi`v
iQ H2Bbm`2 i?M KQM2vV- i?2 QTiBKH BM+2MiBp2 b+?2K2 BMpQHp2b Qp2`@T`QpBbBQM Q7
bm+? +QKKQ/BiB2b- BM i?2 b2Mb2 i?i i?2 ;2Mi +QMbmK2b KQ`2 Q7 i?2K i?M r?i
b?2 rQmH/ /2+B/2 iQ B7 ;Bp2M  +?QB+2 #2ir22M KQM2v M/ T2`Fb i i?2 +m``2Mi
K`F2i T`B+2X am+? T2`Fb +M T`Q}i#Hv #2 mb2/ 7Q` Tm`2 BM+2MiBp2 Tm`TQb2b-
2p2M r?2M i?2v ;2M2`i2 MQ T`Q/m+iBpBiv ;BMbX Pm` TT2`- i?Qm;? #mBH/BM;
QM i?2 bK2 bbmKTiBQM- ;Q2b  HBiiH2 7`i?2` M/ i`B2b iQ `2Hi2 i?i 2t@TQbi
BM2{+B2M+v BM T`QpB/BM; T2`Fb iQ i?2 #2?pBQ` Q7 i?2 ;2MiǶb `2bTQMb2 7mM+iBQMbX
PM i?2 bK2 ;`QmM/ biM/b i?2 TT2` #v q2BMb+?2MF UkyRjV- ++Q`/BM; iQ
r?B+? i?2 T`BM+BTH Kv 2Bi?2` mM/2`BMp2bi Q` Qp2`@BMp2bi BM T2`Fb- /2T2M/@
BM; QM r?2i?2` i?2 rQ`F@`2Hi2/M2bb Q7 T2`Fb /Q2b 2t+22/ Q` MQi  K2bm`2 Q7
i?2 T2`7Q`KM+2 T`2+BbBQMX JQbi bB;MB}+MiHv- i?2 mi?Q` }M/b i?i B7 T2`Fb
?`K i?2 ;2Mi- i?2 T`BM+BTH M2p2` mM/2`BMp2bib M/ Kv Qp2`@BMp2bi BM T2`FbX
h?2 QTTQbBi2 ?TT2Mb B7 T2`Fb BM+`2b2 i?2 2tT2+i2/ miBHBiv Q7 i?2 ;2MiX
.2bTBi2 i?2 /Bz2`2M+2b #2ir22M i?2 Hbi irQ KQ/2Hb- i?2v b?`2 i?2 bK2 b@
bmKTiBQM i?i T`BM+BTH M/ ;2Mib `2 QTTQbBi2 QM2 i?2 Qi?2`b- M/ i?i HH
i?2 #`;BMBM; TQr2` Bb ?2H/ #v i?2 7Q`K2`X AM i?2 T`2b2Mi TT2`- r2 b?Qr i?i
2t+2bbBp2 T2`Fb +M TT2`- 7`QK M 2t@TQbi T2`bT2+iBp2- 2p2M r?2M i?2 T`Q@
pBbBQM Q7 T2`Fb Bb /2+B/2/ #v M miBHBi`BM T`BM+BTHX q2 `2 KQ`2 +QM+2`M2/-
?Qr2p2`- #Qmi mM/2`biM/BM; ?Qr i?i T?2MQK2MQM Bb HBMF2/ iQ i?2 ;2MiǶb
QTiBKH #2?pBQ` b iQ `2;`/ itiBQMX q2 `;m2 i?i i?2 ;2Mi Kv HBF2 T2`Fb
H2bb i?M KQM2v M/ v2i b?2 Kv 7QmM/ i?2K Q7 bQK2 /pMi;2 B7 i?2v ;H2M
i?2 2{+B2M+v HQbb i?i `Bb2b BM T`2b2M+2 Q7 M ;2M+v T`Q#H2KX
KQM; i?Qb2 i?i TT`Q+? T2`Fb b T`Q/m+iBp2 ;QQ/b Bb i?2 rQ`F /2p2HQT2/
#v J`BMQ M/ w#QDMBF Ukyy3VX h?2v bim/v  biiB+ KQ`H ?x`/ KQ/2H rBi?
i2+?MQHQ;B+H T2`Fb M/ M HB#BHBiv@mM`2bi`B+i2/- `BbF@p2`b2 ;2MiX .Bz2`2MiHv
7`QK Qm` KQ/2H- r?2`2 T2`Fb THv MQ `QH2 BM i?2 T`Q/m+iBQM 7mM+iBQM- BM i?2B`
KQ/2H T2`Fb `2 2Bi?2`  +QMbmKTiBQM ;QQ/ M/  T`Q/m+iBpBiv 2M?M+2K2Mi
ke
iQQHX JQ`2Qp2`- /m2 iQ i?2B` bT2+B}+iBQM- i?Qm;? T2`Fb /Q MQi z2+i Ui?2
KQM2i`v 2[mBpH2Mi Q7V i?2 ;2MiǶb 2zQ`i /BbmiBHBiv Ub r2 bbmK2V- 2zQ`i /Q2b
BM+`2b2 Ui?2 KQM2i`v 2[mBpH2Mi Q7V i?2 miBHBiv 7`QK +QMbmKBM; i?2 T2`F ;QQ/X
h?2 +QKTH2K2Mi`BiB2b #2ir22M T2`Fb M/ 2zQ`i- 2Bi?2` BM i?2 T`Q/m+iBQM 7mM+@
iBQM M/ BM i?2 +QMbmKTiBQM miBHBiv- +Tim`2 i?2 +QMi`Qp2`bBH B/2 i?i M
2KTHQv22 Bb HBF2Hv iQ /2`Bp2 2Bi?2`  H`;2` QmiTmi M/  ;`2i2` miBHBiv i?2 KQ`2
BMi2MbBp2Hv i?2 T2`Fb `2 mb2/ BM i?2 T`Q/m+iBQM T`Q+2bbX h?Qb2 +QKTH2K2M@
i`BiB2b ?p2 M BM+2MiBp2 2z2+i i?i HHQrb i?2 T`BM+BTH iQ /2+`2b2 i?2 Tv@
T2`7Q`KM+2 b2MbBiBpBiv M/ i?2 mM+2`iBMiv BM i?2 ;2MiǶb BM+QK2- i?mb H2/BM;
iQ  HQr2` 2tT2+i2/ TvX >Qr2p2`- i?2 `2bmHiBM; bm#biBimi#BHBiv #2ir22M T2`Fb
M/ r;2b i?i i?2v /2`Bp2 Bb [mBi2 K2+?MB+H- #2BM; /`Bp2M #v i?2 rv pQHiBH@
Biv +QK2b HQM; BM i?2 KQ/2HX JQ`2Qp2`- /m2 iQ i?2 ;2MiǶb mMHBKBi2/ HB#BHBiv-
i?2 T`BM+BTHǶb T`Q#H2K 7HHb BMiQ QM2 Q7 KtBKBxBM; i?2 U+2`iBM 2[mBpH2Mi Q7
i?2V iQiH 2tT2+i2/ bm`THmb- bQ i?i i?2 T`QpBbBQM Q7 T2`Fb Bb Hrvb bQ+BHHv QT@
iBKH M/ M2mi`H 7Q` M ;2MiǶb r2HH #2BM;X b  +Q`QHH`v- i?2v HbQ }M/ i?i
i?2 ;2Mi b?HH M2p2` #2 +?`;2/ rBi? i?2 +Qbi TB/ 7Q` T2`Fb #v i?2 T`BM+BTHX
>Qr2p2`- r2 `;m2 i?i- B7 Bi Bb i?2 +b2- Bi Bb bQ #2+mb2 MQ `2bQm`+2 +QMbi`BMi Bb
bbmK2/ iQ ?QH/ QM i?2 T`BM+BTHǶb bB/2- i?2 T`BM+BTH #2BM; i?2 `2bB/mH +HBKMi
Q7 i?2 ;2MiǶb BM+QK2X Ai Bb- i?2`27Q`2- QM i?2 ++QmMi Q7 i?2b2 /BbbBKBH`BiB2b
7`QK Qm` KQ/2H- i?i r2 /Bb+mbb2/ i?2 2z2+i Q7 +?M;2b BM i?2 +Qbi Q7 T2`Fb 7Q`
i?2 ;2MiǶb r2HH@#2BM;X
6Q` Bib mM/2`biM/BM; Q7 T2`Fb b  /BbmiBHBiv@`2/m+BM; /2pB+2- EpHQv- M/ a+?Qi@
iM2` UkyRkV Bb i?2 rQ`F KQbi `2Hi2/ iQ Qm`bX h?2v +?`+i2`Bx2  biiB+ KQ`H
?x`/ KQ/2H- rBi?  `BbF@M2mi`H ;2Mi M/ +QMiBMmQmb 2zQ`i- BM r?B+? i?2
T`BM+BTH +M iF2  +QbiHv KQiBpiBQMH +iBQM BM Q`/2` iQ `2/m+2 i?2 rQ`F2`Ƕb
2zQ`i +QbiX h?2v /BbiBM;mBb? irQ +b2b, BM i?2 }`bi +b2- i?2 T`BM+BTH Bib2H7
+?QQb2b i?2 KQmMi Q7 KQiBpiBQM M/ #2`b Bib +Qbic BM i?2 b2+QM/ QM2- i?2
T`BM+BTH /2H2;i2b i?2 T`QpBbBQM Q7 KQiBpiBQMH 2zQ`i iQ MQi?2` ;2Mi U b2@
MBQ` Q` KQiBpiQ`V- +?`;2b i?2 KQiBpiQ` #v i?2 KQiBpiBQMH +Qbi M/ Tvb ?BK
#+F  #QMmb- /2T2M/BM; QM i?2 T2`7Q`KM+2 Q7 i?2 bm#Q`/BMi2- HQr@`MFBM;
rQ`F2`X h?2B` KBM +QMi`B#miBQM Bb  +QKTH2i2 /Bb+mbbBQM Q7 i?2 +QM/BiBQMb UQM
i?2 +QM+pBiv Q7 i?2 ;2MiǶb /BbmiBHBiv Q7 2zQ`iV mM/2` r?B+? KQM2i`v TvK2Mib
M/ T2`Fb `2 bm#biBimi2b BM `2/m+BM; i?2 ;2MiǶb +Qbi Q7 2zQ`i- M/ i?2 +?`@
+i2`BxiBQM Q7  bQHmiBQM r?2`2 #M/BM; i?2 Q#D2+iBp2 Q7 irQ /Bz2`2Mi bm#D2+ib
?2HTb iQ #v@Tbb i?2 +Qm`b2 Q7 bvKK2i`B+ BM7Q`KiBQMX
BKBM; i mM/2`biM/BM; i?2 `QH2 Q7 T2`Fb r?2M bm+? M bvKK2i`B+ BM7Q`KiBQM
i?2`2 /Q2b MQi 2tBbi- *``Qi?2`b- >M M/ ZBm UkyRkV /2p2HQT M 2[mBHB#`BmK
kd
Ki+?BM; KQ/2H 7Q`  +QKT2iBiBp2 *1P K`F2i- r?2`2 *1PbǶ r;2b M/ T2`Fb
`2 #Qi? /2i2`KBM2/ #v #`;BMBM; #2ir22M }`Kb M/ *1PbX AM i?2B` KQ/2H-
UBV i?2 T`Q/m+iBQM i2+?MQHQ;v Bb }`K@;2Mi bT2+B}+, Bi /2T2M/b mTQM i?2 }`KǶb
bBx2- i?2 *1PǶb iH2Mi- r?BH2 Bi Kv ++QmMi Q` MQi 7Q` T2`Fb b  T`Q/m+iBQM
BMTmic UBBV *1Pb ?p2 *Q##@.Qm;Hb T`272`2M+2b Qp2` +b? M/ T2`Fb- M/ i?2v
`2 HB#BHBiv +QMbi`BM2/c UBBBV i?2`2 Bb M2Bi?2` KQ`H ?x`/- MQ` bvKK2i`B+
BM7Q`KiBQM BM i?2 KQ/2HX b Bi rQmH/ #2 2tT2+i2/- i?2B` `2bmHib b?Qr i?i }`K
bBx2- r;2- T2`Fb M/ iH2Mi `2 HH TQbBiBp2Hv `2Hi2/X AMi2`2biBM;Hv- i?2v HbQ
7QmM/ i?i T2`Fb `2 KQ`2 b2MbBiBp2 i?M r;2 iQ +?M;2b BM }`K bBx2 r?2M
i?2`2 `2 2+QMQKB2b Q7 b+H2 BM i?2 +Qbi Q7 T`QpB/BM; i?2KX h?Bb bm;;2bib i?i
i?2 /2bB;MBM; Q7 T2`F +Qbi THvb  #B; `QH2 BM +?`+i2`BxBM; i?2 `2bmHi 2p2M mM/2`
T2`72+i BM7Q`KiBQM- `2;`/H2bb Q7 i?2 BMi2`+iBQM #2ir22M T2`Fb M/ 2zQ`iX
kXk h?2 biQ+?biB+ 2+QMQKv
Pm` KQ/2H #mBH/b QM  ivTB+H biiB+ KQ`H ?x`/ T`Q#H2K- rBi?  `BbF@M2mi`H
T`BM+BTH Ui?2 ;Qp2`MK2MiV M/  `BbF@p2`b2 ;2Mi Ui?2 rQ`F2`V- M/ bbmK2b
i?i +QMbmKTiBQM Q7 T2`Fb Q++m`b i i?2 #2;BMMBM; Q7 i?2 T2`BQ/ UbBKmHiM2QmbHv
rBi? i?2 2zQ`i /2+BbBQMV- r?BH2 i?2 +QMbmKTiBQM Q7 i?2 MmK2`B`2 ;QQ/ U+b?V
QMHv Q++m`b i i?2 2M/ Q7 Bi- r?2M i?2 bii2 Q7 i?2 2+QMQKv Bb `2HBx2/ M/
mM+2`iBMiv Bb `2bQHp2/X JQ`2Qp2`- r2 bbmK2 i?i 2Bi?2` ivT2 Q7 +QMbmKTiBQM
+MMQi #2 M2;iBp2X
q2 +M BMi2`T`2i i?Bb 2ti2M/2/ b2imT rBi? T2`Fb BM b2p2`H /Bz2`2Mi rvbkX Pm`
KQbi T`272``2/ BMi2`T`2iiBQM Bb i?i Q7 M QTiBKH itfi`Mb72` T`QpBbBQM T`Q#@
H2K UbQ+BH BMbm`M+2V- r?2`2 i?2 T`BM+BTH Bb  #2M2pQH2Mi bQ+BH THMM2` r?Qb2
Q#D2+iBp2 Bb iQ KtBKBx2 i?2 r2H7`2 Q7 i?2 `2T`2b2MiiBp2 +BiBx2MX h?2 THMM2`
Qz2`b  itfi`Mb72` bvbi2K bmTTH2K2Mi2/ #v i?2 T`QpBbBQM Q7 T2`Fb iQ BMbm`2
?2` ;BMbi i?2 bvbi2KB+ `BbF M/- i i?2 bK2 iBK2- T`QpB/2 ?2` TT`QT`Bi2
BM+2MiBp2b 7Q` rQ`FBM; ?`/X
k6B`bi- Qm` 7`K2rQ`F Kv /2b+`B#2  T`Bpi2 7`M+?BbBM; ;`22K2Mi- r?2`2 i?2 ;2Mi- b 
7`M+?Bb22- +M z2+i 7mim`2 Qmi+QK2b #v 2t2`iBM; mMQ#b2`p#H2 2zQ`iX h?2 7`M+?BbQ` Bb i?2
THMM2`- r?Q Qz2`b  +QMi`+i r?B+? BKTHB2b 7Q` i?2 7`M+?Bb22 M BMBiBH b2`pB+2 /BbTH+2K2Mi
7`QK i?2 7`M+?BbQ` Ui?2 T`QpBbBQM Q7 T2`FbV ;BMbi i?2 TvK2Mi Q7  722- r?B+? /2T2M/b QM
i?2 `2HBx2/ bii2X MQi?2` BMi2`T`2iiBQM Bb b  irQ@bi;2 +QKT2MbiBQM +QMi`+i- r?2`2 i?2
/Bz2`2M+2 BM i?2 BM+QK2 bii2b THvb i?2 `QH2 Q7 i?2 bm`THmb i?2 T`BM+BTH M/ i?2 rQ`F2` Kv
#2 #H2 iQ b?`2X AM i?Bb +b2- cs(ys) Bb i?2 r;2@`i2 7Q` bii2 sX q;2b ?p2 iQ T`QpB/2 i?2
`B;?i BM+2MiBp2b 7Q` i?2 ;2Mi iQ 2t2`i i?2 `B;?i 2zQ`iX JQ`2Qp2`- bBM+2 TmMBb?K2Mib UHQr2`
r;2bV 7Q` bii2@y@BM+QK2 `2HBxiBQM +MMQi #2 BKTH2K2Mi2/- i?2 T`BM+BTH +M BM+2MiBpBx2
2zQ`i i?`Qm;? i?2 TvK2Mi Q7 T2`Fb- B7 ?2 }M/b QTiBKH iQ /Q bQX
k3
kXkXR h2+?MQHQ;v- BM7Q`KiBQM b2i M/ K`F2ibX *QMbB/2`  bKHH QT2M
2+QMQKv- +QMbBbiBM; Q7  QM2@T2`BQ/@HBpBM; `BbF@p2`b2 `2T`2b2MiiBp2 ;2Mi Ua?2V
M/ M BM}MBi2Hv HBpBM; `BbF@M2mi`H ;Qp2`MK2Mi U>2VX h?2 T`Q/m+iBpBiv Q7 i?Bb
2+QMQKv Bb /2MQi2/ #v θ ∈ Θ ≡ [θ, θ] ⊂ R- r?B+? r2 bbmK2 +QKKQM FMQrH2/;2
Q7 2Bi?2` i?2 ;2Mi M/ i?2 ;Qp2`MK2MiX h?2 ;2Mi HBF2b +QMbmKTiBQM c ∈ [0, y¯]
M/ T2`Fb q ∈ [0, y¯]- M/ /BbHBF2b 2zQ`i n ∈ [0, n¯]- rBi? #Qi? y¯ M/ n¯ #2BM; MQM@
M2;iBp2 M/ }MBi2X 6`QK ?2` 2zQ`i- i?2 ;2Mi 2`Mb  ;`Qbb BM+QK2 v = {y0, y1}-
rBi? 0 ≤ y0 < y1 ≤ y¯- i?i +M #2 2Bi?2` +QMbmK2/ #v i?2 ;2Mi Q` mb2/ #v i?2
;Qp2`MK2Mi iQ }MM+2 ?Bb 2tT2M/Bim`2bX q2 +HH ys i?2 bii2 Q7 i?2 2+QMQKvX
q2 KBMiBM i?i BM+QK2 `2HBxiBQMb `2 Tm#HB+Hv Q#b2`p#H2- p2`B}#H2 M/-
i?2`27Q`2- +QMi`+i#H2X
h?2 i2+?MQHQ;v Q7 i?Bb 2+QMQKv +QMbBbib BM  +QHH2+iBQM Q7 F2`M2Hb ⟨p0, p1; ∀θ ∈
Θ⟩ i?i KTb i?2 ;2MiǶb 2zQ`i n BMiQ  T`Q##BHBiv K2bm`2 Qp2` i?2 b2i Q7
BM+QK2 `2HBxiBQMbX q2 /2MQi2 #v ps(n, θ) i?2 +QM/BiBQMH T`Q##BHBiv i?i i?2
;2Mi BM i?2 2+QMQKv θ `2HBx2b BM+QK2 ys- BX2X ps(n, θ) ≡ S`Q#{y = ys|n, θ}X
h?`Qm;?Qmi HH i?Bb +?Ti2` r2 KF2 i?2 7QHHQrBM; bbmKTiBQM #Qmi i?2
BM+QK2 ;2M2`iBM; T`Q+2bbX
bbmKTiBQMUS.- S`Q##BHBiv .Bbi`B#miBQMV, h?2 /Bb+`2i2 /2MbBiv 7mM+iBQMb
`2 bm+? i?i
Ç p1(n, θ) = α(n+ θ)- rBi? α ∈ (0, 1]
Ç 0 < p1(n, θ) < 1- 7Q` HH θ M/ n ∈ [0, n¯)- r?2`2 n¯ := {n˜| p1(n˜, θ) = 1}-
M/ p0(n, θ) = 1− p1(n, θ)
Ai 7QHHQrb i?i p′1 ≡
∂p1(n, θ)
∂n
= α > 0- r?BH2 p′0 ≡
∂p0(n, θ)
∂n
= −α < 0X
h?i Bb- i?2 T`Q##BHBiv Q7 `2HBxBM; Mv ys Bb 2Bi?2` HBM2`Hv BM+`2bBM; Q` HBM2`Hv
/2+`2bBM; BM nX JQ`2Qp2`- 7Q` θ > 0 M/ HH s = {0, 1}- ps Bb HBM2`Hv BM+`2bBM;
UQ` /2+`2bBM;V BM θ b Bi Bb BM 2zQ`iX h?2 `M/QK 7+iQ` α- r?B+? @ Q7 i?2 irQ
HBF2HB?QQ/ `iBQb UG_V p
′
s
ps
@ QMHv z2+ib p
′
0
p0
- HbQ K2bm`2b i?2 2z2+i Q7 +?M;2b
QM n M/ θ QM i?2 T`Q##BHBiv 7mM+iBQM psX
am{+B2Mi `2bi`B+iBQMb rBHH #2 BKTQb2/ QM i?2 T`K2i2` pHm2b- bm+? i?i- ;Bp2M
θ- p1 ∈ (0, 1) Bb biBb}2/ i M QTiBKmKX hQ bBKTHB7v MQiiBQM- r2 /`QT T`Q@
/m+iBpBiv b M `;mK2Mi M/ /2MQi2 #v ps(n) r?i b?HH #2 mM/2`biQQ/ b
ps(n, θ)X
kN
q2 HbQ bbmK2 i?i i?2 ;2Mi ?b MQi ++2bb iQ }MM+BH K`F2ib, b?2 +MMQi
BMbm`2 ?2`b2H7 ;BMbi i?2 B/BQbvM+`iB+ `BbF UHBpBM; BM M 2+QMQKv r?Qb2 T`Q@
/m+iBpBiv Bb θV- MQ` ;BMbi i?2 bvbi2KB+ `BbF UαV- mMH2bb b?2 T`iB+BTi2b iQ i?2
;Qp2`MK2MiǶb bvbi2KX
kXkXk h?2 ;Qp2`MK2MiX h?2 ;Qp2`MK2Mi }MM+2b ?Bb +QMbiMi Tm`+?b2b G-
rBi? y0 < G < y1- #v H2pvBM; ivT2@M/@bii2 +QMiBM;2Mi it2b QM H#Q` BM+QK2
HQM2- Ts(ys) ≡ ys − csX S2`Fb `2 MQi it#H2X
h?2 ;Qp2`MK2Mi Bb 7Q`+2/ iQ `mM  #HM+2/ #m/;2i i?i QMHv ?QH/b BM 2tT2+i2/
i2`Kb,
∑
s
ps(n) (ys − cs)−G− kq = 0 U:"*V
>2`2- c M/ q b?QmH/ #2 mM/2`biQQ/ b i?2 2[mBHB#`BmK [mMiBiB2b Q7 i?2 Mm@
K2`B`2 ;QQ/ UKQM2v Q` +QMbmKTiBQMV M/ T2`Fb- `2bT2+iBp2HvX q2 bbmK2 i?i
QM2 mMBi Q7 `2H pHm2 TB/ #v T2`Fb +Qbib k > 0 iQ i?2 ;Qp2`MK2Mi- rBi? k #2BM;
i?2 `2HiBp2 T`B+2 Q7 q BM i2`Kb Q7 KQM2vX k +M #2 i?Qm;?i Q7 b i?2 K`;BMH
+Qbi Q7 i?2 T2`F ;QQ/- //2/ Mv 2{+B2M+v HQbb i?i Kv #2 /m2 iQ 2Bi?2` BV
i`Mb7Q`KiBQM +Qbib- M/ BBV #`;BMBM; rBi? i?2 ;2Mi #Qmi i?2B` T`QpBbBQMX
Ai Bb rQ`i MQiBM; i?i  +QMbmKTiBQM THM i?i KF2b 2tT`2bbBQM U:"*V M2;iBp2
rQmH/ MQi #2 TQbbB#H2- bBM+2 i?2 ;Qp2`MK2Mi rQmH/ MQi }M/ Mv#Q/v rBHHBM; iQ
#2 QM i?2 H2M/BM; bB/2 Q7 i?2 }MM+BH i`Mb+iBQMb i?i b2`p2 ?BK b M BMbm`M+2
/2pB+2X hQ F22T i?BM;b b bBKTH2 b TQbbB#H2- r2 M2;H2+i i?2 +Qbib bbQ+Bi2/ rBi?
i?2 ;Qp2`MK2Mi }MM+BH +iBpBiv Q` T`2i2M/ i?2v `2 H`2/v BM+Hm/2/ BM GX
AM /2bB;MBM; i?2 QTiBKH }b+H TQHB+v- i?2 ;Qp2`MK2Mi @ r?Q KtBKBx2b  bQ+BH
r2H7`2 7mM+iBQM /2}M2/ Qp2` i?2 ;2MiǶb T`272`2M+2b 7Q` +b?- T2`Fb M/ 2zQ`i @
Bb +QMbi`BM2/ 7`QK  MQM@M2;iBp2 +QMbmKTiBQM `2[mB`2K2Mi,
∀s- cs ≥ 0 UGGV
q2 HbQ MQiB+2 i?i- r?2M2p2` U:"*V #BM/b BM 2[mBHB#`BmK- i?2 2tT2+i2/ BM+QK2
it Bb Hrvb 2[mH iQ i?2 ;Qp2`MK2MiǶb 2tT2M/Bim`2- G+ kq⋆X
kXkXj h?2 it bvbi2KX AM Qm` b2iiBM;- BM+QK2 itiBQM Q#2vb irQ Tm`TQb2bX
6B`biHv- bBM+2 i?2 ;2Mi Bb `BbF p2`b2- r2 2tT2+i i?2 #2M2pQH2Mi bQ+BH THMM2`
iQ bKQQi? bQK2 Q7 i?2 BM+QK2 `BbF i?2 ;2Mi 7+2bX h?Bb Bb i?2 BMbm`M+2 KQiBp2
Q7 itiBQMX h?Qm;? 7`QK #`?K M/ SpQMB Ukyy3VǶb KQ`H@?x`/ KQ/2H
jy
r2 H`2/v FMQr i?i i?2 +QMbi`BMi 2{+B2Mi HHQ+iBQM p`B2b 7`QK i?i BM 
ǳTm`2 #QM/ 2+QMQKvǴ- BX2X 7`QK i?2 HHQ+iBQM i?2 ;2Mi +M Q#iBM #v BMbm`BM;
?2`b2H7 i?`Qm;? #Q``QrBM; M/ H2M/BM;- i?2 [m2biBQM biBHH `2KBM- BM Qm` QTiBKH
itiBQM b2iiBM;- QM r?2i?2` i?2 THMM2` +M T`QpB/2 //BiBQMH BMbm`M+2 #v
K2Mb Q7 i?2 T2`F ;QQ/X h?Bb `2bmHi rQmH/ BKTHv i?i T2`Fb ?p2  `QH2 BM
2M?M+BM; r2H7`2 +QKT`2/ iQ  Tm`2 T2`F@H2bb 2+QMQKvX
h?2 b2+QM/ KQiBp2 7Q` itiBQM #mBH/b QM BM+2MiBp2bX AM Qz2`BM; i?2 itfi`Mb72`
bvbi2K- i?2 bQ+BH THMM2` HbQ i`B2b iQ T`QpB/2 i?2 ;2Mi rBi? TT`QT`Bi2 BM@
+2MiBp2b 7Q` 2t2`iBM; ?B;? 2zQ`iX h?Qm;? rQ`FBM; ?`/ Kv #2 #2M2}+BH 7Q`
i?2 ;2Mi b r2HH- Bi Bb +2`iBMHv M2+2bb`v 7Q` i?2 THMM2` ?BKb2H7- bBM+2 ?2 Bb
+QMbi`BM2/ #v ?Bb #m/;2i #HM+2X q?2M ?B;? TmMBb?K2Mib UHQr +QMbmKTiBQM
H2p2HbV 7Q` HQr BM+QK2 `2HBxiBQMb +MMQi #2 BKTQb2/- T`QpB/BM; T2`Fb Kv #2
 pHm#H2 Hi2`MiBp2 BM Q`/2` iQ `2Ht i?2 ;2MiǶb BM+2MiBp2 +QKTiB#BHBiv +QM@
bi`BMiX
AMimBiBp2Hv- i?2 7mHH bmTTQ`i bbmKTiBQM r2 K/2 THvb  KDQ` `QH2 BM #HM+BM;
i?2 irQ KQiBp2b 7Q` itiBQMX lM/2` i?Bb +QM/BiBQM- BM 7+i- i?2 ;2Mi ?b BM+QK@
TH2i2 +QMi`QH Qp2` BM+QK2 `2HBxiBQMbX >2M+2- i?2 ;Qp2`MK2Mi +M BKTH2K2Mi
b+?2K2b i?i BKTQb2  it TvK2Mi BM QM2 bii2 M/  i`Mb72` BM i?2 Qi?2` BM
bm+?  rv i?i i?2 ;2Mi Bb MQi #H2 iQ pQB/ TvBM; it2b rBi? +2`iBMivX aiBHH-
?Qr2p2`- i?2 ;2Mi Kv #2 HHQr2/ iQ 2MDQv @ rBi? +2`iBMiv @ i?2 T`QpBbBQM Q7
T2`FbX
LQ `2bi`B+iBQMb `2 BKTQb2/ QM i?2 7mM+iBQMH 7Q`K Q7 Ts(v)- i?i rBHH #2 /2`Bp2/
7`QK i?2 QTiBKH THM 7Q` +QMbmKTiBQMX *H2`Hv- i?2 +m`pim`2 Q7 i?2 cs 7mM+iBQMb
Bb +HQb2Hv `2Hi2/ iQ i?2 T`Q;`2bbBpBiv Q7 i?2 it bvbi2KX h?mb- BM Q`/2` iQ bim/v
i?2 Tii2`M Q7 i?2 QTiBKH it bvbi2K- r2 HHQr y1 iQ BM+`2b2 @ 7`QK y1,i iQ
y1,i+1@ M/ HQQF i i?2 +m`pim`2 Q7 i?2 QTiBKH +QMbmKTiBQM HHQ+iBQMX
6QHHQrBM; #`?K- M/ SpQMB Ukyy3V- r2 /2}M2 i?2 7QHHQrBM;-
.2}MBiBQMUha- ht avbi2KV, q2 bv i?i i?2 it b+?2K2 Bb,
Ç ǳBMi2`@bii2Ǵ T`Q;`2bbBp2 U`2;`2bbBp2V B7 c1,i − c0,i
y1,i − y0 Bb /2+`2bBM; UBM@
+`2bBM;V BM y1,ic
Ç ǳBMi`@bii2Ǵ T`Q;`2bbBp2 U`2;`2bbBp2V B7 c1,i+1 − c1,i
y1,i+1 − y1,i Bb /2+`2bBM; UBM@
+`2bBM;V BM y1,i+1X
h?Bb /2}MBiBQM BKTHB2b i?i r?2M2p2` +QMbmKTiBQM Bb  +QMp2t U+QM+p2V 7mM+@
iBQM Q7 BM+QK2 r2 ?p2  `2;`2bbBp2 UT`Q;`2bbBp2V it bvbi2K bmTTQ`iBM; BiX AM
jR
 T`Q;`2bbBp2 it bvbi2K it2b `2 BM+`2bBM; 7bi2` i?M BM+QK2 /Q2bX i i?2
bK2 iBK2- 7Q` i?2 bii2 BM r?B+? i?2 ;2Mi Bb `2+2BpBM;  i`Mb72`- i`Mb72`b `2
BM+`2bBM; bHQr2` i?M BM+QK2 /2+`2b2bX h?2 QTTQbBi2 ?TT2Mb rBi?  `2;`2bbBp2
it b+?2K2X
A7 i?2 b+?2K2 Bb T`Q;`2bbBp2- BM+2MiBp2b `2 T`QpB/2/ #v BKTQbBM; ǳH`;2 T2MH@
iB2bǴ i HQr BM+QK2 H2p2HbX PM i?2 Qi?2` ?M/- B7 i?2 b+?2K2 Bb `2;`2bbBp2-
BM+2MiBp2b `2 T`QpB/2/ #v H`;2` `2r`/b 7Q` ?B;? QmiTmi `2HBxiBQMbX A7 i?2
b+?2K2 Bb T`QTQ`iBQMH i?2b2 `2r`/b M/ TmMBb?K2Mib `2 #HM+2/X
h?2 M2ti T`QTQbBiBQM `2TQ`ib QM  r2HH@2bi#HBb? `2bmHi QM i?2 HBi2`im`2 QM
QTiBKH itiBQM M/ }`bi@Q`/2` TT`Q+?
S`QTQbBiBQM, US- S`QTQbBiBQMeV bbmK2 i?2 6P Bb DmbiB}2/- M/ i?i i?2
QTiBKH ⟨c0, c1⟩ Bb BMi2`BQ` i q = 0X h?2M- B7 Bi ?QH/b i?i BV i?2 HBF2HB?QQ/
`iBQ UG_V Bb KQMQiQM2 M/ +QMp2t U+QM+p2V- M/ BBV 1
uc(·) Bb +QM+p2
U+QMp2tV BM c- M/ i?i BBBV i?2 #bQHmi2 `BbF p2`bBQM +Q2{+B2Mi U_V Bb
/2+`2bBM; M/ +QMp2t U+QMbiMiV- i?2M i?2 QTiBKH it b+?2K2 Bb `2;`2b@
bBp2 UT`Q;`2bbBp2VjX
kXkX9 h?2 ;2MiǶb T`272`2M+2b M/ bi`i2;vX h?2 `2T`2b2MiiBp2 ;2Mi
+?QQb2b n ∈ [0, n¯] BM Q`/2` iQ KtBKBx2 ?2` 2tT2+i2/ miBHBiv
U ⟨p⟩(+, q;n) =
∑
s
ps(n) u(cs)− g(n, q) U1lV
bm#D2+i iQ,
∀s- cs = ys − Ts(ys)
r?2`2 u(c) : [0, y¯]→ R Bb Mv MQM@/2+`2bBM;- bi`B+iHv +QM+p2- irB+2@+QMiBMmQmbHv
/Bz2`2MiB#H2 7mM+iBQM Q7 c- i?i Bb uc(·) > 0 > ucc(·)c g : [0, n¯] × [0, y¯] → R
Bb bi`B+iHv BM+`2bBM; M/ bi`B+iHv +QMp2t BM Bib }`bi `;mK2Mi- n- M/ bi`B+iHv
/2+`2bBM; M/ +QMp2t BM Bib b2+QM/ `;mK2Mib- qX h?i Bb- gn > 0 < gnn M/
gq < 0 < gqq- 7Q` HH n > 0 M/ q ≥ 0X 6Q` n = 0- g(0, q) = gn(0, q) = 0X
h?2 +QKTH2K2Mi`Biv #2ir22M q M/ n- r?B+? Bb i?2 F2v 72im`2 Q7 Qm` KQ/2H-
Bb r?i KF2b Q7 T2`Fb  Tm`2Hv rQ`F@`2Hi2/ ;QQ/X
jq?2M i?2 G_ Bb +QMp2t- *__ rBi? η ≤ 1 BM/m+2b `2;`2bbBp2 b+?2K2b bBM+2 _ Bb
/2+`2bBM; M/ +QMp2t M/ 1/uc(·) Bb +QM+p2X h?Bb +b2 BM+Hm/2b i?2 HQ;`Bi?KB+ miBHBiv
7mM+iBQM- 7Q` r?B+? HBM2` G_- `i?2` i?M +QMp2t G_- H2/b iQ T`QTQ`iBQMH b+?2K2bX
jk
kXkX8 HHQ+iBQM M/ _Kb2vǶb T`Q#H2K
.2}MBiBQMU62b- 62bB#BHBivV,  72bB#H2 HHQ+iBQM Bb  +QHH2+iBQM ⟨c0, c1, n, q; ∀θ⟩
bm+? i?i 2tT`2bbBQMb (GBC)- (LL) M/ q ≥ 0 `2 biBb}2/X
.2}MBiBQMU6S- 6Bb+HSQHB+vV,  ;Qp2`MK2MiǶb TQHB+v Bb  +QHH2+iBQM Q7 7mM+@
iBQMb ⟨T0(y0), T1(y1); ∀θ⟩ bm+? i?i cs ≡ ys − Ts(ys), 7Q` HH s ∈ {0, 1}X
.2}MBiBQMU6"- 6B`bi"2biV,  6" QTiBKH 2[mBHB#`BmK HHQ+iBQM Bb  72@
bB#H2 HHQ+iBQM-  ;Qp2`MK2MiǶb TQHB+v-  T`B+2 M/ i2+?MQHQ;v bvbi2K
{⟨k,G⟩, ⟨ps⟩} bm+? i?i, BV ;Bp2M i?2 ;Qp2`MK2MiǶb TQHB+v- i?2 T`B+2 M/
i2+?MQHQ;v bvbi2K- i?2 HHQ+iBQM KtBKBx2b 2tT`2bbBQM U1lVc BBV ;Bp2M
i?2 HHQ+iBQM- i?2 T`B+2 M/ i2+?MQHQ;v bvbi2K- i?2 ;Qp2`MK2Mi TQHB+v
biBb}2b 2tT`2bbBQMb U:"*V - UGGV M/ q ≥ 0X
h?2`2 `2 KMv 2[mBHB#`BmK HHQ+iBQMb- BM/2t2/ #v /Bz2`2Mi ;Qp2`MK2Mi 2tT2M@
/Bim`2b- i2+?MQHQ;B2b M/ T`Q/m+iBpBiB2bX 6QHHQrBM; Gm+b M/ aiQF2vǶb URN3jV
`;mK2Mi- r2 H2i i?2 ;Qp2`MK2Mi +?QQb2 /B`2+iHv i?2 QTiBKH 72bB#H2 HHQ+@
iBQM- M/ /Bb+mbb i?2 T`Q;`2bbBpBiv Q7 i?2 QTiBKH it bvbi2K #v HQQFBM; i i?2
2[mBHB#`BmK +QMbmKTiBQM H2p2HbX
q2 +HH i?2 QTiBKH itiBQM T`Q#H2K  _Kb2v T`Q#H2KX h?2 M2ti b2+iBQM
bii2b i?2 T`Q#H2K M/ +?`+i2`Bx2b i?2 bQHmiBQM 7Q` i?2 }`bi #2biX "27Q`2 /QBM;
bQ- ?Qr2p2`- r2 bbmK2 i?2 7QHHQrBM; 7mM+iBQMH 7Q`K 7Q` i?2 ;2MiǶb /BbmiBHBiv
Q7 2zQ`i-
bbmKTiBQMUL- .BbmiBHBiv Q7 2zQ`iV, g(n, q) = δn
1+σ
1 + σ
1
(1 + aq)γ
X
Ç {γ, δ, a}≫ 0 M/ σ ≥ 1X
++Q`/BM;Hv- g(n, 0) = δn
1+σ
1 + σ
- r?B+? Bb i?2 biM/`/ BbQ2HbiB+ /BbmiBHBiv Q7 2zQ`iX
"2+mb2 Q7 i?Bb- Mv +QKT`BbQM rBi? i?2 QTiBKH HHQ+iBQM BM i?2 T2`F@H2bb
2+QMQKv #2+QK2b bi`B;?i7Q`r`/X 6m`i?2`KQ`2- #v i?Bb bT2+B}+iBQM 7Q`K- r2
BK i b?TBM; i?2 +m`pim`2 Q7 i?2 T2`F@i2+?MQHQ;v #v K2Mb Q7 irQ T`K2i2`b-
a M/ γ- i?i `2 /B`2+iHv +QKT`#H2 rBi? δ M/ σX >2`2- BM 7+i- a ++QmMib
7Q` i?2 rQ`F@`2Hi2/M2bb Q7 T2`Fb M/- HQM; rBi? γ- Bi +QMi`QHb 7Q` i?2B` /2;`22
Q7 /BKBMBb?BM; `2im`MbX
kXj h?2 _Kb2vǶb T`Q#H2K rBi? SA
q?2M 2zQ`i Bb Q#b2`p#H2- i?2 ;Qp2`MK2MiǶb T`Q#H2K +M #2 bii2/ b 7QHHQrb,
jj
USRV Kt
q,n,{c}
∑
s
ps(n) u(cs)− g(n, q)
bm#D2+i iQ, ∑
s
ps(n) (ys − cs)−G− kq = 0 U:"*V
∀s- cs ≥ 0 UGGV
q ≥ 0
h?2 G;`M;BM iQ USRV Bb i?2`27Q`2 b 7QHHQrb
L = Kt
n,q,{c}
{
−δn
1+σ
1 + σ
1
(1 + aq)γ
+
1∑
s=0
ps(n) [u(cs) + λ (ys − cs)]
−λ(G+ kq)+
1∑
s=0
χscs + ξq
}
r?2`2 λ Bb i?2 MQM@M2;iBp2 G;`M;2 KmHiBTHB2` QM U:"*V- M/ {χs}1s=0 M/
ξ `2 i?2 MQM@M2;iBp2 G;`M;2 KmHiBTHB2`b bbQ+Bi2/ iQ UGGV M/ q > 0-
`2bT2+iBp2HvX 6Q` }t2/ G M/ ⟨ps⟩- r2 KtBKBx2 L rBi? `2bT2+i iQ ⟨n, , q, c0, c1⟩X
kXjXR h?2 MHvbBb
h?2 }`bi@Q`/2` +QM/BiBQMb iQ T`Q#H2K USRV bii2
cs : ps(n) [uc(cs)− λ] ≤ 0- ∀s ≥ 0 B7 <- i?2M c⋆s = 0
q :
δn1+σ
1 + σ
γa
(1 + aq)γ+1
− λk ≤ 0- B7 <- i?2M q⋆ = 0
n :
∑
s
p′s [u(cs) + λ(ys − cs)]−
δnσ
(1 + aq)γ
≥ 0- B7 >- i?2M n⋆ = n¯
λ :
∑
s
ps(n) (ys − cs) = G+ kq
hQ BMi2`T`2i i?2b2 +QM/BiBQMb- r2 }`bi MQi2 i?i i?2 G;`M;2 KmHiBTHB2` λ 2[mHb
i?2 `i2 Q7 +?M;2 Q7 i?2 KtBKmK pHm2 Q7 i?2 ;2MiǶb 2tT2+i2/ miBHBiv rBi?
`2bT2+i iQ +?M;2b BM i?2 pHm2 Q7 i?2 Tm#HB+ 2tT2M/Bim`2bX AM Qi?2` rQ`/b- λ Bb
i?2 K`;BMH bQ+BH +Qbi Q7 `2bQm`+2bX h?2 }`bi Q`/2` +QM/BiBQM rBi? `2bT2+i iQ cs
bii2b i?i- 7Q` Mv s : cs > 0- i?Bb K`;BMH +Qbi b?HH 2[mi2 i?2 K`;BMH ;BM
j9
7`QK +QMbmKBM; csX qBi? T2`72+i BM7Q`KiBQM- i?2 72im`2b Q7 i?2 /Bbi`B#miBQM
7mM+iBQM /Q MQi z2+i i?Bb K2+?MBbKX +imHHv- M2Bi?2` i?2 HBKBi2/ HB#BHBiv
/Q2bX hQ b22 r?v- H2i /2MQi2 #v sˆ i?2 bii2 s : cs > 0- M/ H2i #2 c¯ ≡ csˆX h?2
7Q+b rBi? `2bT2+i iQ c¯ M/ cs DQBMiHv bii2,
1
uc(cs)
≥ 1
uc(c¯)
- B7 >- i?2M c⋆s = 0
h?Bb +QM/BiBQM- i?i ?QH/b r?i2p2` ps(n) Bb- BKTHB2b i?i- b HQM; b i?2`2 Bb
i H2bi QM2 bii2 7Q` r?B+? i?2 ;2Mi Bb rQ`i?v iQ #2 TB/  TQbBiBp2 KQmMi Q7
+b?- Bi Bb QTiBKH iQ bmTTHv ?2` rBi?  +QMbiMi +QMbmKTiBQM bi`2KX q?2M Bi
Bb i?2 +b2- i?2 QTiBKH c¯ Bb mMB[m2Hv /2}M2/ 7`QK 2tT`2bbBQM U:"*V- BX2X,
c¯⋆ =
∑
s
ps(n⋆)ys −G− kq⋆
h?2`27Q`2- r?2i?2` T2`Fb `2 T`QpB/2/ Q` MQi /Q2b MQ z2+i i?2 M2+2bb`v +QM/B@
iBQM 7Q` QTiBKHBiv rBi? `2bT2+i iQ cs- #mi Dmbi i?2 H2p2H Q7 i?2 QTiBKH +QMbiMi
+QMbmKTiBQM H2p2H- i?`Qm;?Qmi i?2 ;Qp2`MK2MiǶb #m/;2i +QMbi`BMiX
aBM+2 i?2 QTiBKH +QMbmKTiBQM Bb #QmM/2/- 2Bi?2` 7`QK #2HQr M/ 7`QK #Qp2-
bQ Bi Bb i?2 QTiBKH itfi`Mb72`X h?i Bb- i?2 ;2Mi Bb 7mHH@BMbm`2/ ;BMbi i?2
bvbi2KB+ `BbF- b?2 #2BM; i?2 7mHH@`2bB/mH +HBKMi Q7 HH ?2` 2tT2+i2/ BM+QK2
#Qp2 i?2 Tm#HB+ 2tT2M/Bim`2- BM 2Bi?2` G M/ qX
6`QK i?2 7Q+ rBi? `2bT2+i iQ 2zQ`i- r2 b22 i?i  M2+2bb`v +QM/BiBQM 7Q` 
bi`B+iHv TQbBiBp2 bQHmiBQM iQ 2tBbi Bb i?i i?2`2 Bb i H2bi QM2 bii2 ys > 0-
r?Qb2 T`Q##BHBiv BM+`2b2b rBi? 2zQ`iX h?2 QTiBKH 2zQ`i Bb i?2M i?2 QM2 i?i
KtBKBx2b i?2 ;2MiǶb 2tT2+i2/ miBHBiv i i?2 +QMbiMi +QMbmKTiBQM H2p2H c¯X h?2
7QHHQrBM; T`QTQbBiBQM bii2b Bi KQ`2 7Q`KHHvX
S`QTQbBiBQMR, 6Bt T`Q#H2K USRV- M/ H2i bbmKTiBQMUS.V ?QH/bX h?2M- i?2
QTiBKH }`bi@#2bi HHQ+iBQM ?b 2zQ`i n⋆ > 0 M/ +QMbmKTiBQM cs = c¯ ≥ 0-
∀ s = {0, 1}- r?2`2 c¯ Bb i?2 2tT2+i2/ BM+QK2- M2i Q7 i?2 ;Qp2`MK2MiǶb
2[mBHB#`BmK 2tT2M/Bim`2 BM 2Bi?2` G M/ T2`FbX
h?2 bvbi2K Q7 QTiBKH i`Mb72` M/ BM+QK2 it2b- r?B+? Bb #QmM/2/ 7`QK
#Qp2- rBi? #QmM/ T¯1 = y1 − c¯- 2Bi?2` BV 7mHHv BMbm`2b i?2 ;2Mi ;BMbi
i?2 bvbi2KB+ `BbF- BBV Bi KF2b i?2 ;2Mi #2 i?2 7mHH@`2bB/mH +HBKMi Q7 HH
?2` 2tT2+i2/ BM+QK2 #Qp2 G+ kq⋆X
qBi? c0 = c1 = c¯- i?2 UGGV +QMbi`BMi `2/m+2b iQ c¯ ≥ 0- rBi? KmHiBTHB2` χ ≥ 0X
q2 +M BKK2/Bi2Hv `mH2 Qmi c¯ = q = 0- bBM+2 i?Bb BKTHB2b ;Qp2`MK2MiǶb }MM+2b
j8
`2 BM bm`THmbX aBM+2 i?2 miBHBiv 7mM+iBQM Bb bi`B+iHv BM+`2bBM;- HH pBH#H2
BM+QK2 rBHH #2 bT2Mi i i?2 QTiBKH TQBMi UMQ BMi2`BQ` bQHmiBQMVX h?2`27Q`2-
i?2 #m/;2i +QMbi`BMi Kmbi ?QH/ rBi? 2[mHBivX 6Q` Mv miBHBiv 7mM+iBQM i?i
biBb}2b AM/Ƕb +QM/BiBQMb- KQ`2Qp2`- B7 Bi r2`2 c¯ = 0- i?2M λ = +∞ M/
n = n¯ rQmH/ biBHH BKTHv q = 0- r?B+? Bb  pBQHiBQM Q7 QTiBKHBivX i M
QTiBKmK- i?2`27Q`2- 2Bi?2` i?2 b2i Q7 2z2+iBp2 +QMbi`BMi Bb E1 = {(GBC)}- Q`
Bi Bb E2 = {(GBC), q = 0}X
kXjXRXR h?2 QTiBKHBiv +QM/BiBQM 7Q` T2`Fb
qBi? λ > 0- i?2 7Q+ rBi? `2bT2+i iQ q bvb i?i- B7 i?2 KtBKmK Q++m`b i Mv
TQbBiBp2 KQmMi Q7 q- i?2 K`;BMH `2im`M Q7 T2`Fb- BX2X i?2 K`;BMH `2/m+iBQM
BM i?2 ;2MiǶb /BbmiBHBiv Q7 2zQ`i- Kmbi #2 2[mH iQ i?2 K`;BMH +Qbi Q7 T2`Fb- b
2tT`2bb2/ BM i2`Kb Q7 +QMbmKTiBQM miBHBiv- BX2 λkX "v +QK#BMBM; i?2 irQ }`bi@
Q`/2` +QM/BiBQMb- i?2 QM2 rBi? `2bT2+i iQ c¯ M/ i?2 Qi?2` rBi? `2bT2+i iQ q- r2
Q#iBM i?2 r2HH FMQrM 2[mHBiv `2bmHi #2ir22M i?2 K`;BMH `i2 Q7 bm#biBimiBQM
Q7 c¯ BM i2`Kb Q7 q M/ i?2B` `2HiBp2 T`B+2X
uc(c¯)
Uq
=
1
k
hQ HQQF i Bi /Bz2`2MiHv- 7`QK i?2 }`bi@Q`/2` +QM/BiBQMb UiF2M rBi? 2[mHBivV
M/ i?2 ;Qp2`MK2MiǶb #m/;2i +QMbi`BMi- r2 +M r`Bi2
λ =
uc(c¯) · c¯+ |gq| · q∑
s ps(n)ys −G
h?2 }`bi `2HiBQM K2Mb i?i i Mv QTiBKH +QMbi`BM2/ HHQ+iBQM i?2 K`;BMH
miBHBiv T2` /QHH` Kmbi #2 i?2 bK2 i #Qi? K`;BMb- BX2X 7Q` c¯ M/ qX h?2 bK2
K`;BMH miBHBiv T2` /QHH` Kmbi Q++m` r?2M i?2 2tT2+i2/ 2ti` `2p2Mm2- BX2X∑
s ps(n)ys − G- Bb bT`2/ Qmi Qp2` #Qi? +QMbmKTiBQM M/ T2`Fb- b r?2M Bi
Bb bT2Mi BM 2Bi?2` ;QQ/X h?i Bb- i?2 `i2 Q7 +?M;2 Q7 miBHBiv rBi? `2bT2+i iQ
Mv //BiBQMH `2p2Mm2 Kmbi #2 i?2 bK2 i 2+? K`;BM M/ i 2Bi?2` K`;BM
bBKmHiM2QmbHvX
h?Bb MQM@bm`T`BbBM; `2bmHi Bb /m2 iQ +2Mi`HBxiBQM M/ T2`72+i BM7Q`KiBQMX lM@
/2` i?2b2 bbmKTiBQMb- T2`Fb `2 +2`iBMHv MQi  ǳT`BQ` ;QQ/Ǵ rBi? `2bT2+i iQ
+b?X PMHv i?2B` `2HiBp2 T`B+2 Bb r?i Kii2`b UiQ 2Bi?2` i?2 rQ`F2` M/ i?2
;Qp2`MK2MiV- M/ Bi Bb i?2B` `2HiBp2 T`B+2 i?i /2i2`KBM2b i?2B` K`;BMH pHm2
M/- i?2`27Q`2- i?2 K`;BMH `i2 Q7 bm#biBimiBQMX
am#biBimiBM; Qmi i?2 QTiBKH +QMbmKTiBQM THM M/ i?2 ;Qp2`MK2MiǶb #m/;2i
+QMbi`BMi- T`Q#H2K USRV `2/m+2/ iQ
je
USR@_V L = Kt
n,q
u [y0 + α(n+ θ)(y1 − y0)−G− kq]
−δn
1+σ
1 + σ
1
(1 + aq)γ
+ ξq
h?2 7Q+b iQ i?Bb T`Q#H2K `2- i?2`27Q`2-
Ln : uc(c¯)α(y1 − y0)− δn
σ
(1 + aq)γ
≥ 0 B7 >- i?2M n⋆ = n¯
Lq : −uc(c¯)k + γaδn
1+σ
(1 + σ)
(
1 + aq
)γ+1 ≤ 0 B7 <- i?2M q⋆ = 0
6`QK i?2 ;Qp2`MK2MiǶb #m/;2i +QMbi`BMi- M/ bbmKTiBQMUS.V- r2 H`2/v
FMQr i?i
c¯ = y0 + α(n+ θ)(y1 − y0)−G− kq
hQ;2i?2`- Ln M/ Lq BKTHv i?i i?2 QTiBKH KQmMi Q7 T2`Fb Bb /Dmbi2/ /2@
T2M/BM; QM i?2 +mi@Qz H2p2H
k1(n0) ≡ γaα(y1 − y0)n0
1 + σ
h?2`27Q`2- B7 k ≥ k1(n⋆0)- r?2`2 n⋆0 = n⋆|q=0- i?2M- q⋆ = 0 M/ T2`Fb `2
M2p2` T`i Q7  }`bi@#2bi bQHmiBQMX lM7Q`imMi2Hv- i?Bb +QM/BiBQM BMpQHp2b HH i?2
T`K2i2`b Q7 i?2 KQ/2H- bQ i?i Bi +M #2 `;m2/ i?i i?2 `2bmHi 7Q` T2`Fb Bi Bb 
Kii2` Q7 T`K2i`BxiBQMX AM/22/- Bi BbX "2bB/2b- i?2 b+QT2 7`QK T`QpB/BM; T2`Fb
rBi? T2`72+i BM7Q`KiBQM- r?B+? Bb bi`QM;Hv `2Hi2/ iQ i?2 /2+`2bBM; K`;BMH
`2im`Mb Q7 +QMbmKTiBQM- Kv 7BH iQ +i+? i?2 7mHH +QMi2Mi Q7 i?2B` T`QpBbBQMX
q2 /272`- ?Qr2p2`- iQ M2ti b2+iBQM i?2 /Bb+mbbBQM Q7 i?2 `iBQMH2 #2?BM/ i?2
T`QpBbBQM Q7 T2`Fb- r?BH2 /2HBM; rBi? i?2 bvKK2i`B+ BM7Q`KiBQM T`Q#H2KX
LQM2i?2H2bb- Bi Bb rQ`i? MQiBM; i?i- B7 n0 > 1 + σ
γa
- i?2M k1 > α(y1−y0) M/ 7Q`
k ∈ (α(y1 − y0), k1(n0)) T2`Fb Kv #2 T`QpB/2/ 2p2M B7 i?2v `2 i2+?MQHQ;B+HHv
BM2{+B2MiX JQ`2Qp2`- #v i?2 /2T2M/2M+2 Q7 k1 7`QK n0- Bi Bb Hrvb TQbbB#H2 iQ
}M/  pHm2 Q7 δ bm+? i?i 2Bi?2` +b2 ?QH/b9X
S`QTQbBiBQMk, 6Bt T`Q#H2K USR@_V- M/ H2i bbmKTiBQMb US.V M/ ULV ?QH/X
9i q⋆ = 0- i?2 2[mBHB#`BmK pHm2b Q7 c¯ M/ n bQHp2 i?2 7QHHQrBM; bvbi2K Q7 2[miBQMb⎧⎨⎩c¯ = αθ(y1 − y0)− (G− y0) +α(y1 − y0)nc¯ = u−1c [ δnσ
α(y1 − y0)
]
r?2`2 u−1c [·] /2MQi2b i?2 BMp2`b2 Q7 i?2 K`;BMH miBHBiv Q7 +QMbmKTiBQMX
jd
RX A7 q⋆FB = 0- i?2M Bi ?QH/b i?i k ≥ k1 ≡
α(y1 − y0)aγ
1 + σ
n⋆0c
kX A7 q⋆FB > 0- rBi? q⋆ = Kt
{(
δn⋆1+σ
a(1 + σ)uc(c¯⋆)k
) 1
1+γ
− 1
a
, 1
}
- i?2M k < k1X
JQ`2Qp2`- i Mv BMi2`BQ` bQHmiBQM- T2`Fb `2 /Dmbi2/ bQ i?i i?2 K`;BMH
`i2 Q7 bm#biBimiBQM #2ir22M +b? M/ T2`Fb Bb 2[mH iQ i?2B` `2HiBp2 T`B+2b-
1/kX
jX A7 γ < σ- i?2 #Qp2 M2+2bb`v +QM/BiBQMb `2 HbQ bm{+B2MiX
9X A7 i?2 /BbmiBHBiv Q7 2zQ`i M/ i?2 T2`F i2+?MQHQ;v `2 bm+? i?i i?2 QTiBKH
2zQ`i BM i?2 T2`F@H2bb 2+QMQKv biBb}2b n0 > 1 + σ
γa
- i?2M- 7Q` HH k ∈
(α(y1 − y0), k1(n0)) T2`Fb Kv #2 T`QpB/2/ BM i?2 }`bi #2bi 2p2M B7 i?2v
`2 i2+?MQHQ;B+HHv BM2{+B2MiX
h?2 T`QQ7 Q7 i?2 bii2K2Mi BM TQBMi j Q7 S`QTQbBiBQMk Bb /Bb+mbb2/ BM TT2M/Bt
kX Ai #mBH/b QM i?2 M2;iBp2M2bb Q7 i?2 >2bbBM Ki`Bt iQ T`Q#H2K USR@_V
M/ Bi 2Mbm`2b i?i i?2 ;Qp2`MK2MiǶb T`Q#H2K Bb DQBMiHv +QM+p2 BM 2Bi?2` 2zQ`i
M/ T2`Fb- i Mv BMi2`BQ` bQHmiBQM 7Q` T2`FbX h?2 2+QMQKB+ +QMi2Mi Q7 TQBMi
9- BMbi2/- Bb i?2 7QHHQrBM;X b HQM; b Qm` r2H7`2 +`Bi2`BmK Bb miBHBiv- i?2
/2+`2bBM; K`;BMH `2im`Mb Q7 +QMbmKTiBQM H2p2 `QQKb 7Q`  TQbBiBp2 T`QpBbBQM
Q7 T2`Fb- 2p2M B7 i?2v `2 MQi  +Qbi@KBMBKBxBM; iQQHX LQM2i?2H2bb- 7Q` i?Bb
#2BM; i?2 +b2- i?2 QTiBKH 2zQ`i BKTH2K2Mi#H2 rBi?Qmi T2`Fb Kmbi #2 H`2/v
bm{+B2MiHv ?B;?X AM i?i- r2 bv i?i T2`Fb Kv #2 KQ`2 2z2+iBp2Hv mb2/ b 
+QMbmKTiBQM ;QQ/X
kXjXk *QKT`iBp2 biiB+b `2bmHib
h?2 +QKTH2i2 /Bb+mbbBQM Q7 i?2 +QKT`iBp2 biiB+b MHvbBb Kv #2 7QmM/ BM
TT2M/Bt kX >2`2- r2 HBKBi Qm`b2Hp2b iQ  #`B27 bii2K2Mi Q7 i?2 KBM `2bmHib-
i?i rBHH b2`p2 b  `272`2M+2 TQBMi r?2M /Bb+mbbBM; i?2 /vMKB+b i?i H2/ iQ
i?2 b2+QM/@#2bi QTiBKH HHQ+iBQMX
*Q`QHH`vR, 6Bt T`Q#H2K USR@_V M/ H2i bbmKTiBQMb US.V M/ ULV ?QH/X h?2
QTiBKH }`bi@#2bi HHQ+iBQM Bb bm+? i?i,
RX B7 T2`Fb `2 QTiBKHHv MQi T`QpB/2/- i?2M i?2 QTiBKH 2zQ`i /2+`2b2b
BM 2Bi?2` y1,α M/ θc
j3
kX B7 q⋆ > 0- i?2M i?2 2[mBHB#`BmK 2zQ`i H2p2H- n⋆ Kv 2Bi?2` /2+`2b2 Q`
BM+`2b2 BM #Qi? y1 M/ α- /2T2M/BM; QM BV i?2 ;2MiǶb #bQHmi2 `BbF
p2`bBQM- BBV i?2 ;2MiǶb T`272`2M+2b 7Q` T2`FbX q⋆ Hrvb BM+`2b2b BM
2Bi?2` y1 M/ α- r?BH2 #Qi? 2zQ`i M/ T2`Fb /2+`2b2 BM θ M/ kX
jX A7 T`272`2M+2b M/ i2+?MQHQ;v `2 bm+? i?i #Qi? 2zQ`i M/ T2`Fb
b?Qr ?B;? /2+`2bBM; K`;BMH `2im`Mb- BX2X B7 |Lnn|, |Lqq| > Lnq 7Q`
HH n, q- i?2M i Mv BMi2`BQ` bQHmiBQM- ∂n
∂y1
− ∂q
∂y1
< 0 - ∂n
∂θ
− ∂q
∂θ
< 0
M/ ∂n
∂k
− ∂q
∂k
> 0X
hQ mM/2`biM/ i?2 bi`2M;i? Q7 *Q`QHH`vR- r2 Kmbi F22T BM KBM/ i?i BM i?Bb
7`K2rQ`F- M BM+`2b2 BM 2Bi?2` y1,α M/ θ /Q2b MQi z2+i i?2 `2HiBp2 T`B+2
Q7 +QMbmKTiBQM rBi? `2bT2+i iQ T2`FbX h?Bb Bb bQ #2+mb2- rBi? T2`72+i BM7Q`@
KiBQM- i?2 ;2Mi `2+2Bp2b  +QMbiMi TvK2Mi i?i Bb i?2 bK2 BM 2Bi?2` bii2X
o`BiBQMb BM i?2 QTiBKH HHQ+iBQM- i?2`27Q`2- `2bmHib 7`QK  Tm`2 BM+QK2 27@
72+i- r?B+? Bb M2;iBp2 7Q` 2zQ`i M/ TQbBiBp2 7Q` T2`FbX b i?2 +Qbi Q7 T2`Fb
BM+`2b2b- i?2 bm#biBimiBQM 2z2+ib i?i Tmb? 7Q` T`QpB/BM; H2bb T2`Fb M/ KQ`2
+QMbmKTiBQM- BM `2bQM Q7 i?2 +QKTH2K2Mi`Biv Q7 T2`Fb M/ 2zQ`i- `2 i?2 H2/@
BM; 7Q`+2b BM 2tTHBMBM; i?2 /`QT BM 2zQ`iX AM 7+i- 2Bi?2` i?2 BM+QK2 2z2+i M/
i?2 bm#biBimiBQM 2z2+i i?i 7QHHQr M BM+`2b2 BM k rQmH/ ?p2 +i bQ b iQ `2/m+2
H2Bbm`2X
*H2`Hv- r?2M 2zQ`i Bb Q#b2`p#H2- i?2 THMM2`- #v +?QQbBM; 2Bi?2` i?2 QTiBKH
2zQ`i M/ i?2 QTiBKH KQmMi Q7 T2`Fb bBKmHiM2QmbHv- iF2b /pMi;2 Q7 i?2
+QKTH2K2Mi`BiB2b #2ir22M 2zQ`i M/ T2`Fb BM Q`/2` iQ Qzb2i i?2 BM+QK2 2z2+iX
>Qr2p2`- r?2M i?2 +QMp2tBiv Q7 2zQ`i Bb bm{+B2MiHv ?B;? M/ i?2 i2+?MQHQ;v 7Q`
T2`Fb b?Qr p2`v ?B;? /2+`2bBM; K`;BMH `2im`Mb i?Qb2 BM+QK2 2z2+ib b22K iQ
/QKBMi2X
kX9 h?2 _Kb2vǶb T`Q#H2K rBi? J>
h?Bb b2+iBQM 2ti2M/b Qm` MHvbBb Q7 i?2 QTiBKH itiBQM T`Q#H2K iQ i?2 +b2
r?2`2 i?2 ;2MiǶb 2zQ`i Bb M2Bi?2` Q#b2`p#H2- MQ` +QMi`+i#H2X h?2 ;Qp2`M@
K2Mib rMib iQ KtBKBx2 i?2 ;2MiǶb 2tT2+i2/ miBHBiv- bm#D2+i iQ ?Bb #m/;2i
#HM+2 M/ i?2 ;2MiǶb BM+2MiBp2 +QKTiB#BHBiv +QMbi`BMiX h?Bb +QMbi`BMi `2@
[mB`2b i?i i?2 2zQ`i i?2 THMM2` rMib iQ BM/m+2 `2bmHib 7`QK i?2 ;2MiǶb miBHBiv@
KtBKBxBM; #2?pBQ`- ;Bp2M i?2 i2`Kb Q7 i?2 bQ+BH +QMi`+iX h?i Bb- bBM+2 i?2
;Qp2`MK2Mi +MMQi Q#b2`p2 i?2 ;2MiǶb 2zQ`i- ?2 Kmbi /2bB;M  K2+?MBbK bm+?
jN
i?i Bi Bb BM i?2 ;2MiǶb b2H7@BMi2`2bi iQ TTHv i?2 2zQ`i i?i b?2 Bb K2Mi iQ
BKTH2K2MiX
b #27Q`2- r2 bbmK2 i?i i?2 ;2Mi- r?Q Bb +mi Qz 7`QK HH BMbm`M+2fbb2i
K`F2ib- Kv #2 T`QpB/2/ rBi? 2Bi?2` +b? M/ Mv MQM@M2;iBp2 KQmMi Q7 i?2
bBM;H2- MQM@it#H2- rQ`F@`2Hi2/ ;QQ/ i?i Bb +HH2/ T2`FX
q2 MHvx2 i?2 T`Q#H2K rBi? KQ`H ?x`/ BM i?`22 bi2TbX AM bi2T R Ua2+iBQM
kX9XRV- r2 bbmK2 i?i i?2 +QMi`+i ⟨c0, c1, q⟩ Bb }t2/- M/ bim/v i?2 miBHBiv@
KtBKBxiBQM #2?pBQ` Q7 i?2 ;2Mi ;Bp2M i?2 +QMi`+iX AM bi2T k- r2 /2`Bp2
i?2 QTiBKH }b+H TQHB+B2b b iQ `2;`/ +QMbmKTiBQM Ua2+iBQM kX9XkV M/ T2`Fb
Ua2+iBQM kX9XjVX S`2+Bb2Hv- r2 rBHH ?B;?HB;?i i?2 K2+?MBbKb i?i Kv z2+i
i?2 +m`pim`2 Q7 i?2 QTiBKH +QMbmKTiBQM 7+i- #v /2`BpBM;  bBKTH2 2tT`2b@
bBQM 7Q` Qm` BM/2t Q7 T`Q;`2bbBpBivX h?2M r2 rBHH /Bb+mbb i?2 +QM/BiBQMb mM/2`
r?B+? T2`Fb Kv #2 T`QpB/2/ rBi? KQ`H ?x`/ r?2M i?2v `2 MQi mM/2` T2`@
72+i BM7Q`KiBQM- M/ +?`+i2`Bx2 i?2 b?T2 Q7 i?2 ;2MiǶb BM/Bz2`2M+2 +m`p2b
i Mv 2[mBHB#`BmK HHQ+iBQMX lM7Q`imMi2Hv- #2+mb2 Q7 i?2 MQM@HBM2`Biv Q7
Qm` T`Q#H2K- r2 +MMQi +?`+i2`Bx2 i?2 QTiBKH +QMi`+i Km+? 7m`i?2` MHvi@
B+HHvX LmK2`B+H bBKmHiBQMb `2 i?2 b+QT2 Q7 a2+iBQM kX8X h?2`2- r2 +QK#BM2
i?2 TvK2Mi `mH2b rBi? i?2 ;2MiǶb BM+2MiBp2 +QKTiB#BHBiv +QMbi`BMi M/ i?2
;Qp2`MK2MiǶb #m/;2i #HM+BM; Q`/2` iQ /2`Bp2 i?2 QTiBKH BM+2MiBp2@+QKTiB#H2
HHQ+iBQM {⟨c0, c1, q⟩, n} b M 2[mBHB#`BmK Qmi+QK2X
kX9XR ai2T R, h?2 ;2MiǶb T`Q#H2K
h?2 ;2Mi ?b T`272`2M+2b Qp2` bi`2Kb Q7 +QMbmKTiBQM H2p2Hb- + = {c0, c1}-
rBi? 0 ≤ c0 ≤ c1 ≤ y¯- T2`Fb q ∈ [0, y¯]- M/ 2zQ`i +?QB+2b- n ∈ [0, n¯] - i?i `2
/2b+`B#2/ #v M 2tT2+i2/ miBHBiv 7mM+iBQM Q7 i?2 7Q`K
U ⟨p⟩(+, q;n) =
∑
s
ps(n) u(cs)− δn
1+σ
1 + σ
1
(1 + aq)γ
r?2`2 u(·) Bb  bi`B+iHv BM+`2bBM;- bi`B+iHv +QM+p2 M/ irB+2@+QMiBMmQmbHv /Bz2`@
2MiB#H2 BM +Hbb Q7 *__ miBHBiv 7mM+iBQM rBi? `2HiBp2 `BbF p2`bBQM +Q2{+B2Mi
η > 0- M/ i?2 T`K2i2`b `2 bm+? i?i {γ, a, δ}≫ 0 M/ σ ≥ 1X
h?2 ;2MiǶb KtBKBxiBQM T`Q#H2K
Kt
n
U ⟨p⟩(+, q;n)
BKTHB2b i?2 7QHHQrBM; }`bi@ M/ b2+QM/@ Q`/2` +QM/BiBQMb
9y
Ln :
∑
s
p′su(cs)−
δnσ
(1 + aq)γ
≥ 0- B7 >- i?2M n = n¯
Lnn : − σδn
σ−1
(1 + aq)γ
< 0 7Q` HH 72bB#H2 n, q
AM i?2 bTB`Bi Q7 i?2 }`bi@Q`/2` TT`Q+? U6PV- i?2 }`bi BM2[mHBiv `2TH+2b
i?2 ;2MiǶb BM+2MiBp2 +QKTiB#BHBiv +QMbi`BMi UA*VX AKTHB+BiHv- Bi /2}M2b i?2
;2MiǶb 2zQ`i b  7mM+iBQM Q7 2Bi?2` KQM2i`v M/ MQM@KQM2i`v BM+2MiBp2b-
BX2X n = n⋆(+, q)X aiM/`/ +QKT`iBp2 biiB+b MHvb2b vB2H/ iQ i?2 7QHHQrBM;
7mM+iBQMb-
∂n
∂cs
=
p′suc(s)
σδnσ−1
(1 + aq)γ bB;M
( ∂n
∂cs
)
= bB;M(p′s)
∂n
∂q
=
γa
σ
n
(1 + aq)
> 0 7Q` HH 72bB#H2 n, q
h?2 QTiBKH `2bTQMb2 iQ +QMbmKTiBQM- ns ≡ ∂n
∂cs
- i?2`27Q`2- Bb ?B;?2`- BM K;MB@
im/2- i?2 HQr2` Bb i?2 +QMp2tBiv Q7 2zQ`i M/ i?2 ?B;?2` `2 q M/ i?2 K`;BMH
miBHBiv Q7 +QMbmKTiBQM BM bii2 s- i?2 Hii2` #2BM; H`;2` i?2 bKHH2` `2 2Bi?2`
cs M/ ηX >Qr2p2`- 7Q` H`;2` q- ;Bp2M n- nq ≡ ∂n
∂q
Bb bKHH2`X "v bBKTH2
+QKTmiiBQM- r2 /2`Bp2
bB;M
(∣∣∣ ∂n
∂cs
∣∣∣− ∂n
∂q
)
= bB;M
(
(1 + aq)γ+1 − γaδn
σ
αuc(cs)
)
"2+mb2 Q7 i?2 /2T2M/2M+2 Q7 n 7`QK 2Bi?2` cs M/ q- Bi Bb BM ;2M2`H /B{+mHi iQ
bv r?i i?2 bB;M Q7 i?2 /Bz2`2M+2 |ns| − nq Kv #2X >Qr2p2`- bQK2 bm{+B2Mi
+QM/BiBQMb +M #2 7QmM/ r?2M2p2` n¯ ≤ 1 ?QH/bX q2 bii2 i?2K BM i2`Kb Q7
G2KKbX
G2KKR, A7 αuc(y¯) > γaδ- i?2M nc > nq- ∀q ≥ 0X
6Q` u(·) BM i?2 +Hbb Q7 *__ 7mM+iBQMb- B7 r2 HbQ bbmK2 y¯ = 1- i?2 #Qp2
+QM/BiBQM `2/m+2b iQ α
δ
> γaX h?B Bb- r?2M  M2i K2bm`2 Q7 i?2 T`Q}i#BHBiv
Q7 2zQ`i- MK2Hv α/δ- Bb H`;2` i?i i?2 /B`2+i K`;BMH 2z2+i Q7 i?2 }`bi mMBi
Q7 T2`Fb- i?2M i?2 2zQ`i `2bTQMbBp2M2bb iQ +b? TvK2Mib Bb ?B;?2` i?M i?2 QM2
iQ T2`FbX
h?2 `2p2`b2/ BM2[mHBiv- ?Qr2p2`- /Q MQi BKTHv i?i nq > nc 7Q` HH Q` bQK2
q ≥ 0X LQM2i?2H2bb-  bBKTH2 +b2 `Bb2b r?2M γ = 1X AM/22/-
G2KKk, A7 γ = 1- i?2M
∣∣∣ ∂n
∂cs
∣∣∣ > ∂n
∂q
B7 M/ QMHv B7 q2+ 2
a
q+
1
a2
(
1− γaδn
σ
αuc(cs)
)
>
0X h?2`27Q`2- B7 αuc(cs(0)) > gnq(n0, 0) = γaδnσ0 - i?2M nc > nq 7Q` HH
9R
q ≥ 0X A7 αuc(cs(0)) < γaδnσ0 - i?2M ∃ q¯ > 0 : nq ≥ nc ∀ q ∈ [0, q¯]  nc >
nq ∀ q > q¯ - rBi? q¯ = 1
a
[√
aδnσ(q¯)
αuc(cs(q¯))
− 1
]
2M/Q;2MQmbX
h?Qm;? i?2 }`bi@Q`/2` /2`BpiBp2b bm{+2 iQ +?`+i2`Bx2  +M/B/i2 bQHmiBQM iQ
Qm` T`Q#H2K- r2 M22/ i?2 b2+QM/@Q`/2` T`iBH /2`BpiBp2b Q7 i?2 ;2MiǶb +?QB+2@
7mM+iBQM iQ bim/v i?2 ;HQ#H +QM+pBiv Q7 i?2 ;Qp2`MK2MiǶb T`Q#H2KX q2 /Q Bi BM
TT2M/Bt kX*X LQM2i?2H2bb- #27Q`2 ;QBM; 7`i?2` rBi? Qm` MHvbBb- Bi Bb rQ`i?v
iQ bi`2bb Qmi i?2 #2?pBQ` Q7 i?2 QTiBKH n b `2;`/ iQ qX
G2KKj, nqn ≡ ∂
2n
∂q∂n
> 0 M/ nqq ≡ ∂
2n
∂q2
< 0- r?BH2bB;M
[
nsq
]
= bB;M (p′s)-
7Q` HH +, q, n- rBi? nsq ≡ ∂
2n
∂cs∂q
X
h?2 2+QMQKB+ +QMi2Mi #2?BM/ G2KK j Bb i?2 7QHHQrBM;X h?2 +QMi`B#miBQM Q7
T2`Fb b M BM+2MiBp2@/2pB+2 Bb ?B;?2` i?2 ?B;?2` Bb i?2 2zQ`i i?i i?2 ;2Mi Bb
bF2/ iQ BKTH2K2Mi- i?Qm;? i?Bb 2z2+i b?Qrb /BKBMBb?BM; `2im`MbX
AM bTBi2 Q7 i?2 H+F Q7 Mv +QKTH2K2Mi`Biv #2ir22M 2zQ`i M/ +QMbmKTiBQM M/
#2ir22M +QMbmKTiBQM M/ T2`Fb BM i?2 ;2MiǶb miBHBiv 7mM+iBQM- #2+mb2 Q7 i?2
biQ+?biB+ Mim`2 Q7 Qm` T`Q#H2K- i?2 ;2MiǶb `2bTQMb2b iQ KQM2i`v BM+2MiBp2b
HbQ /2T2M/ mTQM i?2 KQmMi Q7 MQM@KQM2i`v QM2bX AM i?2 HBi2`im`2 QM T2`Fb-
iQ n1q > 0 +Q``2bTQM/b  ?B//2M #2M2}i Q7 `2r`/- bBM+2 KQM2i`v BM+2MiBp2b
+QKTH2K2Mi M/ 2M?M+2 i?2 2z2+i Q7 T2`[mBbBi2 ;QQ/b QM 2zQ`i M/ pB+2@p2`bX
q2 `;m2- ?Qr2p2`- i?i r?2M M BM+`2b2 Q7 q KF2b H#Q` bmTTHv KQ`2 2HbiB+
b iQ `2;`/ +b?- BM+QK2 itiBQM Ur?i2p2` Bib Tm`TQb2 KB;?i #2V Bb KQ`2
/BbiQ`iBM;X
lM/2`biM/BM; i?2 /vMKB+b BKTHB2/ #v G2KK k M/ j Bb [mBi2 BKTQ`iMi-
bBM+2 i?2v `2 `2H2pMi BM /`BpBM; Qm` `2bmHibX AM 7+i- i?2 7QHHQrBM; H2KK M/
T`QTQbBiBQM HBMF i?2 b+QT2 7Q` T`QpB/BM; BM+2MiBp2b Ui?2 iB;?iM2bb Q7 i?2 KQ`H
?x`/ T`Q#H2KV iQ i?2 QTiBKH }b+H TQHB+v i?`Qm;? i?2 i?2 2zQ`i `2bTQMbBp2@
M2bb iQ 2Bi?2` +QMbmKTiBQM M/ T2`FbX
G2KK9, 6Bt i?2 ;2MiǶb BM+2MiBp2 +QKTiB#BHBiv +QMbi`BMi Q7 T`Q#H2K USkVX
h?2 T`iBH /2`BpiBp2b Q7 n⋆ rBi? `2bT2+i iQ i?2 ;Qp2`MK2MiǶb BMbi`mK2Mib
HbQ BKTHv i?i i?2 iQiH /2`BpiBp2 Q7 n rBi? `2bT2+i iQ y1 Bb ;Bp2M #v
dn
dy1
= Φ(+, n, q)
[dc1
dy1
− uc(c0)
uc(c1)
dc0
dy1
]
+ q>0Ψ(n, q)
dq
dy1
9k
r?2`2 Φ(+, n, q) = (1 + aq)
γαuc(c1)
δσnσ−1
M/ Ψ(n, q) = nγa
σ(1 + aq)
X
>2`2- i?2 i2`K uc(c0)
uc(c1)
/2T2M/b QM 2Bi?2` BV i?2 +m`pim`2 Q7 i?2 u(·) 7mM+iBQM- M/
BBV i?2 /2;`22 Q7 BMbm`M+2 T`QpB/2/ #v i?2 +QMi`+ic r?BH2 i?2 iQiH /2`BpiBp2b
dcs
dy1
+Tim`2 i?2 T`Q;`2bbBpBivf`2;`2bbBpBiv Q7 i?2 bmTTQ`iBM; it bvbi2KX hQ b22
r?v- H2i }`bi MQiB+2 i?i BM Qm` b2imT- b Bi Bb BM i?2 HBi2`im`2 QM QTiBKH itiBQM
rBi? KQ`H ?x`/- #mi M2Bi?2` T2`Fb MQ` Tm#HB+ 2tT2M/Bim`2 2tT2M/Bim`2- Mv
T`Q;`2bbBp2 U`2bT2+iBp2Hv- `2;`2bbBp2V it bvbi2K Bb bm+? i?i- #v /2}MBiBQM8-
i?2`2 2tBbi M BM+QK2 H2p2H y˜ ∈ [y0, y¯] 7Q` r?B+? i?2 7QHHQrBM; ?QH/,
V 7Q` y > y˜- 2Bi?2` dc1
dy1
< 0 U> 1V M/ 0 < dc0
dy1
< 1 U> 1Vc M/
#V 7Q` y < y˜- dc0
dy1
> 1 U< 1VX
LQM2i?2H2bb- HQM; rBi? i?Bb- r2 Kmbi ++QmMi 7Q` i?2 +QKTHBM+2b i?i Mim`HHv
`Bb2 7`QK bbmKBM; i?2 2tBbi2M+2 Q7  ;Qp2`MK2MiǶb #m/;2i +QMbi`BMiX AM 7+i-
B7 Bi Bb +H2` i?i Mv BM+`2b2 BM bii2@s +QMbmKTiBQM- #v `2/m+BM; i?2 K`;BMH
miBHBiv BM i?i bii2- `2Ht2b i?2 BM+2MiBp2 +QKTiB#BHBiv +QMbi`BMi M/- i?2`27Q`2-
KQ/B}2b ?Qr i?2 ;BMb Q7 HHQ+iBM; miBHBiv p`v +`Qbb bii2b- Bi Bb HbQ Q#pBQmb
i?i Mv `2HtiBQM Q7 i?2 BM+2MiBp2 +QKTiB#BHBiv +QMbi`BMi /Q2b +?M;2 i?2
b?/Qr +Qbi Q7 i?2 ;Qp2`MK2MiǶb `2p2Mm2bX i HQr BM+QK2 H2p2Hb- i?2`27Q`2-
r?2M i?2 K`;BMH bQ+BH pHm2 Q7 r2Hi? Bb BM/22/ H`;2`- i?2 QTiBKH it bvbi2K
b?Qrb @ HH Qi?2` i?BM;b 2[mH @  ?B;?2` /2;`22 Q7 `2;`2bbBpBivX AMimBiBp2Hv- r2
/2`Bp2 Qm` `2bmHi 7`QK i?2 72im`2 Q7 i?2 miBHBiv 7mM+iBQM r?B+?- #v biBb7vBM; i?2
AM/Ƕb +QM/BiBQMb- T`2p2Mib H`;2 UTQi2MiBHHv BM}MBi2V TmMBb?K2Mib M/ HbQ
KF2b i?2 T`QpBbBQM Q7 BM+2MiBp2b i HQr +QMbmKTiBQM H2p2Hb H2bb@+QbiHvX
6Q`  T`Q;`2bbBp2 it bvbi2K- i?2 2tBbi2M+2 Q7  rbi27mH Tm#HB+ 2tT2M/Bim`2
BKTHB2b M 2p2M KQ`2 M2;iBp2 `2bTQMbBp2M2bb Q7 c1 iQ y1- i HQr BM+QK2 H2p2HbX
PM i?2 Qi?2` ?M/- 7Q`  `2;`2bbBp2 it bvbi2K- 7Q` r?B+? i?i `2bTQMbBp2M2bb +M
#2 TQbBiBp2 2p2M i HQr BM+QK2 ;T- Qm` i?2Q`v QMHv BKTHB2b i?i dc1
dy1
∣∣∣
y=y0
< 0X
LQM2i?2H2bb- #v i?2 +QMiBMmBiv Q7 i?2 bQHmiBQM- i?2`2 Kmbi #2 M BMi2`pH I bm+?
i?i dc1
dy1
< 0 7Q` i H2bi HH y ∈ [y0, G] ⊆ IX
h?2 7QHHQrBM; S`QTQbBiBQM- #v bmKK`BxBM; Qm` `2bmHi- +QKTH2i2b i?2 T`QTQbBiBQM
/Bb+mbb2/ BM a2+iBQM kXkXjX
8a22 S UkyyeV M/ i?2 /Bb+mbbBQM BM a2+iBQM kXkXj Q7 i?Bb TT2`X
9j
S`QTQbBiBQMj, bbmK2 i?2 6P Bb DmbiB}2/ M/ i?i i?2 QTiBKH ⟨c0, c1⟩ Bb
BMi2`BQ` i q = 0X h?2M-
RX A7 Bi ?QH/b i?i BV i?2 HBF2HB?QQ/ `iBQ UG_V Bb KQMQiQM2 M/ +QMp2t U+QM@
+p2V- M/ BBV 1
uc(·) Bb +QM+p2 U+QMp2tV BM c- M/ i?i BBBV i?2 #bQHmi2 `BbF
p2`bBQM +Q2{+B2Mi U_V Bb /2+`2bBM; M/ +QMp2t U+QMbiMiV- i?2M i?2
QTiBKH it b+?2K2 Bb `2;`2bbBp2 UT`Q;`2bbBp2V
kX q?2M2p2` i?2 ;Qp2`MK2MiǶb 2tT2M/Bim`2 Bb bm+? i?i G > y0 M/ Bi Bb
rbi27mH- HH +QM/BiBQMb BV- BBV M/ BBBV BM TQBMi R #2BM; biBb}2/- i?2 `2@
;`2bbBpBiv Q7 i?2 QTiBKH it b+?2K2 BM+`2b2b @ b +QKT`2/ iQ i?2 +b2
r?2`2 G = 0 @- i i?Qb2 BM+QK2 H2p2Hb 7Q` r?B+? i?2 K`;BMH bQ+BH pHm2
Q7 r2Hi? Bb TQbBiBp2X
i HQr BM+QK2 H2p2Hb- BX2X i i?Qb2 bii2b i r?B+? i?2 K`;BMH pHm2 Q7 `2@
bQm`+2b Bb ?B;?2` 7Q` i?2 T`BM+BTH- i?2 KQ`2 T`Q;`2bbBp2 i?2 it bvbi2K Bb- i?2
KQ`2 M2;iBp2 Bb i?2 2z2+i QM BKTH2K2Mi#H2 2zQ`i Q7 BM+`2K2Mib BM i?2 BM+QK2
;TX Smi Bi /Bz2`2MiHv- B7 i?2 ;2Mi r2`2 7+BM;  T`Q;`2bbBp2 it bvbi2K- i?2
;Qp2`MK2Mi +QmH/ biBHH #2 #H2 iQ Qzb2i i?2 M2;iBp2 BM+QK2 2z2+i QM 2zQ`i #v
T`QpB/BM; ?2` rBi? T2`Fb- i?Qm;? i?2 2z2+i Q7 BM+`2bBM; T2`Fb +M #2 bm#D2+i
iQ /BKBMBb?BM; `2im`MbX >Qr2p2`- i ?B;?2` BM+QK2 H2p2Hb- 7Q` r?B+? i?2 T`Q@
;`2bbBpBiv Q7 i?2 it bvbi2K BKTHB2b i?i dcs
dy1
→ 0 7Q` HH s- bBM+2 i?Qb2 M2;iBp2
2z2+ib `2 `2/m+2/ BM K;MBim/2- i?2 T`Q#H2K Q7 /BKBMBb?BM; `2im`Mb BM T2`Fb
Bb H2bb b2p2`2X
h?2 bK2 HQ;B+ TTHB2b r?2M i?2 ;2Mi 7+2b  `2;`2bbBp2 it bvbi2KX AM i?Bb
+b2- i?2 M2;iBp2 2z2+ib Q7 BM+QK2 `2 K2+?MB+HHv `2/m+2/ QM ++QmMi Q7 i?2
?B;?2` r2B;?i i?i i?2 BM+`2b2/ `iBQ Q7 K`;BMH miBHBiv Tmib QM i?2 `2/m+2/
b2MbBiBpBiv Q7 c0 iQ y1 i HQr BM+QK2 H2p2HbX hQ +QmMi2`+i i?2 `2/m+iBQM BM 2zQ`i
#v T`QpB/BM; T2`Fb Bb i?2M H2bb +QbiHv- bBM+2 H2bb T2`Fb `2 `2[mB`2/- M/ i?Qb2
`2 H2bb bm#D2+i iQ /BKBMBb?BM; `2im`MbX JQ`2Qp2`- i ?B;? BM+QK2 H2p2Hb- i?2
`2;`2bbBp2 it bvbi2K Bb bm+? i?i dc0
dy1
→ 0- r?BH2 dc1
dy1
> 1X PM ++QmMi Q7
i?i- i?2 T`BM+BTH +M Q#iBM  TQbBiBp2 b2MbBiBpBiv Q7 2zQ`i iQ y1- #v /DmbiBM;
QTiBKHHv i?2 T`QpBbBQM Q7 2Bi?2` bii2@1 +QMbmKTiBQM M/ T2`Fb- #Qi? ?pBM; 
TQbBiBp2 2z2+i QM dn
dy1
X
S`QTQbBiBQM9, 6Bt i?2 ;2MiǶb BM+2MiBp2 +QKTiB#BHBiv +QMbi`BMi Q7 T`Q#H2K
USkVX A7 i?2 it bvbi2K r2`2
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RX T`Q;`2bbBp2- i?2M i?2 T`BM+BTH Kv +QmMi2`+i i?2 M2;iBp2 2z2+i Q7 BM@
+QK2 QM 2zQ`i #v T`QpB/BM; i?2 ;2Mi rBi? T2`FbX JQ`2Qp2`- i?2 KQmMi
Q7 T2`Fb M22/2/ iQ Qzb2i i?i 2z2+i Bb /2+`2bBM; BM y1X >Qr2p2`- i HQr
y1- i?2 TQbBiBp2 2z2+i Q7 T2`Fb Bb ?mK#H2/ #v i?2B` /BKBMBb?BM; K`;BMH
`2im`MbX
kX `2;`2bbBp2- i?2M i?2 M2;iBp2 2z2+ib Q7 BM+QK2 QM 2zQ`i `2 `2/m+2/ i HQr
BM+QK2 H2p2Hb M/ i?2v +M+2H Qmi 7Q` y1 bm{+B2MiHv ?B;?X h?2`27Q`2- i?2
T`BM+BTH +M BKTH2K2Mi  TQbBiBp2 b2MbBiBpBiv Q7 2zQ`i iQ y1 #v QTiBKHHv
/DmbiBM; i?2 T`QpBbBQM Q7 2Bi?2` T2`Fb M/ bii2@1 +QMbmKTiBQMX
hQ +QM+Hm/2 i?Bb b2+iBQM- r2 MQiB+2 i?i- BM i?2 T`2b2Mi b2i@mT- i?2 2z2+i Q7
2zQ`i QM i?2 K`;BMH miBHBiv Q7 T2`Fb Bb Hrvb TQbBiBp2- #2BM; Uqn > 0 7Q` HH
n > 0X h?i Bb- 2t+2Ti 7`QK KQ`H ?x`/- i?2`2 `2 MQ 7m`i?2` /BbiQ`iBQMb-
bm+? b KBbmbBM; Q7 T2`FbX h?Qm;? Bi +M #2 `;m2/ i?i bm+? KBb#2?pBQ` Bb
T`i Q7 Mv rQ`F@`2Hi2/ ;QQ/- r2 #bi`+i 7`QK i?Bb T`Q#H2K iQ 7Q+mb QM i?2
BMi`BMbB+ #BHBiv Q7 T2`Fb Q7 KQpBM; i?2 ;2Mib +HQb2` iQ i?2 S`2iQ@QTiBKmK
r?2M bvKK2i`B+ BM7Q`KiBQM 7m`i?2` +QMbi`BMb i?2 ;Qp2`MK2MiǶb T`Q#H2K Q7
+QHH2+iBM; `2bQm`+2b M/ T`QpB/BM; BMbm`M+2X
kX9Xk ai2T k, h?2 ;Qp2`MK2MiǶb T`Q#H2K rX`XiX +QMbmKT@
iBQM
AM i?Bb b2+QM/ bi2T Q7 Qm` MHvbBb- r2 bbmK2 i?i i?2 ;Qp2`MK2Mi +?QQb2b
i?2 pHm2b Q7 i?2 +QMi`+i ⟨c0, c1, q⟩ bQ b iQ KtBKBx2 i?2 ;2MiǶb 2tT2+i2/
miBHBiv- bm#D2+i iQ, BV #m/;2i #HM+2- BBV i?2 ;2MiǶb BM+2MiBp2 +QKTiB#BHBiv
+QMbi`BMi- BBBV HBKBi2/ HB#BHBiv- M/ BpV i?2 MQM@M2;iBp2 +QMbi`BMi QM T2`FbX
h?2 ;Qp2`MK2MiǶb T`Q#H2K +M #2 bii2/ b 7QHHQrb-
USkV Kt
q,+
∑
s
ps(n⋆) u(cs)− δn
⋆1+σ
1 + σ
1
(1 + aq)γ
bm#D2+i iQ, ∑
s
ps(n⋆) (ys − cs)−G− kq = 0 U:"*V
n⋆ =
{
n :
∑
s
p′su(cs)−
δnσ
(1 + aq)γ
= 0
}
UA*V
∀s- cs ≥ 0 UGGV
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q ≥ 0
7i2` bm#biBimiBM; Qmi i?2 ;2MiǶb +?QB+2 7mM+iBQM UbQ /`QTTBM; 2tT`2bbBQM UA*V
7`QK i?2 b2i Q7 +QMbi`BMibV- i?2 G;`M;BM iQ i?Bb T`Q#H2K Bb
L = Kt
c0,c1,q
{∑
s
ps(n⋆) u(cs)− δn
⋆1+σ
1 + σ
1
(1 + aq)γ
+λ
[∑
s
ps(n⋆) (ys−cs)−G−kq
]
+
∑
s
χscs + ξq
}
r?2`2 λ ≥ 0 `2T`2b2Mib i?2 G;`M;2 KmHiBTHB2` bbQ+Bi2/ rBi? i?2 ;Qp2`M@
K2MiǶb #m/;2i +QMbi`BMi- M/ χs M/ ξ `2 i?2 MQM@M2;iBp2 KmHiBTHB2`b bbQ@
+Bi2/ rBi? UGGV M/ q > 0- `2bT2+iBp2HvX h?2 +?QB+2 p`B#H2b Q7 T`Q#H2K USkV
`2 ⟨c0, c1, q⟩X
.2}MBiBQMUa"- a2+QM/ "2biV,  a" QTiBKmK 2[mBHB#`BmK Bb  72bB#H2 H@
HQ+iBQM-  }b+H TQHB+v-  T`B+2 M/  i2+?MQHQ;v bvbi2K bm+? i?i, BV
;Bp2M {Ts(·)} M/ {⟨k,G⟩, ⟨T⟩}- i?2 HHQ+iBQM KtBKBx2b U1lVc ;Bp2M
i?2 HHQ+iBQM-⟨k,G⟩ M/ ⟨T⟩- BBV {Ts(·)} biBb}2b U:"*V- UGGV M/ q ≥ 0-
BBBV i?2 +QKT2MbiBQM b+?2K2 W ≡ ⟨c0, c1, q; ∀θ⟩ BKTH2K2Mib i?2 2zQ`i
TQHB+v n⋆(+, q; θ) b BKTHB2/ #v UA*VX
kX9XkXR h?2 QTiBKH +QMbmKTiBQM THM
lbBM; i?2 +QKT`iBp2 biiB+b `2bmHib /2`Bp2/ 2`HB2`- M/ #v /2}MBM; Ln ≡
λ
[∑
s
p′s (ys − cs)
]
- i?2 }`bi Q`/2` +QM/BiBQMb rBi? `2bT2+i iQ cs M/ q `2-
Lc : Ln ∂n
∂cs
+ ps
[
uc(s)− λ
]
≤ 0- B7 <- cs = 0
Lq : Ln ∂n
∂q
+
δn1+σ
1 + σ
a
(1 + aq)γ+1
− λk ≤ 0- B7 <- q = 0
Lλ :
∑
s
ps(n) (ys − cs) = G+ kq
h?Qm;? i?2 K`;BMH miBHBiv /2`Bp2/ 7`QK +QMbmKBM; cs Bb  7mM+iBQM Q7 c HQM2-
#2+mb2 Q7 i?2 #b2M+2 Q7 Mv +QKTH2K2Mi`Biv #2ir22M +b? M/ T2`Fb- i?2
QTiBKHBiv +QM/BiBQM rBi? `2bT2+i iQ cs Bb z2+i2/ #v q i?`Qm;?Qmi i?2 BKT+i Q7
T2`Fb QM i?2 ;2MiǶb `2+iBQM 7mM+iBQM rBi? `2bT2+i iQ csX AM Q`/2` iQ KtBKBx2
?Bb Q#D2+iBp2- i?2`27Q`2- i?2 ;Qp2`MK2Mi iF2b BMiQ ++QmMi ?Qr 2+? Q7 ?Bb
BMbi`mK2Mi z2+ib UbBKmHiM2QmbHvV i?2 ;2MiǶb #2?pBQ`X
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b r2 `2 BMi2`2bi2/ BM Mv 2[mBHB#`BmK i r?B+? n⋆ > 0- r2 +M +QMp2MB2MiHv
M2;H2+i i?2 MQM@M2;iBp2 +QMbi`BMi QM c1X AM i?2 7QHHQrBM;- r2 bbmK2 i?i M
BMi2`BQ` bQHmiBQM 7Q` c0 /Q2b 2tBbiX e ++Q`/BM;Hv- i?2`2 `2 QMHv irQ b2ib Q7 HH
i?2 TQbbB#H2 +QMbi`BMib i?i `2 2z2+iBp2 i M QTiBKmK- 2Bi?2` E1 = {(GBC)}
Q` E2 = {(GBC), q = 0}X h?2 7QHHQrBM; MHvbBb TTHB2b iQ #Qi?X
G2i #2 ∆ ≡
∑
s
p′s(ys − cs)X h?2M- Ln = λ∆X PTiBKHBiv +QM/BiBQMb 7Q` c1 M/
c0 i?mb BKTHv-
1
λ
=
1
uc(c1)
−∆ (1 + aq)
γ
σδnσ−1
p′1
p1
- URV
M/
1
uc(c1)
− 1
uc(c0)
−∆ (1 + aq)
γ
σδnσ−1
(p′1
p1
− p
′
0
p0
)
≤ 0- B7 <- c0 = 0 UkV
h?2 7QHHQrBM; G2KKb +M #2 /2`Bp2/X
G2KK8, i  a" QTiBKH HHQ+iBQM- i?2 2[mBHB#`BmK H2p2H Q7 2zQ`i Bb BM2{@
+B2MiX JQ`2Qp2`- T2`72+i `BbF b?2`BM; +M MQi #2 +?B2p2/X
hQ T`Qp2 i?2 bii2K2Mi- }`biHv r2 MQiB+2 i?i i?2 2{+B2Mi H2p2H Q7 2zQ`i- i?2 QM2
i r?B+? Ln = 0- `2[mB`2b 2Bi?2` λ = 0 Q` ∆ = 0X aBM+2 Q7 i?2 irQ `2[mB`2K2Mib-
i?2 7Q`K2` /Q2b pBQHi2 QTiBKHBiv- i?`Qm;? Bib BKTHvBM; GBC > 0- Bi `2KBMb
iQ /Bb+mbb B7 i M QTiBKH HHQ+iBQM- ∆ = 0 Kv #2 M 2[mBHB#`BmK Qmi+QK2X
>Qr2p2`- 7`QK i?2 }`bi@Q`/2` +QM/BiBQMb rBi? `2bT2+i iQ 2Bi?2` c0 M/ c1- B7
∆ = 0- i?2M uc(cs) = λ 7Q` HH s bm+? i?i cs > 0X h?2`27Q`2- #v UkV- 7Q` 2Bi?2`
`2HBx2/ BM+QK2 H2p2H- 2Bi?2` i?2 +Q``2bTQM/BM; +b? TvK2Mi Bb +QMbiMi- Q`
c1 = y1 − y0 M/ c0 = 0X AM i?2 7Q`K2` ?vTQi?2bBb- i?2 BM+2MiBp2b +QKTiB#BHBiv
+QMbi`BMi rQmH/ #2 QMHv #BM/BM; i n⋆ = 0c BM i?2 Hii2`- GBC = 0 rQmH/ #2
pBQHi2/X
AM Qi?2` rQ`/b- r?2M i?2 ;Qp2`MK2Mi M22/b iQ T`QpB/2 ;2Mib rBi? BM+2MiBp2b-
iQ +?QQb2  TQbBiBp2 2zQ`i H2p2H- `BbF b?`BM; +MMQi #2 ?Bb QMHv +QMbB/2`iBQMX
qBi? #Qi? λ M/ ∆ bi`B+iHv TQbBiBp2- i?2 ;2MiǶb +QMbmKTiBQM rBHH ;2M2`HHv p`v
rBi? BM+QK2- i`/BM; Qz bQK2 `BbF@b?`BM; #2M2}ib 7Q` BM+2MiBp2 T`QpBbBQMX b 
eAi Bb T`2+Bb2Hv i?2 +b2 r?2M u(·) Bb *__ rBi? T`K2i2` η ≥ 1X AM i?Bb +b2- BM 7+i- B7
Bi r2`2 c0 = 0- UA*V r?QmH/ BKTHv i?i- 7Q` Mv 72bB#H2 c1 M/ q- i?2 ;2Mi +?QQb2b n = n¯X
JQ`2Qp2`- bBM+2- #v +QMbi`m+iBQM Bi Kmbi ?QH/ i?i p1(n¯, ·) < 1- i?2 ;2MiǶb 2tT2+i2/ miBHBiv Bb
U(0, c1, q, n¯) = −∞- r?B+? Bb BM}MBi2Hv H2bb i?M r?i b?2 +M ;2i 7Q` Mv c0 > 0X h?2`27Q`2-
r2 rQmH/ 2tT2+i  #2M2pQH2Mi ;Qp2`MK2Mi iQ b2i c0 > 0X
6Q` HH u(·) bm+? i?i η < 1- BMbi2/- i?2 BM}MBi2 K`;BMH miBHBiv Q7 +QMbmKTiBQM i x2`Q
HbQ BKTHB2b  pBQHiBQM Q7 QTiBKHBivX
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#v@T`Q/m+i- i?2 2[mBHB#`BmK 2zQ`i- i?Qm;? QTiBKmK- Bb #2HQr i?2 H2p2H i r?B+?
Bi KtBKBx2b i?2 ;Qp2`MK2MiǶb Q#D2+iBp2- i?i Bb Ln > 0X
G2KKe, q?2M2p2` p
′
s
ps
̸= p
′
sˆ
psˆ
- i?2 QTiBKH TvK2Mi iQ i?2 ;2Mi BM+`2b2b
rBi? i?2 pHm2 Q7 i?2 HBF2HB?QQ/ `iBQ- r2B;?i2/ #v  TQbBiBp2 7+iQ`- r?B+?
/2T2M/b QM n, q M/ cX 6m`i?2`KQ`2- i?2 ?B;?2` Bb c0- i?2 H`;2` Bb c1 Q7
2[mBHB#`BmKX
h?2 T`QQ7 Q7 i?2 bii2K2Mi 7QHHQrb 7`QK UkVX b r2 b22- i?2 /Bz2`2M+2 #2@
ir22M i?2 BMp2`b2 K`;BMH miBHBiB2b Bb M2;iBp2Hv `2Hi2/ iQ i?2 /Bz2`2M+2 BM
i?2 HBF2HB?QQ/ `iBQbX JQ`2Qp2`- bBM+2 p′0 < 0- QTiBKHBiv +QM/BiBQMb BKTHv i?i
uc(c0) > uc(c1)- M/- i?2`27Q`2- #v i?2 +QM+pBiv Q7 u(·)- i?i c0 < c1X
qBi? #QmM/2/ `2bQm`+2b- i?Bb +QMbmKTiBQM bi`m+im`2 `2~2+ib i?2 HQ;B+ Q7 biiBb@
iB+H BM72`2M+2 HiQ;2i?2` rBi? i?i Q7 BM+2MiBp2 T`QpBbBQMX _BbBM; n #v `BbBM; c1
+QMi`B#mi2b iQ ;`2i2` 2{+B2M+vX PM i?2 Qi?2` ?M/-  +QMi`+i rBi?  ;`2i2`
KQM2i`v BM+2MiBp2 +QKTQM2Mi rBHH i2M/ iQ HQr2` i?2 2tT2+i2/ miBHBiv #2+mb2
Q7 /BKBMBb?BM; `2im`Mb BM +QMbmKTiBQM- H2pBM; `QQK 7Q` i?2 T`QpBbBQM Q7 T2`FbX
6BMHHv- r2 MQiB+2 i?i- #v  `2p2H2/ T`272`2M+2 `;mK2Mi- mbBM; //BiBQMH
bB;MHb UbQ b i?2 T`Q/m+iBpBivV rBHH BM+`2b2 i?2 ;Qp2`MK2MiǶb Q#D2+iBp2 b HQM;
b i?2b2 bB;MHb ?p2 M BM/2T2M/2Mi 2z2+i QM i?2 HBF2HB?QQ/ `iBQ Ub Bi Bb r?2M
ps(n, θ) = αs(n+ θ)VX JQ`2Qp2`- bBM+2 i?2 HBF2HB?QQ/ `iBQ /2+`2b2b BM θ r2 rBHH
bT2+i i?2 QTiBKH KQM2i`v +QKT2MbiBQM iQ #2 z2+i2/ #v irQ 7Q`+2b, i?2 }`bi
QM2 /2+`2b2b c1 BM θX Ai ?QH/b MviBK2 i?2 `iBQMH2 7Q` KQM2i`v +QKT2MbiBQM
Bb iQ BM+2MiBpBx2 rQ`F- M/ 2zQ`i M/ T`Q/m+iBpBiv ?p2 MQ TQbBiBp2 +`Qbb@2z2+iX
h?2 b2+QM/ QM2 Tmb?2b 7Q` BM+`2bBM; c1 BM θ- b  +QMb2[m2M+2 Q7  r2FHv
BM+QK2 2z2+iX
h?2 7QHHQrBM; S`QTQbBiBQM bmKK`Bx2b i?2 `2bmHib b iQ `2;`/ i?2 QTiBKH +QM@
bmKTiBQM THMX
S`QTQbBiBQM8, 6Bt S`Q#H2K USkV M/ H2i bbmKTiBQM Ua.V ?QH/X h?2M- i?2
bi`2K {cs} rBHH p`v rBi? {ys}- i`/BM; Qz `BbF@b?`BM; 7Q` BM+2MiBp2 T`QpB@
bBQMX h?2 QTiBKH cs BM+`2b2b rBi? i?2 2[mBHB#`BmK pHm2 Q7 i?2 HBF2HB?QQ/
`iBQ p
′
s
ps
X JQ`2Qp2`-
Ç i?2 /Bz2`2M+2 BM i?2 BMp2`b2 K`;BMH miBHBiB2b UiF2M BM TB`bV 7QHHQrb i?2
/Bz2`2M+2 BM i?2 HBF2HB?QQ/ `iBQb- b r2B;?i2/ #v  7+iQ` r?B+? /2T2M/b
QM q⋆X
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Ç bBM+2 i?2 HBF2HB?QQ/ `iBQ /2+`2b2b BM θ- Mv cs Bb z2+i2/ #v irQ 7Q`+2b,
biiBbiB+H BM72`2M+2 pbX BM+QK2 2z2+iX
kX9XkXk #Qmi i?2 +QMp2tBiv Q7 i?2 QTiBKH +QMbmKTiBQM THM
h?Bb bm#b2+iBQM BMi`Q/m+2b Qm` BM/2t Q7 T`Q/m+iBpBivX q2 /2`Bp2 Bi 7`QK i?2
}`bi@Q`/2` +QM/BiBQM rBi? `2bT2+i iQ c0- M/ i?2 ;Qp2`MK2MiǶb #m/;2i +QMbi`BMiX
HiQ;2i?2`- i?Qb2 BKTHv i?i- i Mv BMi2`BQ` bQHmiBQM 7Q` c0- i?2 THMM2` b2i i?2
QTiBKH +QMbmKTiBQMb ++Q`/BM; iQ i?2 7QHHQrBM; bvbi2K⎧⎨⎩c0 = y1p1ν + y0(1− p1ν)−G− kqc1 = y1p1µ+ y0(1− p1µ)−G− kq
r?2`2 ν M/ µ K2bm`2 i?2 /B`2+i 2[mBHB#`BmK `2bTQMbBp2M2bb Q7 - `2bT2+iBp2Hv-
c0 M/ c1 iQ 2tT2+i2/ BM+QK2 p1y1- M/ `2 /2}M2 b 7QHHQrb-
ν ≡ δσn
σ−1p1p0
δσnσ−1p1p0 + α2(1 + aq)γ
µ ≡ δσn
σ−1p1p0 + α2(1 + aq)γ/p1
δσnσ−1p1p0 + α2(1 + aq)γ
qBi? 0 < ν < 1 M/ µ > 1- Bi ?QH/b i?i i?2 T`iBH /2`BpiBp2b `2 bm+? i?i
∂c0
∂y1
<
∂c1
∂y1
- 7Q` Mv n⋆X
aBM+2 ν M/ µ `2 HBMF2/- r2 /2}M2  mMB[m2 p`B#H2 M ≡ α
2(1 + aq)γ
δσnσ−1p1p0
- bm+?
i?i ν = 1
1 +M M/µ =
1 + Mp1
1 +M X "v bBKTH2 bm#biBimiBQM BM i?2 bvbi2K Q7
2[miBQMb- r2 Q#iBM M 2tT`2bbBQM 7Q` Qm` BM/2t Q7 BMi2`bii2 T`Q;`2bbBpBivdX
LK2Hv-
c1 − c0
y1 − y0 =
M
1 +M
M/- i?2`27Q`2-
c1,i − c0,i
y1,i − y0 =
M(n(y1,i), q(y1,i))
1 +M(n(y1,i), q(y1,i))
d bBKBH` 2tT`2bbBQM 7Q` i?2 BM/2t Q7 BMi`bii2 T`Q;`2bbBpBiv +M #2 Q#iBM2/ #v +QKTmiBM;
c1,i+1M/ bm#i`+iBM; iQ Bi i?2 bK2 2tT`2bbBQM 7Q` c1,iX qBi? p˜1,j = p1,jµj - 7Q` j = {i, i+1}-
r2 ?p2 i?i
c1.i+1 − c1,i
y1,i+1 − y1,i
= p˜1,i+1 +
y1,i − y0
y1,i+1 − y1,i
(
p˜1,i+1 − p˜1,i
)
− k
y1,i+1 − y1,i
(
qi+1 − qi
)
9N
q2 MQiB+2- }`bi Q7 HH- i?i i?2 2z2+ib QM Qm` BM/2t Q7 +?M;2b BM y1 `2 HH Q7
b2+QM/@Q`/2`X h?i Bb- bBM+2 y1 /Q2b MQi 2Mi2`b i?2 2tT`2bbBQM 7Q` M /B`2+iHv-
T`Q;`2bbBpBiv Bb K2bm`2/ QMHv i?`Qm;? i?2 2z2+i Q7 BM+QK2 p`BiBQMb QM #Qi?
i?2 T`QpBbBQM Q7 T2`Fb M/ i?2 BKTH2K2Mi#H2 2zQ`iX JQ`2Qp2`- Qi?2` i?M
7`QK i?2 /B`2+i 2z2+i QM 2zQ`i- i?i QMHv ++QmMib B7 σ > 1- T`Q;`2bbBpBiv Bb
HbQ z2+i2/ #v i?2 72im`2b Q7 i?2 T`Q##BHBiv /Bbi`B#miBQM- bBM+2 i?2 2zQ`i
`2bTQMbBp2M2bb Q7 p1p0- r?B+? +M #2 2Bi?2` TQbBiBp2 Q` M2;iBp2- /2T2M/b QM n-
M/ QM α M/ θ b r2HHX h?Bb +QKTHB+i2b Qm` MHvbBbX LQM2i?2H2bb- 7Q` θ = 0-
M = (1 + aq)
γ
δσnσ
[
1
α − n
] X 6Q` θ = 0- i?2`27Q`2- r2 Q#iBM
∂
∂y1,i
[
c1,i − c0,i
y1,i − y0
]
=
1
(1 +M)2
dM
dy1,i
r?2`2 dM
dy1,i
=
∂M
∂q
dq
dy1,i
+
∂M
∂n
dn
dy1,i
=
=
(1 + aq)γ−1
δσnσ
[
1
α − n
][γa
σ
dq
dy1,i
−
(1 + aq)
[
1
α − 1+σσ n
]
n
[
1
α − n
] dn
dy1,i
]
6`QK i?2 #Qp2 2tT`2bbBQM- Bi Bb +H2` ?Qr 2Bi?2` i?2 bB;M M/ i?2 K;MBim/2
Q7 i?2 BMi2`bii2 T`Q;`2bbBpBiv /2T2M/ QM i?2 `2bTQMbBp2M2bb Q7 #Qi? T2`Fb M/
2zQ`i iQ BM+QK2 BM+`2b2bX lM7Q`imMi2Hv- bBM+2 i?2 Tii2`M Q7 i?2 Hii2` +?M;2b
rBi? i?2 K;MBim/2 Q7 i?2 BM+QK2 ;T- i?`Qm;? i?2 `2H2pM+2 Q7 i?2 `2bQm`+2b
+QHH2+iBM; T`Q#H2K M/ i?2 iB;?iM2bb Q7 i?2 KQ`H ?x`/- r2 +MMQi +?`+i2`Bx2
i?2 QTiBKH bQ+BH +QMi`+i Km+? 7m`i?2` MHviB+HHv rBi?Qmi ?pBM;  #2ii2`
mM/2`biM/BM; Q7 i?2 /vMKB+b i?i H2/ iQ  TQbBiBp2 T`QpBbBQM Q7 T2`Fb- Q`
rBi?Qmi BKTQbBM; ?2pv `2bi`B+iBQMb QM i?2 T`K2i2`bX
h?2 2t2`+Bb2 r2 T`QTQb2 BM a2+iBQM kX8 BKb i 2tTHQ`BM; i?2 [mMiBiiBp2 BK@
TQ`iM+2 Q7 i?2 T`QpBbBQM Q7 T2`Fb BM bb2bbBM; i?2 T`Q;`2bbBpBiv i?i `Bb2b BM
2[mBHB#`BmKX
kX9Xj ai2T k, h?2 ;Qp2`MK2MiǶb T`Q#H2K rX`XiX T2`Fb
h?2 QTiBKHBiv +QM/BiBQM 7Q` i?2 T2`F ;QQ/- q - bii2b i?i
Lq : δn
1+σ
1 + σ
aγ
(1 + aq)γ+1
≤ λ
[
k −∆∂n
∂q
]
- B7 <- q⋆ = 0
rBi? ∆ =
∑
s
p′s(ys − cs)X am#biBimiBM; Qmi λ- r2 +M b22 ?Qr i?2 T`QpBbBQM Q7
T2`Fb Bb HBMF2/ iQ i?2 ;2MiǶb `2bTQMb2bX G2i #2 Uq ≡ δn
1+σ
1 + σ
γa
(1 + aq)γ+1
X h?2M-
8y
Lq : Uq
uc(cs)
≤
k −∆∂n
∂q
1− ∆
ps
∂n
∂cs
- B7 <- q⋆ = 0
r?B+? ?QH/b 7Q` HH s- bm+? i?i cs > 0X "2+mb2 Q7 Bib `2H2pM+2- r2 bii2 i?2
#Qp2 `2bmHi BM i2`Kb Q7  S`QTQbBiBQM M/ Bib *Q`QHH`vX
S`QTQbBiBQMe, G2i /2}M2 kˆ ≡
[
k−∆∂n
∂q
]/[
1− ∆
ps
∂n
∂cs
]
X h?2M- i M QTiBKmK
T2`Fb `2 /Dmbi2/ bQ i?i i?2B` K`;BMH bQ+BH pHm2 BM i2`Kb Q7 7Q`;QM2
+QMbmKTiBQM cs- BX2 i?2 K`;BMH `i2 Q7 bm#biBimiBQM MRSqcs - Bb 2[mH iQ
UQ` H2bb i?M- B7 q⋆ = 0V i?2 `2HiBp2 T`B+2 kˆ r?B+? Bb `2H2pMi r?2M iFBM;
BMiQ ++QmMi i?2 2{+B2M+v +Qbib 7`QK i?2 KQ`H ?x`/X
"v `2``M;BM; Lq- r2 +M b22 ?Qr /22THv i?2 T`QpBbBQM Q7 T2`Fb Bb HBMF2/ iQ i?2
;2MiǶb `2bTQMb2bX LK2Hv-
Lq : MRSsq ≥ 1
k
− ∆
k
[
1
ps
∂n
∂cs
− uc(cs)
Uq
∂n
∂q
]
- B7 >- q⋆ = 0
h?i Bb- r?2i?2` i?2 MRSsq U#2ir22M cs M/ qV Q7 b2+QM/@#2bi Bb H`;2` Q`
bKHH2` i?M Bib pHm2 Q7 }`bi@#2bi UMK2Hv- 1
k
V- Bi /2T2M/b QM i?2 /Bz2`2M+2-
i q⋆- n⋆ M/ c⋆- Q7 i?2 r2B;?i2/ /2`BpiBp2b Q7 n rBi? `2bT2+i iQ cs M/ qX
AM T`BM+BTH- i?2`27Q`2- #Qi? b+2M`BQb Kv TTHvX "2+mb2 Q7 Qm` bT2+B}+iBQM
7Q`K- ?Qr2p2`- r2 +M b?Qr i?i
MRSsq ≥ 1
k
+
∑
s
α(ys − cs)
kδσnσ
(1 + aq)γ
uc(cs)−1
[
(1 + σ)− np
′
s
ps
]
- B7 >- q⋆ = 0
h?i Bb- ;Bp2M bbmKTiBQMUS.V- T`QpB/2/ i?i θ > − σn
⋆
1 + σ
- i Mv QTiBKH
bQHmiBQM U2p2M i q⋆ = 0V i?2 K`;BMH `i2 Q7 bm#biBimiBQM #2ir22M cs M/ q Bb
H`;2` i?M i?2 MRSsq Q7 }`bi@#2biX JQ`2 ;2M2`HHv- i?2 bKHH2` UQ` M2;iBp2V
Bb i?2 HBF2HB?QQ/ `iBQ 2pHmi2/ i n⋆- i?2 ?B;?2` Bb i?2 MRSsq Q7 2[mBHB#`BmKX
h?2 QTiBKH b2+QM/ #2bi +QMi`+i- i?2`27Q`2- Bb bm+? i?i i Mv BMi2`BQ` bQHmiBQM
7Q` T2`Fb- i?2 T2`F ;QQ/ Bb Qp2`@+QMbmK2/- BM i?2 b2Mb2 i?i b?QmH/ i?2 ;2Mi
?p2 `2+2Bp2/  +b? KQmMi 2[mH iQ i?2 pHm2 Q7 i?2 QTiBKH T`QpBbBQM Q7
T2`Fb- b?2 rQmH/ ?p2 Tm`+?b2/ H2bb T2`FbX AM 7+i- i?2 2[mBHB#`BmK K`;BMH
miBHBiv Q7 +QMbmKTiBQM- i Mv bii2- Bb bi`B+iHv H`;2` i?M i?2 K`;BMH miBHBiv
Q7 QM2 /QHH` Q7 2tT2M/Bim`2 BM T2`FbX h?i Bb- 7`QK M 2t@TQbi T2`bT2+iBp2- 7i2`
i?2 `2HBxiBQM Q7 2Bi?2` bii2- i?2 ;2Mi `2;`2ib ?2` +QMbmKTiBQM /2+BbBQMb, b?2
8R
rQmH/ ?p2 HBF2/ iQ `2+2Bp2 H2bb T2`Fb BM i?2 }`bi bi;2 M/ KQ`2 Q7 i?2 MmK2`B`2
;QQ/ 7i2`r`/bX LQM2i?2H2bb- 7`QK M 2t@Mi2 T2`bT2+iBp2- 2{+B2M+v `2[mB`2b
T2`Fb iQ #2 T`QpB/2/ BM FBM/ M/ 7mHHv +QMbmK2/ mM/2` mM+2`iBMiv- i?Qm;?
bm+? M KQmMi `2bmHib BM KQ`2 T2`Fb i?M r?i i?2 ;2Mi rQmH/ ?p2 7`22Hv
Tm`+?b2/ QM i?2 K`F2i B7 i?i mM+2`iBMiv r2`2 `2bQHp2/X
lT iQ i?Bb TQBMi- ?Qr2p2`- r2 +MMQi BM72` r?2i?2` i?2 T`QpBbBQM Q7 T2`Fb Bb U2p2M
2t@TQbiV ?`K7mH iQ i?2 ;2Mi- #mi Dmbi i?i Bi Bb bQ+BHHv QTiBKmK U2t@Mi2V iQ
T`QpB/2 i?2K BM H`;2` KQmMi i?M Bi Bb BM i?2 }`bi@#2biX q2 bmKK`Bx2 i?2
T`2pBQmb `2bmHi BM 7Q`K Q7  +Q`QHH`v iQ S`QTQbBiBQMeX
*Q`QHH`vk, "2+mb2 Q7 i?2 ;2M+v T`Q#H2K UBX2X r?2M2p2` Ln > 0V- 7Q` Mv
pHm2 Q7 i?2 2zQ`i 7mM+iBQMb Ubm+? i?i nq M/ nc `2 2Bi?2` /Bz2`2Mi
7`QK x2`QV M/ 7Q` HH θ ≥ 0 Q` θ M2;iBp2 #mi bm{+B2MiHv ?B;?- Bi ?QH/b
i?i MRSqs > k M/ i?2 T`QpBbBQM Q7 T2`Fb BM i?2 b2+QM/@#2bi Bb 2t@TQbi
BM2{+B2MiX JQ`2Qp2`- B7 nqc ̸= 0- i?2M i?2`2 Bb MQ BM+QK2 it- 2p2M MQM@
T`QTQ`iBQMH- MQ` 2t+Bb2 QM q- bm+? i?i i?2 QTiBKHBiv +QM/BiBQM Q7 6"-
MK2Hv MRSqs ≤ k- Bb +?B2p2/X
h?2 2z2+i Q7 BM+`2bBM; kX amTTQb2 M BMi2`BQ` bQHmiBQM 7Q` T2`Fb /Q 2tBbiX
q?i Bb i?2 2z2+i QM i?2 MRSq,1Q7 BM+`2bBM; k\
q2 r`Bi2 i?2 /Dmbi2/ `2HiBp2 T`B+2 b kˆ =
k/∆− ∂n
∂q
p1(n)/∆− ∂n
∂c1
X h?2M- M BM+`2b2
BM k `Bb2b i?2 QTTQ`imMBiv +Qbi Q7 T2`Fb rBi? `2bT2+i iQ i?2 QTTQ`imMBiv +Qbi Q7
TvBM; c1 UMK2Hv- RV rBi? T`Q##BHBiv p1(n)X PM i?i ++QmMi HQM2- r2 b?QmH/
2tT2+i i?2 ;Qp2`MK2Mi iQ bm#biBimi2 rv 7`QK T2`Fb- iQr`/ KQ`2 KQM2i`v
BM+2MiBp2bX >Qr2p2`- b k BM+`2b2b- /BbTQb#H2 `2bQm`+2b HbQ /2+`2b2bX aBM+2
H2Bbm`2 Bb  MQ`KH ;QQ/- r2 KB;?i 2tT2+i i?2 ;2Mi iQ #2 rBHHBM; iQ rQ`F KQ`2
QM ?2`b2H73X "mi- }t2/ q- i?2 ?B;?2` Bb n- i?2 HQr2` Bb i?2 i`m2 QTTQ`imMBiv +Qbi
Q7 T2`Fb- #2+mb2 2Bi?2` BV p1(n) Bb BM+`2bBM; BM nc M/ BBV nqn > 0 r?BH2 n1n ≤ 0X
h?2`27Q`2- B7 i bQK2 k¯- i?2 iQiH BM+QK2 2z2+i Bb H`;2` i?M i?2 bm#biBimiBQM
2z2+i- M/ ∆(k¯) ≡
∑
s
p′s(ys − cs(k¯)) Bb bm{+B2MiHv H`;2- BM+`2bBM; k¯ #v bQK2
KQmMi dk > 0 KB;?i `2/m+2 i?2 K`;BMH `i2 Q7 bm#biBimiBQM #2ir22M q M/
c1X h?i Bb- i i?2 M2r T`B+2 k¯ + dk- bBM+2 i?2 ;Qp2`MK2MiǶb pHm2 7Q` T2`Fb
BM+`2b2b- HbQ i?2 T`QpBbBQM Q7 T2`Fb /Q2b BM+`2b2X
3q2 MQiB+2 i?i- i?Qm;? ncn = 0 7Q` σ = 1-  r2FHv BM+QK2 2z2+i T`QT;i2b HbQ BM i?Bb
+b2- #v i?2 QTiBKH cX
8k
kX9XjXR PM i?2 b+QT2 Q7 T`QpB/BM; T2`Fb
G2i /2MQi2 #v ρ ≡
[
(1+σ)− np
′
1
p1
]
 K2bm`2 Q7 i?2 M2i 2{+B2M+v@+Qbi Q7 2zQ`i-
r?2M iFBM; BMiQ ++QmMi i?2 +QMp2tBiv Q7 i?2 ;2MiǶb /BbmiBHBiv Q7 2zQ`i M/
i?2 2zQ`i 2z2+iBp2M2bb BM /2i2`KBMBM; i?2 T`Q##BHBiv Q7 bm++2bb- p1(n, θ)X hQ
bBKTHB7v MQiiBQM- H2i #2Q ≡ (1 + aq)X h?2M- i?2 }`bi@Q`/2` +QM/BiBQM 7Q` T2`Fb
+M #2 r`Bii2M b
Lq : − k
γa
Qγ+1 +B(n, +) ρ
σ
Qγ +D(n, +) ≤ 0- B7 <- q⋆ = 0
r?2`2 B(n, +) ≡ n∆
1 + σ
M/ D(n, +) ≡ 1
uc(c1)
δn1+σ
1 + σ
X
aBM+2 q⋆ > 0 B7 M/ QMHv B7 Lq|q=0 > 0- r2 bii2 i?i q⋆ > 0 B7 M/ QMHv B7 i?2
7QHHQrBM; +QM/BiBQM Bb biBb}2/- MK2Hv
k < k2(n0, +(0)) ≡ B(n0, +(0))ρ0σ +D(n0, +(0))
r?2`2 i?2 bm#b+`BTib 0 M/ (0) K2M i?i 2Bi?2` n-c0 M/ c1 `2 2pHmi2/ i
q = 0X
"v bBKTH2 +QKT`BbQM #2ir22M k1 Q7 }`bi@#2bi M/ k2 Q7 b2+QM/@#2bi- r2 Q#iBM
k1 − k2
nMH0
=
α(y1 − y0)γa
(1 + σ)
[
nFB0
nMH0
−
[ρ0
σ
(
1− c1(0) − c0(0)
y1 − y0
)
+
δnMH σ0
αuc(c1(0))(y1 − y0)
]]
r?B+? Bb,
RX M2;iBp2 7Q` ρ0 > 0 M/ nMH0 bm{+B2MiHv ?B;?- bm+? i?i nFB0 σ ! nMH0 ρ0-
M/ δn
MH
0 σ
αρ0
> uc(c1(0))(c1(0) − c0(0))c
kX TQbBiBp2 7Q` ρ0 > 0 M/ uc(c1(0))(c1(0) − c0(0)) > δn
MH
0 σ
αρ0
c
jX Hrvb TQbBiBp2 7Q` ρ0 < 0X
q2 7Q+mb K2MHv QM +b2b R M/ k- bBM+2 @ /m2 iQ Qm` bT2+B}+iBQM 7Q`K @ ρ > 0 Bb
biBb}2/ i HH nX h?2 2+QMQKB+ +QMi2Mi Q7 i?2 #Qp2 2tT`2bbBQM Bb i?2 7QHHQrBM;X
6Q` k2 > k1- i?2 T`B+2 i?2 #2M2pQH2Mi bQ+BH THMM2` Bb rBHHBM; iQ Tv 7Q` i?2
}`bi BM}MBi2bBKH mMBi Q7 T2`Fb Bb HQr2` BM }`bi@#2bi i?M Bi Bb rBi? bvKK2i`B+
BM7Q`KiBQMX h?mb- i?2`2 Kv #2 pHm2b Q7 k BM i?2 TQbBiBp2 BMi2`pH (k1, k2)
7Q` r?B+? T2`Fb `2 T`QpB/2/ BM i?2 b2+QM/@#2bi r?2M i?2v `2 MQi rBi? T2`72+i
BM7Q`KiBQMX
8j
6B`bi Q7 HH- r2 MQiB+2 i?i i?2 i2+?MQHQ;v T`K2i2` a Bb Q7 MQ +QMb2[m2M+2 BM
bB;MBM; k1−k2- r?BH2 i?Bb /Bz2`2M+2 Bb /2+`2bBM; BM 2Bi?2` α M/ ρ0X h?2`27Q`2-
k2 Bb 2p2MimHHv ;`2i2` i?M k1- T`QpB/BM; KQ`2 `QH2 7Q` T2`Fb BM i?2 b2+QM/@
#2bi- i?2 H`;2` Bb θ U#2+mb2 Q7 i?2 M2;iBp2 2z2+i Q7 ?B;?2` 2tT2+i2/ BM+QK2V-
M/ i?2 HQr2` Bb α U#2+mb2 Q7 i?2 iB;?iM2bb Q7 i?2 KQ`H ?x`/ T`Q#H2KVX
JQ`2Qp2`- i?2 bKHH2` Bb c1(0) − c0(0)
y1 − y0 - BX2X i?2 KQ`2 BMbm`M+2@Q`B2Mi2/ i?2 itbvbi2K Bb i q = 0- i?2 KQ`2 HBF2Hv Bb i?i k2 > k1X b 7` b r2 +M b22- BM 7+i-
i?2 K;MBim/2 Q7 i?2 i2`K uc(c1(0))(c1(0)− c0(0)) Bb HBMF2/ iQ i?2 72im`2b Q7 i?2
QTiBKH it bvbi2K i q = 0- r?B+?- Q7 +Qm`b2- /Q2b p`v rBi? i?2 BM+QK2 ;T-
y1 − y0X hQ b22 ?Qr- H2i mb r`Bi2
∂uc(c1)(c1 − c0)
∂y1
= uc(c1)
dc1
dy1
[[
1− η
]
+
c0
c1
[
1− εc0,y1
εc1,y1
]]
r?2`2 η ≡ |ucc(c1)|c1
uc(c1)
Bb i?2 +Q2{+B2Mi Q7 `2HiBp2 `BbF p2`bBQM M/ εcs,y1 ≡
dcs
dy1
y1
cs
Bb i?2 2HbiB+Biv Q7 +QMbmKTiBQM BM bii2 s rBi? `2bT2+i iQ i?2 H2p2H Q7
BM+QK2 BM bii2 1X
h?2`27Q`2-  T`Q;`2bbBp2 it bvbi2K Ubm+? i?i i HQr BM+QK2 H2p2Hb εc1,y1 <
εc0,y1V KF2b KQ`2 HBF2Hv i?i k2 > k1X h?i Bb- +QM/BiBQMH QM i?2 BM+QK2
;T #2BM; bm{+B2MiHv HQr Ubm+? i?i i?2 BM+2MiBp2 KQiBp2 Q7 itiBQM +imHHv
TTHB2bV i?2 b+QT2 Q7 T`QpB/BM; T2`Fb rBi? KQ`H ?x`/ 2t+22/b i?2 QM2 Q7 }`bi
#2bi i?2 KQ`2 T`Q;`2bbBp2 Bb i?2 it bvbi2K i q = 0X
b r2 H`2/v /Bb+mbb2/-  T`Q;`2bbBp2 it bvbi2K BKTQb2b H`;2` T2MHiv QM
HQr BM+QK2 `2HBxiBQMb i?M Bi Tvb `2r`/b i ?B;? BM+QK2 `2HBxiBQMbX i
HQr +QMbmKTiBQM H2p2H c0 M/ HQr BM+QK2 ;Tb- r?2M T`QpB/BM; BM+2MiBp2b Bb
2bB2`- #2+mb2 Q7 i?2 +QM+pBiv BM i?2 +QMbmKTiBQM miBHBiv 7mM+iBQM- i?2 +mi@Qz
T`B+2 7Q` T2`Fb Bb KQ`2 HBF2Hv iQ #2 ?B;?2` mM/2` KQ`H ?x`/ i?2M rBi? T2`72+i
BM7Q`KiBQMX >Qr2p2`- r2 `;m2 i?i i`/BM;@Qz T`Q;`2bbBpBivfBMbm`M+2 7Q`
T2`Fb +QmH/ HbQ #2 bm#QTiBKHX AM T`iB+mH`- r2 2tT2+i i?i B7 ;2Mib ?p2 HQr
ibi2 7Q` T2`Fb- i`/BM; BMbm`M+2 7Q` BM+2MiBp2b- Kv #2 ?`K7mH i?2 ?B;?2` Bb
i?2B` #bQHmi2 `BbF p2`bBQMX
6BMHHv- r2 MQiB+2 i?i- B7 θ = 0- i?2M ρ = σX h?2 +QM/BiBQM bii2/ BM +b2 R-
i?2`27Q`2- ?b i?2 MB+2 BMi2`T`2iiBQM Q7 i?2 K`;BMH /BbmiBHBiv Q7 2zQ`i 2pHmi2/
i q = 0 #2BM; ?B;?2` i?M i?2 K`;BMH miBHBiv ;BM 7`QK +QMbmKBM; c1(0)−c0(0)-
M 2p2Mi r?B+? QMHv Q++m`b rBi? K`;BMH T`Q##BHBiv αX h?2 +QMi2Mib Q7 i?2
7QHHQrBM; T`QTQbBiBQMb `2- i?2`27Q`2- [mBi2 BMimBiBp2X
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S`QTQbBiBQMd, G2i #2 θ = 0X h?2M-
bB;M
(
k1 − k2
)
= bB;M
[
nFB0
nMH0
−
[(
1− c1(0) − c0(0)
y1 − y0
)
+
δnMH σ0
αuc(c1(0))(y1 − y0)
]]
>2M+2-
Ç B7 nFB0 > nMH0 - M/ αuc(c1(0))(c1(0)− c0(0)) > gnq(nMH0 , 0)- i?2M i?2 T`B+2
i?2 THMM2` Bb rBHHBM; iQ Tv 7Q` i?2 }`bi BM}MBi2bBKH mMBi Q7 T2`Fb Bb
?B;?2` BM 6" i?M Bi Bb BM a"X
Ç B7 nFB0 ≈ nMH0 - M/ gnq(nMH0 , 0) > αuc(c1(0))(c1(0) − c0(0))- BX2X B7 i?2
KQ`H ?x`/ T`Q#H2K Bb MQi iQQ Km+? b2p2`2 #mi biBHH i?2 K`;BMH /Bbm@
iBHBiv Q7 2zQ`i Bb bm{+B2MiHv ?B;?- i?2`2 Bb  b+QT2 7Q` T`QpB/BM; T2`Fb 2p2M
i i?Qb2 pHm2b Q7 k 7Q` r?B+? q⋆FB = 0X
S`QTQbBiBQM3, G2i #2 θ = 0 M/ bbmK2 USRV M/ USkV `2 DQBMiHv bi`B+iHv
+QM+p2X .2MQi2 k1(n, +) ≡ ∆aγn
1 + σ
M/ k3(n, c1) ≡ aδn
1+σ
(1 + σ)uc(c1)
X h?2M-
V q⋆FB > 0 Bz k < k1(nFB0 , c¯FB0 )- M/ q⋆FB = 0 Qi?2`rBb2c
#V q⋆SB > 0 Bz k < k1(nSB0 , +SB0 ) + k3(nSB0 , cSB1(0)) - M/ q⋆SB = 0 Qi?2`rBb2X
JQ`2Qp2`- i?2 7QHHQrBM; ?QH/b-
BV B7 k1 > k > k2 7Q` HH y1- i?2M q⋆FB > q⋆SB = 0 7Q` HH y1c
BBV B7 k2 > k1 > k 7Q` bQK2 y1- i?2`2 2tBbi irQ BMi2`pHb I− M/ I+ bm+?
i?i q⋆SB(yˆ) > q⋆FB(yˆ) = 0 M/ q⋆SB(z) > q⋆FB(z) > 0- 7Q` HH yˆ ∈ I− M/
HH z ∈ I+ - rBi? yˆ < y < zX
BBBV JQ`2Qp2`- B7
uc(cSB1(0))
uc(c¯FB0 )
<
(nSB0
nFB0
)1+σ
- Bi Hrvb ?QH/b i?i k2 > k1X
h?Qm;? r2 +M /2`Bp2 i?2 +mi@Qz H2p2Hb 7Q` Mv θ- bQ i?i bbmKBM; θ = 0 Bb  #Bi
Q7 HQbb Q7 ;2M2`HBiv- iQ BKTQb2 γ < σ - r?B+? Bb  bm{+B2Mi +QM/BiBQM 7Q` T`Q#H2K
USRV- rQmH/ MQi #2 2MQm;? iQ ;m`Mi22 i?2 bi`B+i +QM+pBiv Q7 T`Q#H2K USkV Ub22
TT2M/Bt kX*VX h?2 b2+QM/ T`i Q7 S`QTQbBiBQM 3 7QHHQrb 7`QK i?2 +QMiBMmBiv
Q7 i?2 QTiBKH bQHmiBQMb i y1- r?B+? ;m`Mi22b i?2 +QMiBMmBiv Q7 i?2 k−+miQz
H2p2HbX 6BMHHv- i?2 Hbi bii2K2Mi Bb  `2bi`B+iBQM QM i?2 pHm2b kSB1 (n, +) M/
kFB1 (n, c¯)X AM 7+i- b HQM; b kSB1 > kFB1 Ui?2 +QM/BiBQM bii2/ BM TQBMi BBBV- i?2M
k2 > k1X
AM i?2 7QHHQrBM; b2+iBQM- r2 2tTHQ`2 #v  MmK2`B+H 2t2`+Bb2 i?2 2z2+i QM i?2
T`Q;`2bbBpBiv Q7 i?2 QTiBKH it bvbi2K Q7 bbmKBM;  T`B+2 7Q` T2`Fb #Qp2 M/
#2HQr i?2 +miQz H2p2HbX
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kX8  MmK2`B+H 2t2`+Bb2
h?Bb b2+iBQM Tmib i?2 KQ/2H i rQ`FX h?2 KBM Tm`TQb2 Bb i?2 QM2 Q7 bb2bbBM;
i?2 [mHBiiBp2 BKTQ`iM+2 Q7 i?2 +?MM2Hb r2 ?p2 /2`Bp2/ MHBiv+HHv- M/
i?`Qm;? r?B+? T2`Fb Kv z2+i i?2 T`Q;`2bbBpBiv Q7 i?2 QTiBKH itfi`Mb72`
b+?2K2 M/- i?2`27Q`2- i?2 bQ+BH r2H7`2X
Ai HbQ 2ti2M/ Qm` i?2Q`2iB+H `2bmHib BM i?i i?i- #v HHQrBM; iQ +QMi`QH 7Q` i?2
2tBbi2M+2 Q7 HQ+H KtBK- Bi HbQ ?2HT mb iQ ?B;?HB;?i i?2 K2+?MBbK #v r?B+?
M QTiBKH HHQ+iBQM rBi? T2`Fb Kv biBHH #2 BM2{+B2MiX
AM Q`/2` iQ /Q i?Bb- r2 }t i?2 T`K2i2` pHm2b BM bm+?  rv i?i i?2 T`2/B+iBQMb
/2`Bp2/ 7Q` Qm` KQ/2H rBi?Qmi T2`Fb `2 +QMbBbi2Mi rBi? i?Qb2 /Bb+mbb2/ BM i?2
HBi2`im`2X q2 KBMHv i`v iQ i`;2i i?2 QTiBKH it QM bii2@1 BM+QK2- r?2M G
Bb }t2/ i H2p2H 0.5 M/ y1 Bb HHQr2/ iQ p`v BM i?2 `M;2 [1, 3]X "v i?Bb- r2
K2M iQ +Tim`2 i?2 QTiBKH p2`;2 it QM H#Q` BM+QK2 r?2M i?2 T2`@+TBi
Tm#HB+ 2tT2M/Bim`2 Bb #2ir22M #Qmi 15W − 50W Q7 i?2 Up2`;2V iQT@#`+F2i
;`Qbb BM+QK2X q2 i?2M b2i y0 = 0.3- α = 0.5 M/ θ = 0X b biM/`/ BM i?Bb
+Hbb Q7 KQ/2H- r2 bbmK2  6`Bb+? H#Q` bmTTHv 2HbiB+Biv 2[mH iQ 0.5- M/ rQ`F
rBi? i?2 TB` (σ, γ) = (2, 1)X h?2 T`K2i2`b δ M/ a `2 /Dmbi2/ bQ i?i i?2
k−+miQz H2p2Hb `M;2 `QmM/ 1X aBM+2 r2 /Q MQi BKTQb2 Mv `2bi`B+iBQM QM 2zQ`i
Qi?2` i?M i?2 MQM@M2;iBp2M2bb Q7 i?2 T`Q##BHBiv K2bm`2b- QM2 +M i?BMF Q7
Qm` bi`i2;v b iQ i`;2i bQK2 `2HiBp2 T`B+2 7Q` T2`Fb- M/ T2`F@iQ@+QMbmKTiBQM
`iBQ- `i?2` i?M iQ Ki+? bQK2 7`2[m2M+v Q7 i?2 /iX 6BMHHv- r2 bbmK2
T`272`2M+2b bm+? i?i i?2 +Q2{+B2Mi Q7 `2HiBp2 `BbF p2`bBQM iF2b pHm2 η = 2X
b QM2 +M b22 7`QK 6B;m`2 kXR- i?2 7QHHQrBM; 2t2`+Bb2 +QKTmi2b i?2 QTiBKH
HHQ+iBQM r?2M i?2 +Qbi Q7 T2`Fb Bb 1.2 iBK2b i?2 +Qbi Q7 i?2 MmK2`B`2 M/
i?2 2[mBHB#`BmK T`Q##BHBiv Q7 bii2@1 #2BM; `2HBx2/ `M;2b #2ir22M 0.3 M/
0.7X h?2 KQ/2H Bb- i?2`27Q`2- T`K2i`Bx2/ bQ i?i i?2 2zQ`i M/- i?mb- i?2
T`Q##BHBiv Q7 y1iQ #2 `2HBx2/ /2+`2b2b BM i?2 pHm2 Q7 i?2 bii2X h?2 /vMKB+b
7Q` i?2 k−+miQzb `2 i?2 QM2b r2 /2`Bp2/X b BM+QK2 BM+`2b2b- #Qi? i?`2b?QH/b
BM+`2b2b- i?Qm;? i HQr BM+QK2 H2p2H- i?2 rBHHBM;M2bb iQ Tv 7Q` T2`Fb Bb ?B;?2`
rBi? bvKK2i`B+ BM7Q`KiBQM i?M Bi Bb r?2M 2zQ`i Bb Q#b2`p#H2X 6Q` bQK2
pHm2b Q7 y1- i?2`27Q`2- i?2 +imH T`B+2 k Bb #2HQr k2 Q7 KQ`H ?x`/ M/ #Qp2
k1Q7 }`bi #2biX
6B;m`2b kXk M/ kXj `2TQ`i i?2 2[mBHB#`BmK HHQ+iBQM 7Q` 2Bi?2` bii2 +QMbmKT@
iBQM- 2zQ`i M/ T2`FbX h?2 7Q`K2` b?Qr ?Qr Qm` 2ti2M/2/ KQ/2H rBi? T2`Fb
T2`7Q`Kb r?2M 2zQ`i Bb Q#b2`p#H2 M/ r?2M Bi Bb MQiX 6Q` Qm` Tm`TQb2b- Bi bm7@
}+2b iQ MQiB+2 i?i i?2 T`Q}H2b Q7 i?2 k−+miQz +H2`Hv DmbiB7v i?2 `2bmHiX qBi?
8e
bvKK2i`B+ BM7Q`KiBQM- T2`Fb `2 T`QpB/2/ BM TQbBiBp2 KQmMib BV i 2`HB2`
bii2b M/ BBV BM  ?B;?2` T`QTQ`iBQM i?M i?2v `2 mM/2` T2`72+i BM7Q`KiBQM-
bQ i`B;;2`BM;  TQbBiBp2 `2bTQMb2 BM i?2 ;2MiǶb 2zQ`i i?i Qzb2ib i?2 M2;iBp2
2z2+ib Q7 BM+`2bBM; BM+QK2X
q?2M HQQFBM; i i?2 QTiBKH +QMbmKTiBQM b+?2K2b- T2`Fb HHQr 7Q`  ?B;?2`
bii2@R +QMbmKTiBQM H2p2H b +QKT`2/ iQ 2Bi?2` i?2 +QMbiMi +QMbmKTiBQM H2p2H
Q7 }`bi #2bi M/ i?2 +QMbmKTiBQM Q#iBM#H2 BM i?2 T2`F@H2bb 2+QMQKv r?2M
2zQ`i Bb mMQ#b2`p#H2X >Qr2p2`- bii2@y +QMbmKTiBQM 7HHb #2HQr Bib T2`F@H2bb
pHm2X 6B;m`2b kX9 M/ kX8 b?2/ HB;?i QM i?2 `2H 2z2+i Q7 i?Bb bm#biBimiBQMX AM
7+i- 2Bi?2` i?2 BMi`bii2 M/ i?2 BMi2`bii2 T`Q;`2bbBpBiv BM/2t2b- r?2M +QK@
Tmi2/ 7Q` Qm` KQ/2H rBi? T2`Fb- BM+`2b2 rBi? i?2 pHm2 Q7 y1X q?2`2b i?2
QTiBKH it bvbi2K Q7 i?2 T2`F@H2bb 2+QMQKv Bb T`Q;`2bbBp2 Uη = 2V- i?2 T`QpB@
bBQM Q7 T2`Fb KF2b i?2 QTiBKH itfi`Mb72` b+?2K2 #2BM; UKQ`2V `2;`2bbBp2 BM
i?i i?i i?2 2t@TQbi it QM bii2@R [mB+FHv /2+`2b2b rBi? BM+QK2- r?BH2 bii2@y
i`Mb72` #2+QK2b  H2bb +QM+p2 7mM+iBQM Q7 y1X
h?Qm;? bKHH BM Bib K;MBim/2- i?2 T2`+2Mi;2 miBHBiv ;BM 7`QK  bvbi2K rBi?
T2`Fb BM+`2b2b BM i?2 bii2 U6B;m`2 kXeVX JQ`2Qp2`- i?Qb2 ;BMb `2 ?B;?2` rBi?
bvKK2i`B+ BM7Q`KiBQM i?M i?2v `2 r?2M 2zQ`i Bb Q#b2`p#H2X
hQ +QKTH2i2 Qm` MHvbBb Q7 i?2 r2H7`2 BKTHB+iBQM Q7 T`QpB/BM; T2`Fb- r2 `2T2i
i?2 bK2 2t2`+Bb2 r?2M +QMi`QHb 7Q` i?2 bi`B+i +QM+pBiv Q7 i?2 T`Q#H2K `2 MQi
BKTQb2/X 6B;m`2b kXd M/ kX3 T`Qp2 i?i QTiBKH UBM i?2 b2Mb2 Q7 #22M HQ+H Kt@
BKV #mi BM2{+B2Mi BMi2`BQ` bQHmiBQMb Kv `Bb2 i HQr BM+QK2 H2p2HbX i i?Qb2
BM+QK2 H2p2Hb- i?2 +imH T`B+2 7Q` T2`Fb Bb #Qp2 i?2 k−+miQzX LQM2i?2H2bb- b
6B;m`2 kXN b?Qrb- i?2 `2bTQMbBp2M2bb Q7 2zQ`i iQ T2`Fb Bb bQ ?B;?2` +QKT`2/
iQ ∂n
∂c1
- i?i i?2 T`BM+BTH Kv #2 i2KTi2/ iQ T`QpB/2 T2`Fb- HbQ QM ++QmMi
Q7 i?2B` bKHH K`;BMH /BKBMBb?BM; `2im`Mb i i?Qb2 bii2bX h?2 BKTHB2/ 7HH BM
i?2 b2MbBiBpBiv Q7 n rBi? `2bT2+i iQ c1- ?Qr2p2`- `2bmHib U6B;m`2 kXRyV BM  H2bb
T`Q;`2bbBp2 i`Mb72` bvbi2K B7 r2 HQQF i i?2 /Bz2`2M+2 BM bii2 +QMbmKTiBQMb-
M/ BM  KQ`2 T`Q;`2bbBp2 it QM bii2@R BM+QK2- `i?2` i?M BM  `2;`2bbBp2 QM2X
Ab i?Bb T`Q}H2 Q7 i?2 it bvbi2K- r?B+? i`/2b Qz BMbm`M+2 7Q` BM+2MiBp2b i 
iQQ HQr bii2 Q7 BM+QK2- r?i KF2b i?2 HHQ+iBQM BM2{+B2MiX
8d
6B;m`2 kXR, S`B+2b M/ T`Q##BHBiv
6B;m`2 kXk, PTiBKH HHQ+iBQM rBi? T2`Fb, a" pb 6"
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6B;m`2 kXj, PTiBKH a" HHQ+iBQM, qf pb qfP
6B;m`2 kX9, S`Q;`2bbBpBiv AM/2t2b
8N
6B;m`2 kX8, a" QTiBKH it M/ i`Mb72`
6B;m`2 kXe, liBHBiv ;BM 7`QK T2`Fb, a" pb 6"
ey
6B;m`2 kXd, AM2{+B2Mi T`QpBbBQM Q7 T2`Fb i HQr BM+QK2 bii2b
6B;m`2 kX3, liBHBiv HQbb 7`QK T2`Fb
eR
6B;m`2 kXN, _2bTQMbBp2M2bb Q7 2zQ`i iQ T2`Fb
6B;m`2 kXRy, S`Q;`2bbBpBiv AM/2t2b UAM2{+B2M+vV
ek
kXe *QM+HmbBQMb
h?Bb +?Ti2` /QTib  K2+?MBbK /2bB;M TT`Q+? iQ bim/v i?2 QTiBKH H#Q`
BM+QK2 itfi`Mb72` bvbi2K rBi? T2`FbX hQ i?2 #2bi Q7 Qm` FMQrH2/;2- Bi +QMbiB@
imi2b i?2 }`bi ii2KTi iQ bim/v MHviB+HHv i?2 BKTHB+iBQM Q7 T`QpB/BM; T2`Fb
7Q` QTiBKH itiBQMX AM 7+i- pB`imHHv HH i?2 2tBbiBM; TT2`b i?i MHviB+HHv
bim/v i?2 T`QpBbBQM Q7 T2`Fb rBi? KQ`H ?x`/- 2Bi?2` 7Q+mb QM i?2B` 2z2+i QM
i?2 2zQ`i `2bTQMbBp2M2bb iQ KQM2i`v BM+2MiBp2b- Q` i?2v bim/v i?2 +b?@T2`Fb
bm#biBimi#BHBiv BM i?2 QTiBKH H#Q` +QMi`+i- #b2Mi Mv +QMbB/2`iBQMb 7Q`
BM+QK2 itiBQMX
hQ /2H rBi? i?2 Bbbm2 i ?M/- r2 /2p2HQT  irQ@bii2 p2`bBQM Q7  biQ+?biB+
_Kb2vǶb T`Q#H2K rBi?  `2T`2b2MiiBp2- `BbF@p2`b2 ;2Mi M/ M miBHBi`BM-
`2bQm`+2@b22FBM; ;Qp2`MK2Mi- r?Q HbQ iF2b i?2 TQbi Q7 i?2 T`BM+BTH M/ QrM2`
Q7 i?2 QMHv }`K BM i?2 2+QMQKvX q?2M /2bB;MBM; i?2 QTiBKH `mH2b 7Q` +b?
TvK2Mib M/ T2`F T`QpBbBQM- i?2 ;Qp2`MK2Mi- r?Q Bb +QMbi`BM2/ #v ?Bb #m/;2i
#HM+2- iF2b BMiQ ++QmMi i?2 ;2MiǶb mMQ#b2`p#H2 `2+iBQMb iQ i?2 it bvbi2KX
q?BH2 r2 bbmK2 i?i T2`Fb `2 MQi it#H2- H#Q` BM+QK2 it2b BM Qm` KQ/2H
`2 b2i bQ b iQ ++QKTHBb? iQ 2Bi?2` i?2 BMbm`M+2 M/ i?2 BM+2MiBp2 KQiBp2X
J2i?Q/QHQ;B+HHv- r2 `2Hv QM i?2 }`bi@Q`/2` TT`Q+? U6PViQ `2TH+2 i?2 b2i Q7
BM+2MiBp2 +QKTiB#BHBiv +QMbi`BMib rBi? i?2 }`bi Q`/2` +QM/BiBQM /2`Bp2/ 7`QK
i?2 ;2MiǶb KtBKBxiBQM T`Q#H2K- M/ b?Qr i?i- i?Qm;? r2 K22i i?2 bm{+B2Mi
+QM/BiBQMb 7Q` i?2 pHB/Biv Q7 i?2 6P-  bi`QM;2` `2bi`B+iBQM QM i?2 +QMp2tBiv
Q7 i?2 ;2MiǶb /BbmiBHBiv Q7 2zQ`i Bb M22/2/ 7Q` i?2 T`Q#H2K iQ #2 DQBMiHv +QM+p2
BM 2Bi?2` 2zQ`i M/ T2`FbX hQ i?i HBi2`im`2- r2 HbQ +QMi`B#mi2 #v 2KT?bBxBM;
i?2 +QKTHBM+2b i?i Mim`HHv `Bb2 r?2M  `2p2Mm2 +QHH2+iBQM T`Q#H2K rBi?
rbi27mH 2tT2M/Bim`2 Bb iF2M BMiQ ++QmMiX
h?Qm;? i?2 +QKTH2tBiv Q7 Qm` T`Q#H2K /Q2b MQi HHQr 7Q`  b?`T +?`+i2`Bx@
iBQM Q7 i?2 bQHmiBQM- r2 /2`Bp2 bBKTH2 MHviB+H 2tT`2bbBQMb bQ b iQ BMp2biB;i2
i?2 KBM +?MM2Hb i?`Qm;? r?B+? i?2 T`QpBbBQM Q7 T2`Fb Kv z2+i i?2 QTiBKH
it bvbi2KX h?2M- r2 +QKTH2i2  MmK2`B+H 2t2`+Bb2- BM Q`/2` iQ i2bi i?2 #BHBiv
Q7 Qm` KQ/2H iQ [mMiB7v i?2 T`Q;`2bbBpBiv Q7 i?2 QTiBKH it bvbi2K- 7Q` r?B+?
r2 T`QTQb2 irQ 7B`Hv BM/2t2b- M/ T`Qp2 i?2 `Q#mbiM2bb Q7 Qm` MHvbBbX
Pm` `2bmHib }`biHv b?Qr i?i i?2`2 Kv #2  b+QT2 7Q` T`QpB/BM; T2`Fb BM i?2
b2+QM/ #2bi i?i 2t+22/b i?2 QM2 rBi? T2`72+i BM7Q`KiBQM- M/ `;m2 i?i- r?2M
Bi Bb i?2 +b2- i?2 QTiBKH KQmMi Q7 T2`Fb BM i?2 +QMbi`BM2/@2{+B2Mi HHQ+iBQM
Bb Hrvb #Qp2 Bib pHm2 Q7 }`bi #2biX a2+QM/Hv- r2 T`Qp2 MHviB+HHv i?i-
7`QK M 2t@TQbi T2`bT2+iBp2- i?2 2[mBHB#`BmK K`;BMH@`i2 Q7 bm#biBimiBQM #2@
ej
ir22M +b? M/ T2`Fb mM/2` bvKK2i`B+ BM7Q`KiBQM Bb Hrvb- i HH H2p2Hb Q7
+QMbmKTiBQM M/ 7Q` HH bii2b Q7 i?2 rQ`H/- ;`2i2` i?M Bib }`bi@#2bi pHm2X
AM bTBi2 Q7 i?Bb 2t@TQbi BM2{+B2M+v- ?Qr2p2`- r2 HbQ }M/ i?i i?2 +QKTH2K2M@
i`Biv #2ir22M T2`Fb M/ 2zQ`i Kv #2 Q7 /pMi;2 iQ i?2 ;Qp2`MK2Mi r?BH2
+QmMi2`+iBM; i?2 M2;iBp2 2z2+ib QM 2zQ`i i?i Mim`HHv `Bb2 i ?B;? BM+QK2
H2p2HbX q?2i?2` Q` MQi i?Bb 72im`2 Bb #2M2}+BH iQ i?2 ;2Mi- Bi /2T2M/b QM i?2
BM/m+2/ 2z2+i Q7 T2`Fb QM i?2 bmTTQ`iBM; it bvbi2KX
Pm` MHvbBb bm;;2bib i?i- r?2M T2`Fb `2 2{+B2MiHv T`QpB/2/- i?2 ;Qp2`MK2Mi
i`/2b Qz T`Q;`2bbBpBiv 7Q` T2`F T`QpBbBQMX Pm` KBM +QM+HmbBQM Bb i?i T2`Fb
KF2 i?2 QTiBKH bii2@R +QMbmKTiBQM #2  KQ`2 +QMp2t 7mM+iBQM Q7 BM+QK2-
r?BH2 i?2v BM+`2b2 i?2 +QM+pBiv Q7 i?2 QTiBKH i`Mb72` BM bii2@yX >2M+2- i?2
b2+QM/@#2bi 2{+B2Mi it bvbi2K rBi? T2`Fb #2+QK2b UKQ`2V `2;`2bbBp2 +QKT`2/
iQ i?2 +b2 r?2`2 T2`Fb `2 mMpBH#H2X AMimBiBp2Hv- i?2 K2+?MBbK /2bB;M2`
rMib iQ /Bb+Qm`;2 i?2 ;2Mi 7`QK 2t2`iBM; H2bb 2zQ`iX hQ /Bb+Qm`;2 B/H2M2bb-
MQi QMHv +QMbmKTiBQM ?b iQ #2 BM+2MiBpBxBM; U+QMbmKTiBQM BM ?B;?2` bii2b
M22/b iQ BM+`2b2V- #mi Bi Kmbi HbQ BM+`2b2 KQ`2 BM Q`/2` iQ 2M?M+2 i?2 #2M@
2}+BH 2z2+i Q7 T2`FbX JQ`2Qp2`- i?2 HQr2` Bb i?2 ;2MiǶb `BbF p2`bBQM- i?2
H2bb@+QbiHv Bb 7Q` i?2 T`BM+BTH iQ i`/2 Qz BMbm`M+2 7Q` BM+2MiBp2bX
b i?2 ;2MiǶb `BbF p2`bBQM BM+`2b2b- ?Qr2p2`- i?2`2 Kv #2 M BM2{+B2Mi
T`QpBbBQM Q7 T2`Fb i HQr BM+QK2 H2p2HbX b Qm` [mMiBiiBp2 2t2`+Bb2 b?Qrb-
BM 7+i- i HQr2` bii2b- r?2M i?2 `2p2Mm2b +QHH2+iBQM T`Q#H2K Bb KQ`2 b2p2`2-
i?2 QTiBKH itiBQM bvbi2K bmTTQ`iBM;  TQbBiBp2 T`QpBbBQM Q7 T2`Fb `2p2`b2b,
bii2@y i`Mb72`b #2+QK2 H2bb T`Q;`2bbBp2c bii2@R it2b im`M iQ #2 T`Q;`2bbBp2-
r?BH2 i?2v `2 `2;`2bbBp2 BM i?2 T2`F@H2bb b+2M`BQX aBM+2 i?2b2 +?M;2b Q++m` i
i?Qb2 bii2b i r?B+? i?2 ;2Mi pHm2b BMbm`M+2 i?2 KQbi- T`QpB/BM; T2`Fb Bb
+imHHv BM2{+B2MiX
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TT2M/Bt kX, h?2 >2bbBM Ki`Bt iQ USR@_V
 bm{+B2Mi +QM/BiBQM 7Q` t⋆ ≡ {n⋆, q⋆} iQ #2  HQ+H KtBKBx2` 7Q` T`Q#H2K
USR@_V Bb i?i
RX (t⋆, ξ⋆) biBb}2b i?2 }`bi Q`/2` +QM/BiBQMb UrBi? ξ #2BM; i?2 G;`M;2
KmHiBTHB2` QM q ≥ 0V- M/
kX |H2(t⋆)| > 0X
q2 HbQ MQiB+2 i?i i?2 +QMbi`BMi [mHB}+iBQM +QM/BiBQM Bb Hrvb biBb}2/X "v
/Bz2`2MiBiBQM Q7 i?2 }`bi@Q`/2` +QM/BiBQMb iQ T`Q#H2K USR@_V- r2 }M/
|H2| =
∣∣∣∣∣∣∣
0 0 1
0 Lnn Lnq
1 Lnq Lqq
∣∣∣∣∣∣∣ = −Lnn > 0
qBi? Lnn = −|ucc(c¯)|α2(y1 − y0)2 − δσn
σ−1
(1 + aq)γ
< 0- 7Q` HH 72bB#H2 {c¯, n, q}- i?2
bm{+B2Mi +QM/BiBQM 7Q`  ;HQ#H KtBKmK i t⋆ `2 biBb}2/X
kXXR *QKT`iBp2 biiB+b 7Q` i?2 6"
G2i H2 #2 i?2 #Q`/2`2/ >2bbBM Ki`Bt iQ T`Q#H2K USR@_V rBi? TQbBiBp2 /2@
i2`KBMMi H = −Lnn- M/ H2i /2MQi2 #v g(q) i?2 MQM@M2;iBp2 +QMbi`BMi QM
qX
RX q?2M2p2` g(q) Bb +iBp2- M/ q⋆FB = 0- #v TTHvBM; *`K2`Ƕb `mH2 r2
Q#iBM i?2 7QHHQrBM; +QKT`iBp2 biiB+b `2bmHibX
UV h?2 ;2MiǶb K`;BMH T`Q/m+iBpBiv Q7 H#Q`- β ≡ α(y1 − y0)X
∂n
∂β
=
∣∣∣∣∣0 −Lnβ1 −Lqβ
∣∣∣∣∣
H
=
Lnβ
H
< 0
S`QQ7, Lqβ = |ucc|k(n+ θ) > 0- M/
Lnβ = uc(c¯)− α(y1 − y0)(n+ θ)|ucc(c¯)| =
= |ucc(c¯)|
(uc − c|ucc|
|ucc| − (G+ kq
⋆ − y0)
)
e8
h?2`27Q`2- Lnβ < 0 B7 y0 < G M/ u(·) Bb Q7 i?2 +Hbb *__ rBi? η ≥ 1X
6Q` HH 0 < η < 1 bm+? i?i η ∈
[ 1
1 + (G− y0)/c¯ , 1
]
- Bi HbQ ?QH/b i?i
Lnβ ≤ 0X
U#V h?2 i2+?MQHQ;B+H T`K2i2`- θ
∂n
∂θ
=
∣∣∣∣∣0 −Lnθ1 −Lqθ
∣∣∣∣∣
H
=
Lnθ
H
< 0
S`QQ7, Lqθ = |ucc|kα(y1 − y0) > 0- M/ Lnθ = −|ucc|α2(y1 − y0)2 < 0X
U+V h?2 +Qbi Q7 T2`Fb- k
∂n
∂k
=
∣∣∣∣∣0 −Lnk1 −Lqk
∣∣∣∣∣
H
=
Lnk
H
= 0
S`QQ7, Lqk = −|ucc|
(
kq⋆ +
uc
|ucc|
)
> 0 - M/ Lnk = |ucc|α(y1 − y0)q⋆ = 0
kX i M BMi2`BQ` bQHmiBQM 7Q` q i?2 2z2+i Q7 i?2 bK2 T`K2i2`b QM 2Bi?2`
n M/ q Bb H2bb +H2`X q2 +M- ?Qr2p2`- /2`Bp2 i?2 7QHHQrBM; +QKT`iBp2
biiB+b `2bmHib-
UV h?2 ;2MiǶb K`;BMH T`Q/m+iBpBiv Q7 H#Q`- β ≡ α(y1 − y0)X
∂n
∂β
=
1
H
(
LnqLqβ − |Lnβ ||Lqq|
)
> 0 7Q` |ucc| bm{+B2MiHv ?B;?c
∂q
∂β
=
1
H
(
|Lnn|Lqβ − |Lnβ |Lnq
)
> 0 7Q` θ ≤ 0X
U#V h?2 i2+?MQHQ;B+H T`K2i2`- θX
∂q
∂θ
=
1
H
(
|Lnn|Lqθ − |Lnθ|Lnq
)
=
1
H
|ucc|α2(y1 − y0)2δnσγa
(1 + σ)(1 + aq)γ+1
< 0
∂n
∂θ
=
∂q
∂θ
n
( 1a + q)
< 0 X h?i Bb- ∂n
∂θ
<
∂q
∂θ
B7 q⋆ < n⋆ − 1
a
X
U+V h?2 +Qbi Q7 T2`Fb- kX
∂n
∂k
=
1
H
(
|Lqq|Lnk + LqkLnq
)
< 0
∂q
∂k
=
1
H
(
|Lnn|Lqk + LnkLnq
)
< 0 B7 σ > γX
ee
>2`2- HH T`iBH /2`BpiBp2b ULnβ ,Lqβ - 2i+XV `2 b BM TQBMi RX JQ`2Qp2`- #2BM;
Lqq = −k2|ucc|− γ(γ + 1)a
2δn1+σ
(1 + σ)(1 + aq)γ+2
< 0
Lnn = −α2(y1 − y0)2|ucc|− δσn
σ−1
(1 + aq)γ
< 0
Lnq = α(y1 − y0)k|ucc|+ γaδn
σ
(1 + aq)γ+1
> 0-
r2 MQiB+2 i?2 7QHHQrBM;-
Ç B7 k > α(y1− y0)- i?2M |Lnn| < Lnq < |Lqq|X h?i Bb- i?2 K`;BMH `2im`Mb
7`QK BM+`2bBM; i?2 KQmMi Q7 T2`Fb `2 H2bb T2`bBbi2Mic
Ç B7 1 + γ
γ
k < α(y1−y0)- i?2M |Lnn| > Lnq > |Lqq|- M/ i?2 K`;BMH `2im`Mb
7`QK BM+`2bBM; 2zQ`i /2+`2b2 KQ`2 [mB+FHvX
Ç A7- ?Qr2p2`- 2Bi?2` |Lnn| M/ |Lqq| `2 H`;2` i?M Lnq- HH +QKT`iBp2
biiB+b `2 bm+? i?i- i Mv BMi2`BQ` bQHmiBQM 7Q` T2`Fb- ∂n
∂β
− ∂q
∂β
< 0 -
∂n
∂θ
− ∂q
∂θ
< 0 M/ ∂n
∂k
− ∂q
∂k
> 0 X
TT2M/Bt kX", h?2 ;2MiǶb QTiBKH `2bTQMb2 7mM+@
iBQMb
>2`2 dn
dx
/2MQi2b i?2 iQiH /2`BpiBp2 Q7 n rBi? `2bT2+i iQ x- 7Q` x = {cs, q, n}-
M/ ∂n
∂x
/2MQi2b Bib T`iBHX
dn
dcs
=
p′suc(s)
σδnσ−1
(1 + aq)γ bB;M= +(p′s)
dn
dq
=
γa
σ
n
(1 + aq)
> 0
Ai Bb HbQ +QMp2MB2Mi iQ +QKTmi2 i?2 b2+QM/@Q`/2` T`iBH M/ iQiH /2`BpiBp2bX
h?Qb2 `2-
d2n
dcsdn
=
⎧⎨⎩−
(σ − 1)
σ
p′suc(s)
δnσ
(1 + aq)γ 7Q` σ ≥ 2
0 7Q` σ = 1
d2n
dqdn
=
γ
σ
a
(1 + aq)
>
0
∂2n
∂c2s
=
p′succ(s)
σδnσ−1
(1 + aq)γ
∂2n
∂q2
= −γ
σ
na2
(1 + aq)2
q2 +QM+Hm/2- i?2`27Q`2- i?i-
ed
d2n
dc2s
=
⎧⎪⎨⎪⎩
− p
′
s
σδnσ−1
(1 + aq)γ
[
(σ − 1)p′su2c(s)
σδnσ
(1 + aq)γ + |ucc(s)|
]
B7 σ ≥ 2
p′succ(s)
δ
(1 + aq)γ B7 σ = 1
q2 MQiB+2 i?i 7Q` σ = 1 M/ p′s < 0-
d2n
dc2s
> 0 7Q` HH q M/ γX 6Q` σ ≥ 2- Bi Bb
Hrvb TQbbB#H2 iQ }M/  pHm2 7Q` δ bKHH 2MQm;? M/ bm+? i?i d
2n
dc2s
< 0 7Q` HH
q M/ p′s < 0X
d2n
dq2
=
γna2
σ(1 + aq)2
[γ
σ
− 1
]
- r?B+? Bb M2;iBp2 7Q` HH γ < σX
6BMHHv- i?2 iQiH +`Qbb@/2`BpiBp2b `2 b 7QHHQrb,
d2n
dcsdcs′
=
⎧⎨⎩−
γ2(σ − 1)p′sp′s′uc(s)uc(s′)
σ2δ2n2σ−1
(1 + aq)2γ > 0 B7 σ ≥ 2
0 B7 σ = 1
d2n
dcsdq
=
γ2ap′suc(s)
δσ2nσ−1
(1 + aq)γ−1
TT2M/Bt kX*, h?2 >2bbBM Ki`Bt iQ USkV
1+? 2tT`2bbBQM BM i?2 >2bbBM Ki`Bt `2bmHib 7`QK bQHpBM;- 7Q` HH r = {c0, c1, q,λ}
M/ x = {c0, c1, q,λ}- i?2 7QHHQrBM;
Lrx = ∂Lr
∂n
dn
dx
+
∂Lr
∂x
q2 }M/-
Lcsλ =
∑
s
p′s(ys − cs)
dn
dcs
− ps M/ Lqλ =
∑
s
p′s(ys − cs)
dn
dq
− k
Lcsc′ =
dn
dc′
[
Ln dn
dcsdn
+ p′s
[
uc(s)− λ
]]
+Lnc′ dn
dcs
+Ln ∂
2n
∂cs∂c′
+1cs=c′psucc(c
′)
Lc1c0 =
−p
′
0p
′
1uc(c1)γ(1 + aq)
γλ
σδnσ−1
[
1 +
uc(c0)∆γ(1 + aq)γ
nσ
(
σ − 1 + n
n+ θ
1
σδ
)]
> 0
JQ`2Qp2`-
Lcscs = −
p′2s uc(1 + aq)γ
σδnσ−1
λ
[
(1 + aq)γ∆uc(cs)
σδnσ
(
σ − 1 + n
n+ θ
)
+
2uc(1)− uc(0)
uc(1)
]
−ps|ucc(cs)|λ
[
1
uc(1)
− ∆
δσnσ−1
(
γ(1 + aq)γ
(n+ θ)
− p
′
s
ps
)]
r?B+? Bb M2;iBp2 2Bi?2` 7Q` c1 M/ c0- 7Q` δ bm{+B2MiHv ?B;?X
e3
Lqq = dn
dq
[
Ln dn
dqdn
+
aδnσ
(t+ aq)2
]
+ Ln ∂
2n
∂q∂q
− δn
1+σ
1 + σ
γ(γ + 1)a2
(1 + aq)γ+2
Lqq = Ln
[
γa2n
σ(1 + aq)2
(γ
σ
− 1
)]
+
a2δn1+σ
(1 + aq)γ+2
(
γ
σ
− 1 + γ
1 + σ
)
r?B+? Bb M2;iBp2 7Q` HH γ < σ X h?Bb `2bi`B+iBQM Bb M2+2bb`v 7Q` i?2 T`Q#H2K
#2BM; DQBMiHv +QM+p2 BM 2zQ`i M/ T2`Fb i Mv BMi2`BQ` bQHmiBQMX
6BMHHv- r2 ?p2-
Lcsq =
p′suc(cs)aλ∆γ2(1 + aq)γ−1
δσ2nσ−1
[
θ
n+ θ
+
σδnσ
∆γ(1 + aq)γ
(
1
uc(c1)
− 1
uc(cs)
)]
rBi? bB;M = +(p′s)
:HQ#H +QM+pBiv Q7 T`Q#H2K USkV- rBi? λ = {ξq,λ} M/ xi = {c1, c0, q}- `2[mB`2b
i?i i?2 #Q`/2`2/ >2bbBM Bb bm+? i?i |H3| < 0- rBi?
|H3(t; ξq,λ)| =
∣∣∣∣∣∣∣∣∣∣∣∣
0 0 0 0 1
0 0 Lc1λ Lc0λ Lqλ
0 Lc1λ Lc1c1 Lc1c0 Lc1q
0 Lc0λ Lc1c0 Lc0c0 Lc0q
1 Lqλ Lc1q Lc0q Lqq
∣∣∣∣∣∣∣∣∣∣∣∣
=
= −
(
2Lc1λLc1c0Lc0λ − L2c0λLc1c1 − L2c1λLc0c0
)
< 0
6BMHHv- r2 MQi2 i?i i?2 +QMbi`BMi [mHB}+iBQM Bb K2i i t⋆ 7Q` HH b2ib Q7
2z2+iBp2 +QMbi`BMib- E1 = {(GBC)}- M/ E2 = {(GBC), q = 0}X
eN
*?Ti2` j
 Lb? MQM@+QQT2`iBp2
;K2 #2ir22M i?2 }b+H
mi?Q`Biv M/ i?2 H#Q`
K`F2i, i?2 iQT BM+QK2
K`;BMH it
h?Bb +?Ti2` KQ/2Hb  irQ@bi;2 BMi2`+iBQM ;K2 #2ir22M i?2 }b+H mi?Q`Biv
M/ i?2 H#Q` K`F2i- #v bbmKBM; i?i i?2 ;Qp2`MK2Mi +ib b  ai+F2H#2`;
H2/2` M/ i?2 }`K b i?2 7QHHQr2`X AM 7+i- Bi +QMbBbib Q7 irQ T`ib- QM2 7Q`
2+? bi;2 Q7 i?2 ;K2X "v  #+Fr`/ BM/m+iBQM `;mK2Mi- r2 }`bi bim/v 
irQ@bii2 p2`bBQM Q7  biiB+ KQ`H ?x`/ T`Q#H2K r?2`2BM i?2 BM/2T2M/2Mi-
b2H7@BMi2`2bi `BbF@M2mi`H T`BM+BTH Ui?2 }`KV `2iBMb 7mHH +QMi`QH Q7 i?2 T`QpBbBQM
Q7 T2`Fb M/ r;2 TvK2Mib iQ i?2 `BbF@p2`b2 ;2Mi Ui?2 rQ`F2`V- ;Bp2M i?2 }b+H
TQHB+v MMQmM+2/ #v i?2 ;Qp2`MK2MiX h?2M- BM i?2 b2+QM/ T`i- r2 bii2 i?2
;Qp2`MK2MiǶb KtBKBxiBQM T`Q#H2K- b `2bi`B+i2/ #v i?2 Qmi+QK2b ;2M2`i2/
BM i?2 H#Q` K`F2i- M/ bQHp2 7Q` i?2 QTiBKH BM+QK2 itX
hQ bBKTHB7v i?2 MHvbBb Q7 i?2 H#Q` K`F2i- r2 #bi`+i 7`QK Mv bi`m+im`H
Bbbm2 Ub i?2 K`F2i +QKT2iBiBQM- i?2 i2`K bi`m+im`2 Q7 i?2 H#Q` +QMi`+i-
i?2 K`F2i T`B+2 Q7 T2`Fb- i?2B` +QMi`B#miBQM iQ T`Q/m+iBpBiv- i?2 ++2bb iQ i?2
}MM+BH K`F2ib- M/ bQ QMV- M/ +QM+2Mi`i2 QM i?2 2z2+i i?i T2`Fb Kv ?p2
dy
QM U/Bz2`2Mi K2bm`2b Q7V i?2 bQ+BH r2H7`2- r?2M H#Q` BM+QK2 it2b QTiBKHHv
`2+i iQ i?2B` T`QpBbBQMX
hQ /2H rBi? i?2 bvKK2i`B+ Mim`2 Q7 Qm` T`Q#H2K- r2 `2[mB`2 i?i i?2 T`BM@
+BTH @ MQ` i?2 ;Qp2`MK2Mi @ iF2b BMiQ ++QmMi i?2 ;2MiǶb 2zQ`i BM+2MiBp2
+QKTiB#BHBiv +QMbi`BMi- r?2M /2bB;MBM; i?2 QTiBKH +QKT2MbiBQM b+?2K2X
hQ 7Q+mb QM i?2 KBM Tm`TQb2 Q7 Qm` `2b2`+?- r2 HbQ bbmK2 i?i H#Q` BM+QK2
it2b `2 TB/ #v i?2 }`K- bQ i?i i?2 rQ`F2` KF2b ?2` 2zQ`i /2+BbBQM QMHv
QM ++QmMi Q7 M2i r;2b M/ T2`F T`QpBbBQMX AM Q`/2` iQ bBKTHB7v Qm` MHvbBb-
?Qr2p2`- r2 }t i?2 HQr@bii2 BM+QK2 it iQ x2`Q- M/ bQHp2 7Q` i?2 iQT@BM+QK2
it `i2 HQM2X AM i?i `2bT2+i- r2 BMi2`T`2i Qm` `2bmHib BM i2`Kb Q7 i?2 2z2+i Q7
T2`Fb QM i?2 K`;BMH it `i2 TB/ #v i?2 iQT@BM+QK2 #`+F2i 2`M2`bX
q2 bTHBi Qm` MHvbBb BM 7Qm` bi2TbX 6B`biHv- r2 //`2bb Qm` ii2MiBQM iQ i?2
b+QT2 Q7 T`QpB/BM; i?2 T2`[mBbBi2 ;QQ/- rBi? M/ rBi?Qmi T2`72+i BM7Q`KiBQMX
a2+QM/Hv- r2 +?`+i2`Bx2 i?2 QTiBKH +QKT2MbiBQM b+?2K2 b i?2 +QHH2+iBQM
Q7 r;2b M/ T2`Fb i?i KtBKBx2b i?2 }`KǶb 2tT2+i2/ T`Q}ib- ;Bp2M i?2 it
`i2 MMQmM+2/ #v i?2 ;Qp2`MK2MiX h?B`/Hv- r2 2M[mB`2 QM i?2 2z2+i Q7 T2`Fb
QM i?2 `2Mi@2ti`+iBQM T`Q#H2K 7+2/ #v i?2 T`BM+BTH- M/ QM  K2bm`2 Q7 i?2
T`Q/m+iBQM 2{+B2M+vX 6Qm`i?Hv- M/ }MHHv- r2 bii2 i?2 ;Qp2`MK2MiǶb T`Q#@
H2K M/ +?`+i2`Bx2 i?2 QTiBKH iQT@BM+QK2 K`;BMH it i?i KtBKBx2b i?2
2tT2+i2/ miBHBiv Q7 M ǳB/2H rQ`F2`Ǵ r?Q /Q2b MQi b?`BMF M/ Bb TB/ ?2` M2i
T`Q/m+iBpBiv QMHv BM r;2bX
h?2 `2bi Q7 i?2 +?Ti2` Bb Q`;MBx2/ b 7QHHQrbX a2+iBQM jXR #`B2~v `2pB2rb bQK2
Q7 i?2 KQ`2 BM~m2MiBH rQ`Fb QM T2`F T`QpBbBQMX Ai HbQ 2KT?bBx2b Qm` +QMi`B@
#miBQM iQ i?2 HBi2`im`2- #v TQBMiBM; Qmi i?2 KBM /BbbBKBH`BiB2b M/ i?2 `2bmHib
r2 /2`Bp2 7`QK i?2KX h?2 ;2M2`H b2i@mT M/ i?2 ;2MiǶb QTiBKH 2zQ`i TQHB+v
`2 /2b+`B#2/ BM a2+iBQM jXkX a2+iBQM jXj /Bb+mbb2b i?2 T`BM+BTHǶb T`Q#H2K r?2M
2zQ`i Bb Q#b2`p#H2 M/ +QMi`+i#H2- M/ +?`+i2`Bx2b i?2 }`bi #2bi bQHmiBQM
b  `272`2M+2 TQBMiX h?2 T`BM+BTHǶb T`Q#H2K rBi? bvKK2i`B+ BM7Q`KiBQM Bb
i?2M /2b+`B#2/ BM a2+iBQM jX9X a2+iBQMb jX8 M/ jXe +?`+i2`Bx2 i?2 QTiBKH
`mH2b 7Q` i?2 r;2 TvK2Mi M/ i?2 T`QpBbBQM Q7 T2`Fb- `2bT2+iBp2HvX h?2 Bbbm2
QM 2t@TQbi UBMV2{+B2M+v Bb /Bb+mbb2/ BM a2+iBQM jXd- r?BH2 a2+iBQM jX3 HBMFb Bi iQ
i?2 ;2MiǶb BM7Q`KiBQM `2Mi M/ r2HH@#2BM;X a2+iBQM jXN /2`Bp2b  +HQb2/ 7Q`K
bQHmiBQM 7Q` i?2 #2M+?K`F KQ/2H- M/ BMi`Q/m+2b i?2 +QM+2Tib Q7 2zQ`i M/
r;2 2HbiB+Biv iQ i?2 it `i2X a2+iBQM jXRy T`QTQb2b M/ /Bb+mbb2b Qm` K2@
bm`2 Q7 T`Q/m+iBQM 2{+B2M+v- BM Q`/2` iQ bb2bb i?2 bQ+BH /2bB`#BHBiv Q7 T2`FbX
LmK2`B+H T`2/B+iBQMb M/ +QKT`iBp2 biiB+b `2bmHib `2 T`2b2Mi2/ BM a2+iBQM
jXRRX a2+iBQM jXRk bii2b i?2 ;Qp2`MK2MiǶb KtBKBxiBQM T`Q#H2K M/ +?`+@
dR
i2`Bx2b i?2 2[mBHB#`BmK it `i2X HH i?2 `2bmHib BM i?Bb +?Ti2` `2 bmKK`Bx2/
BM  bBKTH2 it@7Q`KmH- r?B+? r2 T`QTQb2 b  M2r i2bi#H2 ?vTQi?2bBbX a2+iBQM
jXRj +QM+Hm/2bX
jXR _2Hi2/ HBi2`im`2
h?Qm;? i?2`2 Bb  HQM;@HbiBM; /2#i2 QM r?2i?2` ;2Mib `2 Qp2`@ Q` mM/2`@
T`QpB/2/ rBi? T2`Fb- M/ r?2i?2` T2`Fb M/ +b? `2 +QKTH2K2Mib Q` bm#biB@
imi2b BM T`QpB/BM; BM+2MiBp2b- i?2 i?2Q`2iB+H HBi2`im`2 QM MQM@KQM2i`v #2M@
2}ib /Q2b MQi T`QpB/2  biBb7+iQ`v 2tTHMiBQM Q7 r?v- 2p2M rBi? T2`72+i BM@
7Q`KiBQM- T2`Fb b?QmH/ #2 T`QpB/2/X L2Bi?2` Bi /Bb+mbb2b i?2 r2H7`2 BKTHB@
+iBQMb UBM i2`Kb Q7 2t+2bb `2bQm`+2b M/ ;2MiǶb r2HH@#2BM;V Q7 i?2 +QKTH2@
K2Mi`Bivfbm#biBimi#BHBiv #2ir22M T2`Fb M/ r;2b i?i- 7Q` i?2 KQbi T`i-
K2+?MB+HHv `2bmHib 7`QK i?Qb2 KQ/2HX
AM i?2 }MM+BH HBi2`im`2- 7Q` 2tKTH2- i?2 biM/`/ 2tTHMiBQM 7Q` T2`Fb `2HB2b
QM bQK2 7Q`K Q7 ;2M+v T`Q#H2K UC2Mb2M M/ J2+FHBM; URNdeV- :`QbbKM M/
>`i URN3yV- "2#+?mF M/ 6`B2/ UkyyjV- :#Bt M/ GM/B2` Ukyy3VVX JQMBiQ`@
BM; +QM+2`Mb- r?B+? `2 i?2 F2v 7+iQ` Q7 i?Qb2 KQ/2Hb- H2/ KM;2`b iQ mb2
T2`Fb BM Q`/2` iQ TT`QT`Bi2 bQK2 Q7 i?2 bm`THmb ;2M2`i2/ #v i?2 }`K- BM 
rv i?i Bb M2Bi?2` TT`Qp2/ MQ` +FMQrH2/;2/ #v b?`2?QH/2`bX h?Bb b?QmH/ #2
#2M2}+BH 7Q` i?2K- #mi /2i`BK2MiH 7Q` r2H7`2X lMbiBb7+iQ`v b Bi KB;?i #2-
BM Q`/2` iQ #2 #H2 iQ TTHv Qm` MHvbBb iQ Mv ?B2``+?B+H H2p2H M/ Mv b2+iQ`-
r2 #mBH/ BMbi2/ QM i?2 bbmKTiBQM Q7  T`BM+BTH r?Q ?b 7mHH +QMi`QH Q7 UM/-
i?2`27Q`2- BKTQb2bV i?2 T`QpBbBQM Q7 T2`Fb iQ i?2 ;2MibX JQ`2 ;2M2`HHv- r2
#bi`+i 7`QK Mv Bbbm2 QM i?2 +QHHmbBQM #2ir22M i?2 rQ`F2` M/ i?2 T`BM+BTH-
M/ Mv KBb#2?pBQ` Q7 i?2 Hii2`X
 b2+QM/ ;`QmT Q7 `2b2`+?2`b +QMbB/2` T2`Fb b  ǳT`Q/m+iBp2Ǵ ;QQ/X h?Bb pB2r
bm;;2bib i?i T2`Fb `2 mb27mH BMbi`mK2Mib iQ HB;M i?2 Q#D2+iBp2b Q7 T`BM+BTH
M/ ;2Mib- M/ /`Bp2b i?2 `2bmHi i?i i?2 BMp2biK2Mi BM i?2K Bb Hrvb 2{+B2MiX
AM J`BMQ M/ w#QDMBF Ukyy3VǶb KQ/2H- 7Q` 2tKTH2- T2`Fb `2 2Bi?2`  +QM@
bmKTiBQM ;QQ/ M/  T`Q/m+iBpBiv@2M?M+2K2Mi iQQHX h?2 +QKTH2K2Mi`BiB2b
#2ir22M T2`Fb M/ 2zQ`i- 2Bi?2` BM i?2 T`Q/m+iBQM 7mM+iBQM M/ BM i?2 +QMbmKT@
iBQM miBHBiv- ?p2 M BM+2MiBp2 2z2+i i?i HHQrb i?2 T`BM+BTH iQ /2+`2b2 i?2
Tv@T2`7Q`KM+2 b2MbBiBpBiv M/ i?2 mM+2`iBMiv BM i?2 ;2MiǶb BM+QK2 HKQbi
K2+?MB+HHvX hQ pQB/ bm+? M 2MiM;H2K2Mib Q7 K2+?MBbKb- r2 7Q+mb QM 
+Hbb Q7 Tm`2 rQ`F@`2Hi2/ ;QQ/b- rBi? MQ T`Q/m+iBp2 ii`B#mi2bX
KQM; i?Qb2 bim/B2b- b Qm`b- i?i /2Mv 7`BM;2 #2M2}ib Mv ǳT`Q/m+iBp2Ǵ i@
dk
i`B#mi2- i?2`2 `2 bQK2 i?i mMB[m2Hv /2}M2 T2`Fb 7Q` i?2B` +QKTH2K2Mi`Biv
rBi? i?2 ;2MiǶb 2zQ`i- BM i?2 mbmH b2Mb2 i?i +QMbmKBM; KQ`2 Q7 i?2 7Q`K2`
;QQ/ /Q2b BM+`2b2 i?2 miBHBiv i?2 ;2Mi ;BMb 7`QK TTHvBM; i?2 Hii2`X _2@
b2`+?2`b BM i?Bb ;`QmT- ?Qr2p2`- KBMHv 7Q+mb QM i?2 Bbbm2 Q7 2t@TQbi 2{+B2M+v
M/ ;2MiǶb miBHBiv HQbb2bX PM i?i `2;`/- 7Q` 2tKTH2- "2MM`/Q- *?BTTQ`B
M/ aQM; UkyRyV +QMbi`m+i  /Bb+`2i2@2zQ`i T`BM+BTH@;2Mi KQ/2H- rBi? MQ HBK@
Bi2/ HB#BHBiv M/ #BM/BM; T`iB+BTiBQM +QMbi`BMi- iQ }M/ Qmi i?i r?2M2p2` i?2
T2`[mBbBi2 ;QQ/ Bb  bm#biBimi2 7Q` H2Bbm`2- i?2 QTiBKH BM+2MiBp2 b+?2K2 BMpQHp2b
M Qp2`@T`QpBbBQM Q7 T2`Fb- BX2X i?2 ;2Mi +QMbmK2b Q7 T2`Fb KQ`2 i?M b?2 rQmH/
?p2 iQ B7 ;Bp2M  +?QB+2 #2ir22M KQM2v M/ T2`Fb i i?2 +m``2Mi K`F2i T`B+2bX
q?2M TTHB2/ iQ Qm` b2iiBM;- ?Qr2p2`- i?2 MHvbBb Q7 2t@TQbi BM2{+B2M+v H2p2b
`QQKb 7Q` /vMKB+ BKT`Qp2K2Mib b i?2 BM+QK2 ;T #2ir22M bii2b Q7 i?2 rQ`H/
BM+`2b2b- v2i T`QpB/BM; +QM/BiBQMb UQM i?2 T`Q##BHBiv /Bbi`B#miBQMV mM/2` r?B+?
i?i 2t@TQbi BM2{+B2M+v ?QH/b- M/ Bi +imHHv ?QH/b r?2M2p2` i?2 ;2Mi Bb 2MDQv@
BM;  TQbBiBp2 `2MiX aBKBH`Hv- BM q2BMb+?2MF UkyRjVǶb /Bb+`2i2@2zQ`i KQ/2H- i?2
2KTHQv2` Kv 2Bi?2` mM/2`BMp2bi Q` Qp2`BMp2bi BM T2`Fb /2T2M/BM; QM r?2i?2`
i?2 rQ`F@`2Hi2/M2bb Q7 T2`Fb 2t+22/b Q` /Q2b MQi  K2bm`2 Q7 i?2 T2`7Q`KM+2
T`2+BbBQMX h?2 MHvbBb r?2`2BM b?Qrb i?i B7 T2`Fb ?`K i?2 ;2Mi- i?2 T`BM@
+BTH M2p2` mM/2`BMp2bib #mi Kv Qp2`BMp2bi BM T2`FbX h?Qm;?  bBKBH` `2bmHi
?QH/b BM Qm` KQ/2H- i?2 /2`BpiBQM Q7 Bi 7QHHQrb 7`QK i?2 2ti2Mi iQ r?B+? i?2 T`BM@
+BTH KF2b mb2 Q7 T2`Fb BM Q`/2` iQ `2/m+2 i?2 ;2MiǶb `2Mi BM i?Qb2 b+2M`BQb
UBX2X i2+?MQHQ;B+H 2MpB`QMK2MibV r?2`2BM i?2 r;2 `2bTQMbBp2M2bb iQ BM+`2bBM;
2zQ`i i?i Bb M22/2/ iQ T`2b2`p2/ BM+2MiBp2 +QKTiB#BHBiv Bb T`iB+mH`Hv ?B;?X
AM i?2 bK2 bTB`Bi- i?Qm;? `272``BM; iQ  ǳKQiBpiBQMH +iBQMǴ `i?2` i?M iQ
 [mHB}2/ T2`[mBbBi2 ;QQ/- EpHQv- M/ a+?QiiM2` UkyRkVǶb +QMiBMmQmb@2zQ`i
KQ/2H +QMi`B#mi2b iQ  +QKTH2i2 /Bb+mbbBQM Q7 i?2 +QM/BiBQMb QM i?2 ;2MiǶb
/BbmiBHBiv Q7 rQ`FBM; mM/2` r?B+? KQM2i`v TvK2Mib M/ KQiBpiBQMH 2zQ`i
`2 bm#biBimi2b BM `2/m+BM; i?2 ;2MiǶb +Qbi Q7 2zQ`iX b r2 b?HH b22- i?Qm;?
r2 bbmK2- b i?2v /Q- miBHBiv +QKTH2K2Mi`BiB2b #2ir22M T2`Fb M/ 2zQ`i- i?2
/B`2+i Q` BMp2`b2 +QQ@KQp2K2Mib BM i?2 2[mBHB#`BmK HHQ+iBQMb 7Q` T2`Fb M/
2zQ`i- b HQM; b i?2 +QKTH2K2Mi`Bivfbm#biBimi#BHBiv #2ir22M +b? M/ T2`Fb-
/Q 7QHHQr 7`QK i?2 BMi2`+iBQM #2ir22M i?2 `2bTQMbBp2M2bb iQ 2zQ`i Q7 i?2 T`Q#@
#BHBiv /Bbi`B#miBQM M/ i?i Q7 i?2 ;2MiǶb K`;BMH /BbmiBHBiv Q7 rQ`FBM;X Pm`
[mHBiiBp2 `2bmHi- +QKT`2/ rBi? i?i BM EpHQv- M/ a+?QiiM2`- Qr2b Bib `B+?@
M2bb iQ i?2 /Bz2`2Mi T`Q##BHBiv K2bm`2 r2 bbmK2X q?2`2b- BM i?2B` TT2`-
i?2 /Bbi`B#miBQM Bb /2}M2/ #v Dmbi QM2 T`K2i2`- MQ`KHBx2/ iQ QM2- r2 HHQr
i?2 T`Q##BHBiv /Bbi`B#miBQM iQ p`v rBi? `2bT2+i iQ i?2 b?T2 M/  HQ+iBQM@
dj
T`K2i2`- mTQM r?B+? i?Qb2 /Bz2`2M+2b BM i?2 +QKT`iBp2 biiB+b `2bmHib im`M
Qmi iQ /2T2M/X
JQ`2Qp2`- /2bTBi2 i?2 /Bz2`2M+2b #2ir22M i?2 Hbi i?`22 KQ/2Hb- i?2v b?`2 i?2
bK2 bbmKTiBQM Q7  T`Q}i@KtBKBxBM; T`BM+BTH- b QTTQbBi2 iQ i?2 rQ`F2`Ƕb
BMi2`2bibX q2 `;m2 i?i- i?Qm;? i?2 ;2Mib Kv HBF2 T2`Fb H2bb i?M KQM2v Ub
K2bm`2/ #v i?2 2t@TQbi BM2{+B2M+vV- v2i bQ+B2iv Ub  r?QH2V Kv 7QmM/ i?2
T2`[mBbBi2 ;QQ/ Q7 bQK2 /pMi;2 B7- #v BM+2MiBpBxBM; 2zQ`i- T2`Fb +QMbiBimi2
 `2bQm`+2@BKT`QpBM; i2+?MQHQ;v 2p2M r?2M ;2Mib `2 +QKT2Mbi2/ UBM T2`FbV
7Q` i?2B` 2t+2bb Q7 2zQ`iX
h?i Bb r?i KQiBpi2b mb iQ 2M[mB`2 2Bi?2` i?2 `2H ;BMb 7`QK T2`Fb BM i2`Kb
Q7 BM+`2b2/ +T+BiB2b- M/ i?2 ;2MibǶ miBHBiv ;BMb r?2M i?2 it bvbi2K Bib2H7
Bb HHQr2/ iQ QTiBKBx2 QM i?2 it `i2b- r?BH2 iFBM; BMiQ ++QmMi i?2 }`KǶb
BM+2MiBp2b iQ T`QpB/2 T2`Fb M/ i?2B` 2z2+i QM T`Q/m+iBQM 2{+B2M+vX
Pm` `2bmHib b iQ `2;`/ i?2b2 [m2biBQMb `2 +QKTH2i2Hv M2r iQ i?2 HBi2`im`2 QM
T2`Fb M/- i?2`27Q`2- +QMbiBimi2 Qm` KBM +QMi`B#miBQM iQ BiX
jXk S`272`2M+2b- i2+?MQHQ;v M/ BM7Q`KiBQM b2i
*QMbB/2`  `2T`2b2MiiBp2 2+QMQKv- BM?#Bi2/ #v M ;2Mi Ui?2 rQ`F2`- a?2V
M/  }`K Ui?2 T`BM+BTH- >2VX h?2 i2+?MQHQ;v Q7 i?Bb 2+QMQKv +QMbBbib BM
 +QHH2+iBQM Q7 7mM+iBQMb pθ ≡ ⟨ps : Θ × N → S(Y)⟩- i?i- 7Q`  ;Bp2M T@
`K2i2` θ ∈ Θ ≡ (θ, θ¯) ⊂ R- KTb i?2 ;2MiǶb 2zQ`i n ∈ N ≡ [0, n¯] BMiQ 
T`Q##BHBiv K2bm`2 Qp2` i?2 b2i Q7 BM+QK2 `2HBxiBQMb- ys ∈ Y ≡ {y0, y1}- rBi?
0 ≤ y0 < y1 ≤ y¯ M/ 2Bi?2` n¯ M/ y¯ }MBi2X AM+QK2 +M #2 2Bi?2` +QMbmK2/
#v i?2 ;2Mi Q` mb2/ #v i?2 T`BM+BTH iQ +[mB`2 Ui  HBM2` T`B+2 k > 0V Mv
KQmMi Q7 i?2 T2`F ;QQ/- q ∈ Q ≡ [0, q¯]- rBi? q¯ < y¯X S2`Fb- B7 TB/- `2 T`Q@
pB/2/ iQ i?2 ;2MiǶb #27Q`2 2zQ`i Bb iF2MX q2 HbQ KBMiBM i?2 bbmKTiBQM i?i
BM+QK2 `2HBxiBQMb M/ i?2 i2+?MQHQ;B+H T`K2i2` θ `2 #Qi? Tm#HB+Hv Q#b2`p@
#H2 M/ +QMi`+i#H2- M/ +HH ys i?2 bii2 Q7 i?2 2+QMQKv- r?BH2 i?2 ;2MiǶb
2zQ`i Kv Q` Kv MQi #2 Q#b2`p#H2X q2 `272` iQ i?2 2[mBHB#`BmK HHQ+iBQM
`BbBM; r?2M 2zQ`i Bb Q#b2`p#H2 b i?2 }`bi@#2bi- M/ /2}M2 b i?2 b2+QM/@#2bi
UQ` +QMbi`BM2/V QTiBKH HHQ+iBQM- i?2 +QHH2+iBQM Q7 2[mBHB#`BmK p`B#H2b r?2M
2zQ`i Bb M ;2MiǶb T`Bpi2 BM7Q`KiBQMX
 ;Qp2`MK2Mi H2pB2b /BbiQ`iBM; it2b- Ts(ws) < ys- 7Q` s = {0, 1}- QM i?2 bii2@
+QMiBM;2Mi U;`QbbV r;2 TB/ iQ i?2 rQ`F2`- ws ∈ R+X Ai Bb rBi?Qmi HQbb Q7
;2M2`HBiv i?i r2 bbmK2 i?i H#Q` BM+QK2 it2b `2 TB/ #v i?2 T`BM+BTH BM
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#2?H7 Q7 i?2 rQ`F2`- bQ i?i ws Bb i?2 ;2MiǶb M2i r;2X _2bi`B+iBQMb QM i?2
7mM+iBQMH 7Q`K Q7 Ts(·) rBHH #2 BKTQb2/ b /2`Bp2/ #v i?2 MHvbBbX 6BMHHv-
T2`Fb `2 MQi it#H2X
q2 /2MQi2 #v ps(n, θ) i?2 +QM/BiBQMH T`Q##BHBiv i?i- ;Bp2M θ M/ 2zQ`i n-
bii2 ys Bb `2HBx2/- BX2X ps(n, θ) ≡ S`Q#{y = ys|n, θ}X q?BH2 /2HBM; rBi? 
`2T`2b2MiiBp2 2+QMQKv- BM Q`/2` iQ bBKTHB7v MQiiBQM- r2 /`QT θ b M `;m@
K2Mi Q7 i?2 T`Q##BHBiv K2bm`2- M/ bBKTHv /2MQi2 #v ps(n) r?i b?QmH/ #2
mM/2`biQQ/ b ps(n, θ)X
q2 KF2 i?2 7QHHQrBM; bbmKTiBQM QM i?2 /Bb+`2i2 T`Q##BHBiv /Bbi`B#miBQM,
bbmKTiBQMUS.- S`Q##BHBiv .Bbi`B#miBQMV, h?2 /2MbBiv K2bm`2b ⟨pθs⟩ `2
bm+? i?i
Ç p1(n) = α(n+ θ)- rBi? α ∈ (0, 1]
Ç 0 < p1(n) < 1- 7Q` HH θ ∈ Θ M/ n ∈ N¯ ≡ [0, n¯] ⊂ N - M/
p0(n) = 1− p1(n)
Ai 7QHHQrb i?i p′ ≡ ∂p1(n)
∂n
= α > 0- M/ p′0 ≡
∂p0(n)
∂n
= −α < 0X
h?i Bb- i?2 T`Q##BHBiv Q7 `2HBxBM; Mv ys Bb 2Bi?2` HBM2`Hv BM+`2bBM; Q` HBM2`Hv
/2+`2bBM; BM nX JQ`2Qp2`- 7Q` Mv θ, θ′ ∈ Θ bm+? i?i θ′ > θ- ⟨pθ′⟩ biQ+?biB+HHv
/QKBMi2b ⟨pθ⟩- BM i?i i?i 7Q` Mv n- p0(n, θ′) < p0(n, θ)X
h?2 7+iQ` α- r?B+?- Q7 i?2 HBF2HB?QQ/ `iBQb- p
′
s
ps
- /Q2b /B`2+iHv z2+i p
′
0
p0
#mi MQi
p′
p1
- K2bm`2b i?2 2z2+i Q7 +?M;2b BM n M/ θ QM i?2 T`Q##BHBiv 7mM+iBQM psX
GBM2`Biv BKTHB2b i?i- QM+2 nBb }t2/- i?2 2z2+i Q7  K`;BMH BM+`2b2 BM n QM
p1 - b K2bm`2/ #v p1
p′
= n+ θ- Bb +QMbiMi BM nX
hQ `2bT2+i i?2 7mHH@bmTTQ`i bbmKTiBQM- r2 bbmK2 p1(n¯) = 1 − ε- Q`- r?B+? Bb
2[mBpH2Mi- p0(n¯) = εX 6Q` i?2 T`QT2`iv Q7  T`Q##BHBiv K2bm`2 iQ #2 biBb}2/-
r2 `2bi`B+i ε iQ #2HQM; iQ i?2 BMi2`pH E ≡ (1 − α, 1)X h?i BKTHB+BiHv /2}M2b
n¯ ≡ 1− ε
α
− θ- 7Q` HH θ ∈ Θ ≡
(
−(1− 1− ε
α
),
1− ε
α
)
X
q2 HbQ bbmK2 i?i, BV i?2 ;2Mi ?b M QmibB/2 QTiBQM Ub M mM2KTHQvK2Mi
#2M2}if`2b2`+? +QbiV i?i vB2H/b miBHBiv uˆ ∈ R- M/fQ` BBV r;2b `2 #QmM/2/
7`QK #2HQr #v i?2 KBMBKmK r;2 H2p2H- sˆ > 0 X h?Qm;? bbmKTiBQM BV Bb
bQK2?Qr `2/mM/Mi r?2M i?2 Qi?2` ?QH/b- r2 KBMiBM #Qi? bbmKTiBQMb BM
Qm` MHvbBb Q7 i?2 }`bi@#2bi- BM Q`/2` iQ #2 #H2 iQ b?Qr i?2 HBMF #2ir22M i?2
;2MiǶb #`;BMBM; TQr2`- BX2X i?2 H#Q` K`F2i bi`m+im`2- M/ i?2 T`QpBbBQM Q7
T2`FbX
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h?2 ;2Mi ?b T`272`2M+2b Qp2` bi`2Kb Q7 r;2 H2p2Hb- r = {ws}1s=0- rBi?
ws ∈ R+- T2`Fb q ∈ [0, q¯]- M/ 2zQ`i +?QB+2b- n ∈ [0, n¯] - i?i `2 /2b+`B#2/ #v
M 2tT2+i2/ miBHBiv 7mM+iBQM ;Bp2M #v
U ⟨p⟩(r, q;n) =
1∑
s=0
ps(n) u(ws)− g(n, q)
r?2`2 u : R+ → R Bb  7mM+iBQM bi`B+iHv BM+`2bBM;- bi`B+iHv +QM+p2 M/ irB+2@
+QMiBMmQmbHv /Bz2`2MiB#H2 BM Bib `;mK2Mi- BX2X uc > 0 > ucc- 7Q` HH ws BM
R+c M/ g : [0, n¯] × [0, q¯] → R+ Bb  +QMiBMmQmb 7mM+iBQM- irB+2@+QMiBMmQmbHv
/Bz2`2MiB#H2- BM+`2bBM; M/ +QMp2t BM n M/ /2+`2bBM; M/ +QMp2t BM q- BX2X
gn > 0 < gnn M/ gq < 0 < gqq- 7Q` HH 72bB#H2 n M/ qX JQ`2Qp2`- r2 bbmK2
i?i-
BV u #2HQM;b iQ i?2 +Hbb Q7 LA_ UMQM@BM+`2bBM; #bQHmi2 `BbF p2`bBQMV miBHBiv
7mM+iBQMb U2Bi?2` *__ Q` *_VcR
BBV g Bb KmHiBTHB+iBp2Hv b2T`#H2 BM n M/ q- BX2X g(n, q) ≡ g˜(n)h(q)X
jXkXR h?2 ;2MiǶb KtBKBxiBQM T`Q#H2K
h?2 ;2Mi /2+B/2b 2zQ`i n bQ b iQ KtBKBx2 ?2` 2tT2+i2/ miBHBiv- mM/2` ⟨pθ⟩
M/ ;Bp2M i?2 T`BM+BTHǶb +QKT2MbiBQM b+?2K2 ⟨{w}, q⟩X h?2 KtBKBxiBQM
T`Q#H2K-
Kt
n∈N¯
U ⟨p⟩(r, q;n)
r?Qb2 7Q+ rBi? `2bT2+i iQ n- MK2Hv
p′(u(w1)− u(w0))− gn(n, q) ≥ 0- B7 >- i?2M n = n¯ UA*V
`2T`2b2Mib i?2 ;2MiǶb BM+2MiBp2 +QKTiB#BHBiv +QMbi`BMi i?i rBHH #2 iF2M BMiQ
++QmMi #v i?2 T`BM+BTH r?2M /2bB;MBM; i?2 +QKT2MbiBQM T+F;2- BKTHB2b i?2
7QHHQrBM; QTiBKH `2bTQMb2 7mM+iBQMb UrBi? s ≡ w0 M/ b ≡ w1 - M/ 7Q` HH
n ∈ [0, n¯]V-
∂n
∂s
= − p
′uc(s)
g˜(n)h(q)
∂n
∂b
=
p′uc(b)
g˜(n)h(q)
∂n
∂q
=
g˜n|hq|
g˜nnh(q)
Rh?2 KQbi bi`B;?i7Q`r`/ BKTHB+iBQMb Q7 BM+`2bBM; Q` /2+`2bBM; #bQHmi2 `BbF p2`bBQM-
Bb i?i- B7 i?2 ;2Mi /B/ 2tT2`B2M+2 M BM+`2b2 BM r2Hi?- b?2 rQmH/ +?QQb2 iQ /2+`2b2 UQ`
F22T mM+?M;2/- Q` BM+`2b2V i?2 MmK#2` Q7 /QHH`b bT2Mi BM i?2 `BbF@H2bb bb2i U?2`2- i?2 T2`F
;QQ/V B7 #bQHmi2 `BbF p2`bBQM Bb /2+`2bBM; UQ` +QMbiMi- Q` BM+`2bBM;VX
de
bbmKTiBQMUL- .BbmiBHBiv Q7 2zQ`iV, q2 /QTi i?2 7QHHQrBM; bT2+B}+iBQM
7Q`K 7Q` i?2 ;2MiǶb /BbmiBHBiv Q7 2zQ`i-
Ç g˜(n) = δn
1+σ
1 + σ
- rBi? δ > 0 M/ σ ≥ 1c
Ç h(q) = 1
(1 + aq)γ
- rBi? {γ, a}≫ 0X
"2+mb2 Q7 bbmKTiBQMULV- r2 ?p2 i?i i?2 ;2MiǶb `2bTQMbBp2M2bb iQ i?2 T`BM@
+BTHǶb BMbi`mK2Mib `2 ;Bp2M #v
∂n
∂s
= −αuc(s)(1 + aq)
γ
δσnσ−1
∂n
∂b
=
αuc(b)(1 + aq)γ
δσnσ−1
∂n
∂q
=
γan
σ(1 + aq)
++Q`/BM;Hv- n BM+`2b2b 2Bi?2` BM b M/ q- M/ /2+`2b2b BM sX q2 HbQ MQi2- b
Bi rBHH im`M mb27mH Hi2` QM- i?i- b HQM; b σ = 1-
∂2n
∂w2
=
p′succ(ws)(1 + aq)γ
δ
∂2n
∂ws∂q
=
p′suc(ws)
δ
γa
(1 + aq)1−γ
BKTHv i?i- 7Q` ;Bp2M ws M/ q- i?2 `2bTQMbBp2M2bb Q7 i?2 K`;BMH H#Q` bmTTHv
∂n
∂ws
iQ BM}MBi2bBKH +?M;2b BM 2Bi?2` ws M/ q Bb BM/2T2M/2Mi Q7 i?2 2zQ`i H2p2H
i?i ?b iQ #2 BKTH2K2Mi2/X h?i Bb- #2+mb2 Q7 i?2 +QMbmKTiBQM@H2Bbm`2 b2T@
`#BHBiv M/ HBM2`Biv BM i?2 T`Q##BHBiv K2bm`2- b HQM; b i?2 6`Bb+? 2HbiB+Biv
Q7 H#Q` bmTTHv @ MK2Hv- 1
σ
@ Bb 2[mH iQ QM2- +?M;2b BM i?2 BMbi`mK2Mib z2+i
i?2 H#Q` bmTTHv QMHv /B`2+iHv Ui?2v /Q MQi i`B;;2`  722/#+F T`Q+2bbVX
jXj h?2 6B`bi "2bi
h?2 +?`+i2`BxiBQM Q7 i?2@}`bi #2bi bQHmiBQM- 7` 7`QK ?pBM; Mv TQHB+v BKTHB@
+iBQMb- b2`p2b b  `272`2M+2 TQBMi 7Q` i?2 MHvbBb r2 +QM/m+i BM i?2 7QHHQrBM;
b2+iBQM- r?BH2 /2HBM; rBi? i?2 bvKK2i`B+ Mim`2 Q7 Qm` BM7Q`KiBQM bi`m+im`2X
Ai BKb i b?/BM; HB;?i QM i?2 /vMKB+b i?i Kv H2/ iQ  TQbBiBp2 T`QpBbBQM
Q7 T2`Fb 2p2M rBi? T2`72+i BM7Q`KiBQM- M/ HHQrb mb iQ `mH2 Qmi i?Qb2 b+2M`BQb
r?2`2BM i?2 T2`[mBbBi2 ;QQ/ b2`p2b b  +QMbmKTiBQM ;QQ/- r?B+? Bb MQi i?2
b+QT2 Q7 i?Bb `2b2`+?X
>2`2 #2HQr Bb  #`B27 `2pB2r Q7 Qm` `2bmHib- bQ i?i i?2 `2/2` +M 2bBHv bFBT i?2
MHvbBb Q7 i?2 }`bi@#2bi M/ ;Q /B`2+iHv iQ a2+iBQM jX9X
b Qm` MHvbBb bm;;2bib- b 7` b i?2 ;2MiǶb 2zQ`i Bb 2Bi?2` Q#b2`p#H2 M/
+QMi`+i#H2- M/ it2b QM r;2b `2 TvK2Mi@+QMiBM;2Mi U`i?2` i?M bii2@
+QMiBM;2MiV- i?2 T`BM+BTH 7mHHv BMbm`2b i?2 rQ`F2` ;BMbi i?2 bvbi2KB+ `BbF- #v
dd
Qz2`BM; ?2`  +QMi`+i +QMbBbiBM; Q7  }t2/ r;2 M/- 2p2MimHHv- QM  +2`iBM
KQmMi Q7 i?2 T2`F ;QQ/X >Qr2p2`- i?2 T`QpBbBQM Q7 T2`Fb TT2`b iQ #2 +`m+BHHv
`2Hi2/ iQ i?2 +QKT2iBiBp2 bi`m+im`2 M/ `2;mHiBQM Q7 i?2 H#Q` K`F2i- i?i-
BM Qm` KQ/2H rBi? Dmbi QM2 ;2Mi M/ QM2 T`BM+BTH- r2 KQ/2H BM i?2 7Q`K Q7
irQ 7B`Hv bbmKTiBQMb QM M ;2MiǶb `2b2`piBQM miBHBiv M/ i?2 KBMBKH r;2
`2[mB`2K2MiX
Ai im`Mb Qmi- i?mb- i?i i?2 ?B;?2bi H2p2H Q7 2zQ`i Kv +imHHv #2 BKTH2K2Mi2/
2p2M i q = 0- B7 i?2 `2bi`B+iBQM QM r;2b ;m`Mi22b i?i i?2 rQ`F2`Ƕb T`iB+BT@
iBQM +QMbi`BMi Bb biBb}2/ rBi? BM2[mHBivX PM i?2 Qi?2` ?M/- ?Qr2p2`- i?Qm;?
i?2 T`BM+BTHǶb 2t+2bb Q7 #`;BMBM; TQr2` Tmb?2b i?2 ;2MiǶb miBHBiv 7`QK +QM@
i`+iBM; /QrMr`/ iQ Bib `2b2`piBQM pHm2- i?2 +Qbi Q7 T2`Fb Kv #2 bm{+B2MiHv
?B;?2` iQ KF2 i?2 T2`F ;QQ/ rQ`i?H2bb 2p2M i i?2 ?B;?2bi 2zQ`i H2p2HX "2ir22M
i?2b2 irQ TQH` +b2b- 7Q` bm{+B2MiHv bKHH pHm2b Q7 i?2 KBMBKH r;2- bm+? i?i
i?2 2[mBHB#`BmK 2zQ`i BM  T2`F@H2bb 2+QMQKv Bb BMi2`BQ`- i?2 +QM/BiBQM 7Q`  TQb@
BiBp2 T`QpBbBQM Q7 T2`Fb Kv #2 KQ`2 Q` H2bb /2KM/BM;- /2T2M/BM; QM i?2 pHm2
Q7 i?2 KBMBKH r;2X :Bp2M i?2 +mbHBiv #2ir22M KBMBKH r;2 M/ 2zQ`i- r2
+QM+Hm/2 i?i- rBi? T2`72+i BM7Q`KiBQM- i?2`2 Kv #2  b+QT2 7Q` T2`Fb b 
+QMbmKTiBQM ;QQ/- bm#biBimi2 iQ H2Bbm`2- r?2M i?2 H#Q` K`F2i bi`m+im`2 F22Tb
i?2 }t2/ r;2 2t+2bbBp2Hv HQr- 2p2M #2HQr i?2 7`QMiB2` Q7 T`Q/m+iBQM TQbbB#BHBiB2b
Q7 i?2 }`KX q?2M Bi Bb i?2 +b2- i?2 T`BM+BTH `2HHQ+i2b `2bQm`+2b iQ i?2 ;2Mi
#v #HM+BM; #QMmb2b M/ T2`Fb ++Q`/BM; iQ i?2B` `2HiBp2 +QbiX
jXjXR h?2 MHvbBb
lM/2` T2`72+i BM7Q`KiBQM- i?2 T`BM+BTHǶb T`Q#H2K +QMbBbib BM KtBKBxBM; 2t@
T2+i2/ T`Q}ib- M2i Q7 r;2b U;`Qbb Q7 H#Q` BM+QK2 it2bV M/ Q7 2tT2M/Bim`2
QM q- bm#D2+i iQ, BV i?2 ;2MiǶb U2t@Mi2V T`iB+BTiBQM +QMbi`BMi UA_Vc BBV i?2
KBMBKmK@r;2 `2[mB`2K2Mi- ws ≥ sˆ- 7Q` s = {0, 1}- M/ BBBV i?2 MQM@M2;iBp2
+QMbi`BMi QM T2`FbX JtBKBxiBQM Bb iF2M Qp2` {ws}- q M/ nX
USjV Kt
{ws},q,n∈N¯
Es(ys − ws − T (ws))− kq
bm#D2+i iQ, Es(u(ws))− g(n, q) ≥ uˆ UA_V
∀s- ws ≥ sˆ UGGV
q ≥ 0
d3
h?2 G;`M;BM iQ i?Bb T`Q#H2K +M #2 r`Bii2M b 7QHHQrb
L = Kt
n,s,b,q
p0(n)(y0 − s− T (s)) + p1(n)(y1 − b− T (b))− kq+
λ
[
E(u(ws))− g(n, q)− uˆ
]
+
∑
s χs(ws − sˆ) + χqq + χn(n¯− n)
r?2`2 λ ≥ 0 Bb i?2 G;`M;2 KmHiBTHB2` ii+?2/ iQ i?2 ;2MiǶb T`iB+BTiBQM
+QMbi`BMic {χs} Bb i?2 b2i Q7 G;`M;2 KmHiBTHB2`b- HH MQM@M2;iBp2- bm+? i?i
χs(ws − sˆ) = 0c r?BH2 i?2 MQM@M2;iBp2 KmHiBTHB2` χq `272`b iQ i?2 +QMbi`BMi
q ≥ 0X 6BMHHv- χn ≥ 0 Bb i?2 G;`M;2 KmHiBTHB2` +Q``2bTQM/BM; iQ i?2 72bB#BHBiv
+QMbi`BMi- n ∈ N¯ X
 bQHmiBQM iQ T`Q#H2K USjV Kmbi biBb7v i?2 7QHHQrBM; }`bi@Q`/2` M2+2bb`v +QM@
/BiBQMb,
Ln : p′∆+ λ
[
p′
(
u(b)− u(s)
)
− gn(n, q)
]
− χn = 0- B7 χn > 0- i?2M
n = n¯
rBi? ∆ ≡ y1 − y0 − b+ s− T (b) + T (s)
Lb : −p1(n)(1 + T ′(b)) + λp1(n)uc(b) + χb = 0
Ls : −p0(n)(1 + T ′(s)) + λp0(n)uc(s) + χs = 0
Lq : −k − λgq(n, q) + χq = 0
M/ i?2 ;2MiǶb T`iB+BTiBQM +QMbi`BMi #2HQr-
E(u(ws))− g(n, q)− uˆ ≥ 0- B7 >- i?2M λ = 0
hrQ /Bz2`2Mi b+2M`BQb `Bb2- /2T2M/BM; QM i?2 #BM/BM;M2bb Q7 i?2 T`iB+BTiBQM
+QMbi`BMiX 1+? Q7 i?2K +Q``2bTQM/b iQ  T`iB+mH` bi`m+im`2 Q7 i?2 H#Q` K`@
F2i b `2;`/ iQ i?2 ;2MiǶb #`;BMBM; TQr2` M/ BKTHB2b  /Bz2`2Mi HHQ+iBQM
Q7 T2`FbX
RX A7 λ = 0- K2MBM; i?i i?2 ;2MiǶb T`iB+BTiBQM +QMbi`BMi /Q2b MQi #BM/-
i?2 G;`M;BM KmHiBTHB2`b χb,χs,χq `2 HH bi`B+iHv TQbBiBp2X h?mb- i M
QTiBKmK- 2Bi?2` s = b = sˆ M/ q = 0X JQ`2Qp2`- bBM+2 Ln = p′(y1 − y0) >
0- r2 ?p2 i?i- 7Q` HH sˆ bm+? i?i UA_V ?QH/b rBi? bi`B+iHv BM2[mHBiv-
n = n¯ Bb BKTH2K2Mi2/ i q = 0X h?2 T`BM+BTHǶb 2tT2+i2/ T`Q}ib `2 ;Bp2M
#v Π = y0 + p¯1(y1 − y0)− sˆ− T (sˆ)- r?2`2 p¯1 ≡ p1(n¯)- r?BH2 i?2 U+2`iBMV
;2MiǶb miBHBiv biBb}2b- u(sˆ)− g(n¯, 0) > uˆX
h?Bb b+2M`BQ- T`2iiv bBKTH2- bbmK2b i?i i?2 ;2Mi Bb #H2 iQ 2`M  `2Mi
2p2M rBi? T2`72+i BM7Q`KiBQM- M/ i?i i?2 }`bi #2bi TQr2` Q7 KQM2i`v
dN
BM+2MiBp2 Bb θ@BM/2T2M/2MiX LQM2i?2H2bb- Bi HHQrb iQ 2t+Hm/2  TQbBiBp2
T`QpBbBQM Q7 T2`Fb- BM/2T2M/2MiHv 7`QK i?2 T`K2i2` pHm2b HBMF2/ iQ i?2
T2`F i2+?MQHQ;vX
h?Qm;? TT2HBM; 7Q` Bib i`+i#BHBiv- i?Bb b+2M`BQ HQQFb [mBi2 i Q//b
rBi? i?2 `2HBiv BM i?2 H#Q` K`F2iX aBM+2 i?2 b+QT2 Q7 i?Bb rQ`F Bb i?2
QM2 Q7 T`QpB/BM; TQHB+v `2+QKK2M/iBQMb QM i?2 T`QpBbBQM M/ QM i?2
it@i`2iK2Mi Q7 T2`Fb- r?B+? b?QmH/ TQi2MiBHHv ?QH/ 7Q` Mv ?B2``+?B+H
Hv2` M/ Mv b2+iQ`- r2 KBMHv 7Q+mb QM i?2 QTTQbBi2 b+2M`BQ Q7  T`BM@
+BTH i?i- rBi? T2`72+i BM7Q`KiBQM- Bb #H2 iQ b2Bx2 HH Q7 i?2 ;BMb 7`QK
+QMi`+iBM; rBi? i?2 ;2Mi- BX2X QM i?2 +b2 λ > 0X
kX bbmK2 UA_V Bb #BM/BM;- i?2M λ > 0 M/ p1(n)u(b) + p0(n)u(s) = uˆ +
g(n, q)X PTiBKHBiv +QM/BiBQMb rBi? `2bT2+i iQ b M/ s vB2H/- `2bT2+iBp2Hv-
iQ, λuc(b) + χ˜b = (1 + T ′(b)) M/ λuc(s) + χ˜s = (1 + T ′(s))- r?2`2
χ˜s =
χs
ps
7Q` HH ps > 0X h?2M- λ = 1 + T
′(ws)− χ˜s
uc(ws)
BKTHB2b i?i QTiBKH
b M/ QTiBKH s `2 HHQ+i2/ b iQ biBb7v uc(b)
uc(s)
=
1 + T ′(b)− χ˜b
1 + T ′(s)− χ˜s X
Ç 6Q` HH TvK2Mi@+QMiBM;2Mi it2b bm+? i?i T ′′(·) ≥ 0- 2Bi?2` BV b =
s = sˆc Q` BBV b = s > sˆX k
Ç 6Q` HH bii2@+QMiBM;2Mi it2b bm+? i?i T ′b(·) > T ′s(·)- r2 ;2i i?2 +QmM@
i2`7+imH `2bmHi i?i 2Bi?2`, RV B7 #Qi? HBKBi2/ HB#BHBiv +QMbi`BMib /Q
MQi #BM/ UQ` i?2`2 `2 MQ bm+? +QMbi`BMib i HHV- i?2M s > b > sˆ- M/
QTiBKH TvK2Mib b M/ s `2 bm+? i?i 1 + T
′
b(b)
uc(b)
=
1 + T ′s(s)
uc(s)
c Q` kV
B7 QMHv UGGbV #BM/b- M/ b = sˆ- i?2M- 2Bi?2` s > b = sˆ- Q` s = b = sˆ X
"v i?2 T`2+2/BM; MHvbBb- r2 +QM+Hm/2- i?2`27Q`2- i?i 2Bi?2` b = s ≥ sˆ- Q`
s > b ≥ sˆX LQM2i?2H2bb- r2 +M `mH2 Qmi HH i?2 2[mBHB#`B 7Q` r?B+? s > b ≥ sˆ-
#v bbmKBM; i?i i?2 BM+QK2 itiBQM Bb +imHHv TvK2Mi@+QMiBM;2MiX lM/2`
i?Bb `2bQM#H2 bbmKTiBQM- i?2 T`BM+BTH Hrvb }M/b QTiBKH- rBi? T2`72+i
BM7Q`KiBQM- iQ 2[mHBx2 r;2b UM/ i?mb it2bV +`Qbb bii2bX i M QTiBKH
bQHmiBQM- i?2`27Q`2- Bi Kmbi #2 i?i 2Bi?2` b = s = sˆ- Q` b = s > sˆX h?2 7QHHQrBM;
MHvbBb BKb i /Bb+mbbBM; ?Qr i?2 p`vBM; Q7 sˆ - BX2X Q7 i?2 KBMBKmK r;2
`2[mB`2K2Mi- +imHHv p`B2b i?2 b+QT2 7Q` T2`Fb BM i?2 H#Q` K`F2i r?2M 2zQ`i
Bb Q#b2`p#H2 M/ i?mb +QMi`+i#H2X
kAM #Qi? +b2b- χb = χsX >Qr2p2`- χs > 0 BM bm#+b2 BV- M/ χs = 0 BM bm#+b2 BBVX Ai Bb
rQ`i?v iQ MQi2 i?i B7 s = sˆ- M/ χs > 0- i?2M- M2Bi?2` b > s = sˆ- #2+mb2 Q7 i?2 /2+`2bBM;
K`;BMH +QMbmKTiBQM miBHBiv- MQ` b < s = sˆ- #2+mb2 Q7 i?2 KBMBKmK r;2 `2[mB`2K2MiX
3y
:Bp2M i?2 T`BM+BTHǶb QTiBKH r;2 b+?2K2- i?2 #BM/BM; Q7 UA_V BKTHB2b u(b) =
uˆ + g(n, q)X h?mb- #v bbmKTiBQMULV- r2 +M /2`Bp2 irQ 7B`Hv BKTQ`iMi +QM@
/BiBQMb,
BV gn(n, q) = (1 + σ)
n
g(n, q) =
1 + σ
n
[
u(b)− uˆ
]
X h?i Bb- mM/2` T2`72+i BM7Q`K@
iBQM- i?2 ;2MiǶb +QMbmKTiBQM miBHBiv ;BM 7`QK +QMi`+iBM;- MK2Hv u(b)− uˆ- Bb
 7`+iBQM 1
1 + σ
Q7 i?2 K`;BMH +Qbi Q7 2zQ`i iBK2b i?2 2zQ`i Bib2H7c M/
BBV n0 = KBM
{
n¯,
[
1 + σ
δ
(
u(b0) − uˆ
)] 11+σ}
X h?i Bb- b HQM; b q = 0- i?2 }`bi
#2bi H2p2H Q7 2zQ`i i Mv BMi2`BQ` TQBMi- Bb  +QM+p2 7mM+iBQM Q7 i?2 ;2MiǶb
+QMbmKTiBQM miBHBiv ;BMX
q2 HbQ MQiB+2 i?i- r?i2p2` n0 Kv #2 @ r?2i?2` Bi Bb i i?2 #QmM/`v Q7 i?2
72bB#H2 b2i Q` MQi @- q Bb M2p2` T`i Q7  i?2 }`bi #2bi bQHmiBQM B7 i?2 7QHHQrBM;
?QH/b
k
γa
>
p′(y1 − y0)n0
1 + σ
h?2 miBHBiv Q7 i?2 #Qp2 +QM/BiBQM BM Qm` KQ/2H Bb bi`B;?i7Q`r`/X hQ Bi r2
ii+? i?2 b+QT2 Q7 T`QpB/BM; T2`Fb BM M 2+QMQKv r?2`2 ;2M+v T`Q#H2Kb /Q
MQi `Bb2- #mi v2i i?2 T2`F ;QQ/ +M b2`p2 b  Tm`2 +QMbmKTiBQM ;QQ/- bm#biBimi2
iQ H2Bbm`2X hrQ b+2M`BQb Kv i?2M `Bb2- /2T2M/BM; QM r?2i?2` T2`Fb `2 TB/
Q` MQi i M QTiBKmKX q2 /Bb+mbb #Qi?- i?Qm;? r2 rBHH 7Q+mb KBMHv QM i?2
+b2 Q7  MQM@TQbBiBp2 T`QpBbBQM Q7 T2`FbX
Ç G2i bbmK2 b = s = sˆ- M/ sˆ = {s˜ : u(s˜) = uˆ + g(n¯, 0)}- i?2M n0 = n¯X
h?2 #BM/BM; Q7 UA_V `2[mB`2b i?i T2`Fb `2 M2p2` TB/ i M QTiBKmK
UM/ n = n¯V- bQ i?i HH i?2 T`K2i2`b Kmbi biBb7v i?2 +QM/BiBQM 7Q`
 MQM@TQbBiBp2 T`QpBbBQM Q7 T2`Fb- MK2Hv k
γa
>
p′(y1 − y0)n¯
1 + σ
X b HQM;
b i?Bb +QM/BiBQM Bb biBb}2/- {b⋆, n⋆, q⋆} = {sˆ, n¯, 0} Bb M 2[mBHB#`BmK i
r?B+? UA_V Bb biBb}2/ rBi? 2[mHBivX
Ç 6Q` `#Bi``BHv bKHH sˆ = {s˜ : u(s˜) > uˆ}- Bi Kv #2 i?i n0 < n¯- M/ i?2
+QM/BiBQM 7Q`  TQbBiBp2@T`QpBbBQM Q7 T2`Fb Kv #2 KQ`2 Q` H2bb /2KM/BM;
/2T2M/BM; QM n0Ƕb pHm2X >Qr2p2`- r2 MQiB+2 i?i B7 i?2 +QM/BiBQM 7Q` 
MQM@TQbBiBp2 T`QpBbBQM Q7 T2`Fb Bb biBb}2/ 7Q` n¯- Bi Bb HbQ biBb}2/ 7Q` HH
n0 < n¯X
6Q` HH b = s > sˆ- bm+? i?i λ = 1 + T
′(b)
uc(b)
- i?2 QTiBKH n0 Bb 7QmM/ #v
bQHpBM; rBi? `2bT2+i iQ n˜
3R
p′(y1 − y0)
1 + T ′(s)
− gn(n˜)
uc(b0)
≥ 0- B7 >- i?2M n0 = n¯-
rBi? b0 = u−1
[
g(n˜) + uˆ
]
#v UA_V- u−1 /2MQiBM; iQ i?2 BMp2`b2 Q7 i?2 ;2MiǶb
+QMbmKTiBQM miBHBivjX
A7 Bi Bb QTiBKH iQ b2i q = 0- i?2M- #v bm#biBimiBM; n0 = n˜ M/ q = 0 BMiQ UA_V-
r2 Q#iBM i?2 2[mBHB#`BmK r;2- b⋆ > sˆX A7 Bi Bb MQi- i?2 QTiBKH HHQ+iBQM
{b⋆, q⋆, n⋆} bQHp2b Lq,Ln M/ UA_V- rBi? λ = 1 + T
′(b)
uc(b)
X h?2 KBM H2bbQM r2 +M
/2`Bp2 7`QK i?Bb `2bmHi Bb i?i- 7Q` bm{+B2MiHv HQr KBMBKH r;2 sˆ- B7 i?2`2 Bb 
b+QT2 7Q` TvBM; r;2b #Qp2 i?i pHm2- Bi i?2`2 Kv HbQ #2  b+QT2 7Q` TvBM;
T2`Fb b M Hi2`MiBp2 +QMbmKTiBQM ;QQ/- bm#biBimi2 iQ H2Bbm`2X q?2M Bi Bb i?2
+b2- i?2 T`BM+BTH QTiBKHHv T`QpB/2b T2`Fb /2T2M/BM; QM i?2B` K`;BMH +Qbi
M/ #2M2}iX
jX9 h?2 b2+QM/@bi;2 Q7 i?2 ai+F2H#2`; ;K2,
i?2 }`KǶb T`Q#H2K rBi? KQ`H ?x`/
h?Bb b2+iBQM T`QpB/2b  7mHHv +?`+i2`BxiBQM Q7 i?2 T`BM+BTHǶb T`Q#H2K Q7 /2@
bB;MBM; i?2 QTiBKH +QKT2MbiBQM b+?2K2 ⟨{s, b}, q⟩ r?2M i?2 ;2MiǶb 2zQ`i Bb
M2Bi?2` +QMi`+i#H2- MQ` Q#b2`p#H2X Ai +QMbiBimi2b i?2 b2+QM/ bi;2 Q7 i?2
bi`i2;B+ ;K2 #2ir22M i?2 }b+H TQHB+v M/ i?2 TB` Q7 rQ`F2` M/ }`K- i?`Qm;?
r?B+? r2 +?`+i2`Bx2 i?2 2[mBHB#`BmK K`;BMH it QM BM+QK2X 6`QK a2+iBQMb
jX9 iQ jXRR- i?2`27Q`2- r2 rBHH 7Q+mb QM i?2 Qmi+QK2b Q7 i?2 H#Q` K`F2i- r?2M
;2Mib iF2 i?2 }b+H TQHB+v b ;Bp2MX
jq?2M u(c) Bb *__- bbmKTiBQMULV BKTHB2b gn(n˜)
uc(b0)
= δn˜σ
[
−
( η − 1
1 + σ
)(
δn˜1+σ + uˆ(1 +
σ)
)] η
1−η X
h?2`27Q`2- 7Q` Q ≡ 1 + T
′(b)
p′(y1 − y0)
( η − 1
1 + σ
) η
η−1
- n0 bQHp2b i?2 7QHHQrBM; 2tT`2bbBQM,
Ln :
[
−
(
δn˜1+σ + uˆ(1 + σ)
)] η
η−1
δn˜σ
≤ Q- B7 <- i?2M n0 = n¯
6Q` σ = 1- η = 2 M/ uˆ < 0- r2 ;2i Q = 4(1 + T
′(b))
p′(y1 − y0) M/- i?2`27Q`2-
Ln : δn
4
4
≤ n2|uˆ|+ Q
4
n− uˆ
2
δ
- B7 <- i?2M n0 = n¯
3k
"2+mb2 Q7 i?2 BMbB;?ib ;BM2/ 7`QK i?2 }`bi #2bi bQHmiBQM- r2 b?`BMF i?2 b2i Q7
i?2 +QMbi`BMib BM i?2 T`BM+BTHǶb KtBKBxiBQM T`Q#H2K- M/ Q7 i?2 irQ bbmKT@
iBQMb QM i?2 ;2MiǶb `2b2`piBQM miBHBiv M/ QM i?2 KBMBKH r;2 `2[mB`2K2Mi-
r2 KBMiBM QMHv i?2 Hii2`X b TQBMi2/ Qmi BM a2+iBQM jX3- M /Ti2/ p2`bBQM
Q7 i?2 Hbi `2[mB`2K2Mi- r?2M +QK#BM2/ rBi? i?2 BM7Q`KiBQM bvKK2i`v- Bb
2MQm;? iQ ;m`Mi22 i?i BM Qm` `2T`2b2MiiBp2 2+QMQKv rBi? Dmbi QM2 ;2Mi
M/ QM2 T`BM+BTH- i?2 T`iB+BTiBQM +QMbi`BMi Q7 i?2 7Q`K2` /Q2b MQi +imHHv
#BM/ UBX2X i?2 rQ`F2` 2`Mb  `2MiVX 6m`i?2`KQ`2- i?2 HBKBi2/ HB#BHBiv +QMbi`BMi
HHQrb mb iQ 7Q+mb QM i?2 `QH2 THv2/ #v i?2 KBMBKH r;2 `2[mB`2K2Mi Ub 2K@
#Q/vBM; Mv ;Bp2M bi`m+im`2 M/fQ` `2;mHiBQM Q7 i?2 H#Q` K`F2iV QM i?2 b+QT2
7Q` T`QpB/BM; T2`Fb mM/2` bvKK2i`B+ BM7Q`KiBQM- r?B+?- BM im`M- ;m`Mi22b
KQ`2 ~2tB#BHBiv r?BH2 T`K2i`BxBM; i?2 KQ/2HX
b r2 b?HH b22- i?2 bQHmiBQM iQ i?2 T`BM+BTHǶb KtBKBxiBQM T`Q#H2K Bb BM/2t2/
#v i?2 i2+?MQHQ;B+H T`K2i2` θX i i?Bb bi;2 Q7 Qm` rQ`F- /Bz2`2M+2b BM θ
Kmbi #2 mM/2`biQQ/ b /Bz2`2M+2b BM i?2 biQ+?biB+ /QKBMM+2 Q7 i?2 T`Q##BHBiv
/Bbi`B#miBQM ⟨pθ⟩- BX2X b /Bz2`2M+2b BM i2+?MQHQ;vX aBM+2 BM  `2T`2b2MiiBp2
;2MiǶb 7`K2rQ`F i?2`2 Bb MQ K2MBM; Q7 iHFBM; #Qmi ?2i2`Q;2M2Biv BM rQ`F2`bǶ
T`Q/m+iBpBiv Q` rQ`F2`bǶ ivT2- #v K2Mb Q7 θ r2 BK i ++QmMiBM; 7Q` BMi`BMbB+
/Bz2`2M+2b BM i?2 T`Q/m+iBQM T`Q+2bb- r?B+? r2 #2HB2p2 `2 iB;?iHv HBMF2/ iQ i?2
b+QT2 Q7 T`QpB/BM; T2`FbX
b /Bb+mbb2/ BM a2+iBQM jX8- M/ i?2M BM TT2M/Bt jX- θ Bb `2bTQMbB#H2 7Q` i?2
+QKTH2K2Mi`Bivfbm#biBimi#BHBiv Q7 r;2b M/ T2`Fb BM i?2 QTiBKH +QKT2Mb@
iBQM b+?2K2X .m2 iQ i?2 HBM2`Biv Q7 i?2 T`Q##BHBiv K2bm`2- i?2 b2+QM/@Q`/2`
2z2+ib Q7 BM+`2bBM; U/2+`2bBM;V i?2 QTiBKH TB2+2@`i2 i Mv 2[mBHB#`BmK HHQ@
+iBQM 7Q` r?B+? i?2 T`QpBbBQM Q7 T2`Fb Bb TQbBiBp2 /2T2M/ QM i?2 7+i i?i i?2
2HbiB+Biv rBi? `2bT2+i iQ 2zQ`i Q7 i?2 T`Q##BHBiv p1(n) Ur?B+? Bb  /2+`2bBM;
7mM+iBQM Q7 θ) Bb 2Bi?2` +QMbiMi Q` BM+`2bBM; U/2+`2bBM;V BM 2zQ`iX h?Bb b?`T
`2bmHi- r?B+? HbQ z2+ib i?2 2t@TQbi 2{+B2M+v Q7 T2`Fb- +QMi`B#mi2b iQ i?2 2t@
BbiBM; HBi2`im`2 #v T`QpB/BM;  KQ`2 ;2M2`H 2tTHMiBQM Q7 i?2 b+QT2 7Q` T2`Fb-
#b2/ MQi UQ` MQi QMHvV QM i?2 rv i?2v 2Mi2` i?2 ;2MiǶb miBHBiv 7mM+iBQM- #mi
QM i?2 `2HiBp2 `2bTQMbBp2M2bb iQ 2zQ`i Q7 i?2 T`Q##BHBiv /Bbi`B#miBQM M/ i?2
K`;BMH /BbmiBHBivX
JQ`2Qp2`- b HQM; b T2`Fb ?p2 MQ T`Q/m+iBp2 ii`B#mi2b- M/ i?2 ;2MiǶb miBHBiv
Bb bmT2` KQ/mH` BM 2zQ`i M/ T2`Fb- i?2 QTiBKH TB2+2@`i2- r?B+? BM+`2b2b BM
i?2 HBF2HB?QQ/ `iBQ- ++Q`/BM; iQ i?2 BM72`2M+2 T`BM+BTH2- M/ BM i?2 +QMp2tBiv
Q7 2zQ`i /BbmiBHBiv- #2+mb2 Q7 i?2 BM+2MiBp2 KQiBp2- Bb QMHv M BM/B`2+i 7mM+iBQM
Q7 q- i?`Qm;? i?2 T2`FbǶ 2z2+i QM 2zQ`iX h?Bb HHQrb mb iQ bim/v i?2 TQbBiBp2 Q`
3j
M2;iBp2 +Q``2HiBQM #2ir22M +?M;2b BM i?2 QTiBKH 2zQ`i M/ QTiBKH BM+2MiBp2@
`i2 b- b BM/m+2/ #v p`BiBQMb BM i?Qb2 T`K2i2`b i?i +QMi`QH 7Q` 2Bi?2` i?2
i2+?MQHQ;v Q7 T2`Fb M/ i?2 biQ+?biB+ /Bbi`B#miBQM UBM T`iB+mH` BM y1VX
a2+iBQM jXe bii2b- MQi p2`v bm`T`BbBM;Hv- i?i i Mv BMi2`BQ` bQHmiBQM 7Q` T2`Fb-
i?2 T`BM+BTHǶb 2tT2+i2/ ;BM 7`QK bpBM; QM T2`Fb M/ TvBM; i?2 ;2Mi #v
+b? 7i2` bii2@R Bb `2HBx2/ Kmbi #2 x2`QX h?i Bb- bBM+2 i?2 T`BM+BTH Bb `BbF@
M2mi`H- bm#biBimiBM; M mM+2`iBM TvK2Mi b #v  +2`iBM TvK2Mi Q7 q Kmbi
+QK2 i MQ +Qbi 7Q` i?2 }`KX LQM2i?2H2bb- a2+iBQM jXd TQBMib Qmi b i?2 ;2MiǶb
K`;BMH `i2 Q7 bm#biBimiBQM #2ir22M b M/ q Kv /Bz2` 7`QK i?2 `2HiBp2 T`B+2
Q7 r;2b M/ T2`Fb- bQ H2/BM; iQ M U2t@TQbiV BM2{+B2M+v BM i?2 T`QpBbBQM Q7
T2`Fb- r?B+? ?QH/b 7`QK i?2 ;2MiǶb TQBMi Q7 pB2rX JQ`2Qp2`- /2T2M/BM; QM i?2
biQ+?biB+ /QKBMM+2 T`QT2`iB2b Q7 i?2 T`Q##BHBiv /Bbi`B#miBQM- i?2 BM2{+B2M+v
i?2 T`BM+BTH BKTQb2b QM i?2 ;2Mi KB;?i #2+QK2 H`;2` b BM+QK2 BM+`2b2bX q2
`;m2- ?Qr2p2`- i?i 2p2M M Qp2`@T`QpBbBQM Q7 T2`Fb Kv KF2 i?2 ;2Mi #2ii2`
Qz- +QKT`2/ iQ  bvbi2K rBi?Qmi T2`Fb- B7 i?2 2t+2bb Q7 T2`Fb i`B;;2`b  bm{@
+B2MiHv ?B;? 2t+2bb Q7 2zQ`i Ua2+iBQM jX3V- Q` B7 Bi `2bmHib BM  `2bQm`+2@BKT`QpBM;
i2+?MQHQ;v- i?i HHQrb 7Q` M 2t@TQbi +QKT2MbiBQM Q7 i?2 ;2MiǶb 2zQ`i Ua2+@
iBQM jXNVX u2i- i?2 #QiiQK HBM2 Q7 Qm` MHvbBb Bb i?i i?Bb +QMiBM;2M+v Bb `mH2/
Qmi MviBK2 i?2 T`Q##BHBiv /Bbi`B#miBQM /Q2b 2t?B#Bi  HQr /2;`22 Q7 }`bi@Q`/2`
biQ+?biB+ /QKBMM+2X a2+iBQM jXN- 2K#Q/vBM; Qm` r2H7`2 MHvbBb #b2/ QM i?2
+QM+2Ti Q7 T`Q/m+iBQM 2{+B2M+v- KF2b ;`QmM/b 7Q` 7`i?2` 2M[mB`BM; i?2 `2H
;BMb 7`QK T2`Fb r?2M i?2 it bvbi2K Bib2H7 Bb HHQr2/ iQ QTiBKBx2 QM i?2 it
`i2X
hQ +QM+Hm/2 Qm` MHvbBb Q7 i?2 H#Q` K`F2i Qmi+QK2b- a2+iBQM jXRy T`QpB/2b 
+HQb2/ 7Q`K@bQHmiBQM iQ i?2 T`BM+BTHǶb KtBKBxiBQM T`Q#H2K 7Q` i?2 #2M+?K`F
+b2 rBi? MQ 722/#+F T`Q+2bb- M/ +QMbiMi `BbF@b?`BM; UQ` BM/2T2M/2M+v Q7
b 7`QK qVX 6BMHHv- a2+iBQM jXRR Tmib i?2 KQ/2H i rQ`F M/- BM  MmK2`B+H
2t2`+Bb2- i2bib i?2 [mMiBiiBp2 BKTQ`iM+2 Q7 Qm` T`2/B+iBQMbX
jX9XR h?2 T`BM+BTHǶb T`Q#H2K, /2}MBiBQMb
h?2 T`BM+BTHǶb T`Q#H2K Bb i?2 QM2 Q7 KtBKBxBM; 2tT2+i2/ T`Q}ib- M2i Q7 r;2b
U;`Qbb Q7 H#Q` BM+QK2 it2bV M/ Q7 2tT2M/Bim`2 QM q- bm#D2+i iQ i?2 ;2MiǶb BM@
+2MiBp2 +QKTiB#BHBiv +QMbi`BMi- i?2 KBMBKmK@r;2 `2[mB`2K2Mib s, b ≥ sˆ- M/
i?2 MQM@M2;iBp2 +QMbi`BMi QM T2`Fb- r?BH2 iFBM; i?2 it bvbi2K- {T (s), T (b)}-
b ;Bp2MX
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US9V Kt
s,b,q
p0(n⋆)(y0 − s− T (s)) + p1(n⋆)(y1 − b− T (b))− kq
bm#D2+i iQ, n⋆ = {n ∈ N¯ | p′(u(b)− u(s)) = g(n, q)} UA*V
s, b ≥ sˆ UGGV
q ≥ 0
"2+mb2 Q7 bbmKTiBQMUS.V- M/ #v bm#biBimiBM; n⋆ rBi? n(s, b, q) 7`QK UA*V-
i?2 G;`M;BM iQ T`Q#H2K US9V +M #2 r`Bii2M b
L = y0−s−T (s)+α(n+θ)(y1−y0−b+s−T (b)+T (s))−kq+
∑
s
χs(ws−sˆ)+χqq
r?2`2 {χs} Bb i?2 b2i Q7 MQM@M2;iBp2 G;`M;BM KmHiBTHB2`b ii+?2/ iQ UGGV
M/ χq Bb i?2 KmHiBTHB2` ii+?2/ iQ i?2 MQM@M2;iBp2 +QMbi`BMi QM qX JtB@
KBxiBQM Bb iF2M Qp2` s, b, qX
.2}MBiBQMR, q2 `272` iQ i?2 +QHH2+iBQM W ≡ ⟨{s, b}, q⟩ b i?2 +QMi`+iX
.2}MBiBQMk,  b2+QM/@#2bi QTiBKH HHQ+iBQM Q7 i?Bb 2+QMQKv Bb  TB` ⟨W, n⋆⟩-
K/2 Q7  +QMi`+iW M/  TQHB+v 7mM+iBQM n⋆- bm+? i?i, BV ;Bp2M {T (·)}-
k- M/ ⟨p⟩- ⟨{s, b}, q, n⋆⟩ KtBKBx2b i?2 T`BM+BTHǶb 2tT2+i2/ T`Q}ib- bm#@
D2+i iQ UGGV M/ i?2 MQM@M2;iBp2 +QMbi`BMi QM qc BBV i?2 +QMi`+i W
BKTH2K2Mib i?2 2zQ`i TQHB+v n⋆ BKTHB2/ #v UA*VX
AM i?2 7QHHQrBM;- r2 7Q+mb QM +?`+i2`BxBM; M QTiBKH HHQ+iBQM i r?B+? n > 0X
b Bi Bb- 7`QK i?2 b2i Q7 i?2 HBKBi2/ HB#BHBiv +QMbi`BMib- r2 /`QT i?2 +QMbi`BMi
QM b- bBM+2 #v bi`B+iHv KQMQiQMB+Biv Q7 u M/ UA*V- 7Q` Mv s ≥ sˆ- M/ n > 0- Bi
Kmbi #2 i?i b > sˆ b r2HHX
h?2 T`BM+BTHǶb `BbF M2mi`HBiv- b +QKT`2/ iQ i?2 ;2MiǶb `BbF p2`bBQM- r?B+?
KF2b ?2` rBHHBM; iQ ++2Ti  ?B;?2` `2/m+iBQM BM ?2` 2tT2+i2/ r;2 i?2 KQ`2
/BbT2`b2 i?2 bii2@+QMiBM;2Mi TvK2Mib `2- +QmH/ BM/m+2 mb iQ #2HB2p2 BM2{+B2Mi
Mv +QMi`+i bm+? i?i s > sˆ- bBM+2 i?2 }`K +QmH/- BM T`BM+BTH- `2/m+2 i?2
;2MiǶb 2tT2+i2/ TvK2Mi #v /2+`2bBM; 2Bi?2` s M/ b- rBi?Qmi pBQHiBM; UGGV
M/ biBHH T`QpB/BM; i?2 bK2 BM+2MiBp2bX
AM Qm` b2i@mT- ?Qr2p2`- i?2 2tBbi2M+2 Q7  it QM r;2b- HQM; rBi? i?2 +?M+2
Q7 bm#biBimiBM; Qmi bii2@y it2b rBi? bii2@R it2b- /Q2b MQi HHQr iQ /B`2+iHv
TTHv i?Bb `2bQMBM; M/ iQ }t s = sˆ- mMH2bb r2 KF2 KQ`2 bT2+B}+ bbmKTiBQMb
QM T (·)X
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aQ 7`- r2 /Q MQi bbmK2 Mv `2bi`B+iBQM QM i?2 2[mBHB#`BmK pHm2 Q7 i?2 2tT2+i2/
T`Q}ib- bBM+2- #v UGGV- r2 +M Hrvb b2i i?2 pHm2 Q7 sˆ bQ b iQ KF2 i?2
2[mBHB#`BmK 2tT2+i2/ T`Q}ib 2[mH iQ x2`QX
6Q` +QMp2MB2M+2- r2 `2TQ`i #2HQr i?2 /2`BpiBp2 Q7 i?2 G;`M;BM iQ US9V rBi?
`2bT2+i iQ i?2 ;2MiǶb 2zQ`i,
Ln : p′
[
y1 − y0 − b+ s− (T (b)− T (s))
]
h?2 T`BM+BTHǶb K`;BMH ;BM 7`QK BM+`2bBM; 2zQ`i Bb ;Bp2M #v i?2 2tT2+i2/
K`;BMH `2p2Mm2b ?2 +M `2iBM #v KQpBM; rv 7`QK bii2 y iQ bii2 R- BX2X #v
i?2 2ti` BM+QK2- M2i Q7 r;2b M/ BM+QK2 it2b- ?2 rBHH ;BM rBi?  K`;BMH
T`Q##BHBiv Q7 p′X
"v ;HQ#H +QM+pBiv Q7 US9V U/Bb+mbb2/ BM TT2M/Bt jXV- 2Bi?2` BV Ln = 0 M/
i?2 BKTH2K2Mi2/ 2zQ`i Bb i?2 QM2 i?i KtBKBx2b i?2 T`BM+BTH Q#D2+iBp2c Q`
BBV Ln > 0- M/ i?2 BKTH2K2Mi2/ 2zQ`i Bb #2HQr Bib 2{+B2Mi H2p2H U7`QK i?2
T`BM+BTHǶb T2`bT2+iBp2VX A7 Bi r2`2 Ln < 0- Bi +QmH/ #2 TQbbB#H2 iQ BM+`2b2 i?2
T`BM+BTHǶb Q#D2+iBp2 #v /2+`2bBM; 2Bi?2` b Q` q- Q` #Qi?- bQ b iQ BV /Bb+Qm`;2
i?2 ;2Mi 7`QK TTHvBM;  /vMKB+HHv@BM2{+B2Mi 2zQ`ic BBV bp2 QM TvK2MibX
Ai 7QHHQrb- i?2`27Q`2- i?i Mv HHQ+iBQM ⟨s, b, q, n⟩ bm+? i?i Ln < 0 /Q2b pBQHi2
QTiBKHBivX
HH i?Bb bB/- M/ bBM+2 Ln +M #2 i?Qm;?i Q7 b  K2bm`2 Q7 i?2 iB;?iM2bb Q7 i?2
KQ`H ?x`/ T`Q#H2K- BX2X Q7 ?Qr /B{+mHi Bb 7Q` i?2 T`BM+BTH iQ BKTH2K2Mi i?2
QTiBKH 2zQ`i- r2 7Q+mb QM +?`+i2`BxBM;  bQHmiBQM ⟨s, b, q, n⟩ i r?B+? Ln > 0X
A7 r2 mb2 UA*V iQ bm#biBimi2 Qmi p′ 7`QK i?2 2tT`2bbBQM 7Q` Ln- r2 }M/ i?i i?2
K`;BMH 2z2+i Q7 2zQ`i QM i?2 T`BM+BTHǶb 2tT2+i2/ T`Q}i +M #2 K2bm`2/ #v
i?2 KQmMi Q7 `2p2Mm2b i?2 T`BM+BTH ;BMb #v KQpBM; 7`QK bii2 y iQ bii2 R-
T2` mMBi Q7 i?2 TvK2Mi UBM i2`Kb Q7 miBHBivV i?i i?2 T`BM+BTH H2p2b iQ i?2
;2Mi iQ +QKT2Mbi2 ?2` 7Q` BM+`2bBM; i?2 /BbmiBHBiv Q7 2zQ`i #v QM2 mMBi Ur?2M
i2+?MQHQ;v Bb bm+? i?i i?2 K`;BMH 2z2+i Q7 n QM p1 Bb p′VX h?i Bb-
Ln : ∆
/
∆u
gn
rBi? ∆ ≡ y1 − y0 − b+ s− (T (b)− T (s))
M/ ∆u = u(b)− u(s)
.2}MBiBQMj, q2 `272` iQ ∆ b i?2 T`BM+BTHǶb QTTQ`imMBiv@;BM 7`QK KQpBM; iQ
bii2@RX b QM2 +M b22- q- r?B+? Bb TB/ iQ i?2 ;2Mi rBi? +2`iBMiv #27Q`2
Mv bii2 Bb `2HBx2/- /Q2b MQi 2Mi2` i?Bb B/2MiBivX b Bib +QmMi2`T`i- ∆u
3e
`2T`2b2Mib i?2 ;2MiǶb QTTQ`imMBiv@;BM Q7 bii2@R #2BM; `2HBx2/- ;Bp2M
i?i b?2 bT2Mi g(n, q) BM T`QpB/BM; 2zQ`iX
h?2 7Q+b iQ T`Q#H2K US9V- i?2M- bQHp29
Ls : Ln ∂n
∂s
+
∂L
∂s
Lb : Ln ∂n
∂b
+
∂L
∂b
Lq : Ln ∂n
∂q
+
∂L
∂q
jX8 6B`bi@Q`/2` +QM/BiBQMb 7Q` r;2b
b iQ `2;`/ iQ s- i?2 }`bi Q`/2` +QM/BiBQM #2HQr
Ls : −p
′2uc(s)∆
gnn(n, q)
− p0(n)(1 + T ′(s)) + χs ≤ 0- B7 <- i?2M s = sˆ
BKTHB2b i?i- mMH2bb T ′(sˆ) < 0 M/ bm+? i?i |T ′(sˆ)| > 1- BX2X mMH2bb i?2 T`BM+BTH
;2ib  TQbBiBp2 i`Mb72` M/  M2i ;BM 7Q` Mv mMBi TB/ #v s- QTiBKHBiv `2[mB`2b
s = sˆ- `2;`/H2bb Q7 r?i q⋆- {y} M/ u(·) `2X A7 r2 i?BMF Q7 T (·) b  T`QT2`
it 7mM+iBQM M/ bbmK2 T ′(·) ≥ 0- i?mb- Bi Bb Hrvb QTiBKmK iQ b2i s = sˆX
JQ`2 QM sˆ rBHH #2 bB/ Hi2` QMX 6Q` i?2 KQK2Mi #2BM;- r2 bbmK2 s = sˆ ≥ 0X
b r2 `2 BMi2`2bi2/ BM i?Qb2 2[mBHB#`BmK HHQ+iBQMb bm+? i?i n > 0- #v UA*V
Bi Kmbi #2 b > sˆX PTiBKHBiv- i?2M- `2[mB`2b
Lb : p
′uc(b)p′∆
gnn(n, q)
= p1(n)(1 + T ′(b))
aBM+2 p′∆ = ∆
∆u/gn(n,q)
7`QK UA*V- #v /2MQiBM; ps ≡ ps(n)- r2 +M `2r`Bi2 Bi b
7QHHQrb-
Lb : ∆
∆u
/
uc(b)
= (1 + T ′(b))
p1
p′1
g˜nn
g˜n
h?i Bb- +QK#BMBM; Lb M/ UA*V r2 }M/ i?i- i M QTiBKmK-
∆
(1 + T ′(b)) ∆uuc(b)
= p1p′1
/
g˜n
g˜nn
S`QTQbBiBQMR, h?2 QTiBKH TvK2Mi b Bb b2i #v i?2 T`BM+BTH BM bm+?  rv
i?i i?2 2[mBHB#`BmK `2p2Mm2b ?2 ;BMb #v KQpBM; 7`QK bii2 y iQ bii2
R- T2` Mv /QHH` Q7 i?2 2tT2M/Bim`2 BM bii2@R r;2 i?i Bb M22/2/ iQ
9LQi2 i?i- #2+mb2 Q7 i?2 HBM2`Biv Q7 ⟨p⟩- B7 ∂
2n
∂ws∂n
= 0 =
∂2n
∂q∂n
- b Bi Bb BM i?2 +b2 r?2`2
σ = 1- i?2M- HH /2`BpiBp2b Ls,Lb M/ Lq `2 HBM2` BM 2zQ`iX
3d
+QKT2Mbi2 i?2 ;2Mi 7Q` M 2t+2`#iBQM Q7 ?2` BM+2MiBp2 +QKTiB#BHBiv
+QMbi`BMi- 2[mi2b i?2 `iBQ Q7 i?2 K`;BMH 2z2+ib Q7 n QM i?2 T`Q##BHBiv
/2MbBiv K2bm`2 M/ QM i?2 i?2 K`;BMH +Qbi Q7 2zQ`iX
Smi Bi /Bz2`2MiHv-
p1(1 + T ′(b)) ∆uuc(b)
p′∆
=
g˜n
g˜nn
h?2 2tT2+i2/ 2tT2M/Bim`2 BM b i?i Bb M22/2/ iQ +QKT2Mbi2 i?2 ;2Mi 7Q` ?2`
2zQ`i- T2` mMBi Q7 i?2 K`;BMH `2p2Mm2b i?2 T`BM+BTH Kv ;BM #v KQpBM; 7`QK
bii2 y iQ bii2 R- Bb /Dmbi2/ bQ b iQ KQp2 QM2@iQ@QM2 rBi? i?2 `2bTQMbBp2M2bb
iQ 2zQ`i Q7 i?2 ;2MiǶb K`;BMH /BbmiBHBiv Q7 rQ`FBM;X
Ai Bb +QMp2MB2Mi iQ r`Bi2 i?2 #Qp2 2tT`2bbBQM BM i?2 7QHHQrBM; rv-
(1 + T ′(b)) ∆uuc(b)
∆
=
p′
p1
g˜n
g˜nn
=
g˜n
g˜nn
/
p1
p′
URV
AM URV- i?2 /DmbiK2Mi BM b UQM i?2 G> bB/2V Bb /B`2+iHv HBMF2/ iQ +?M;2b BM n UQM
i?2 _> bB/2VX 1tT`2bbBQM URV bii2b i?i i?2 2tT2M/Bim`2 BM b i?i Bb M22/2/ iQ
+QKT2Mbi2 i?2 ;2Mi 7Q` BKTH2K2MiBM; n- T2` mMBi Q7 i?2 `2p2Mm2b i?2 T`BM+BTH
;BMb #v KQpBM; 7`QK bii2 y iQ bii2 R- Bb /Dmbi2/ bQ b iQ KQp2 QM2@iQ@QM2
rBi? i?2 `iBQ Q7 i?2 2zQ`i K`;BMH 2z2+ib QM gn M/ p1X
6`QK URV- r2 /2`Bp2 i?2 7QHHQrBM; +Q`QHH`B2bX
*Q`QHH`vR, b HQM; b BV T2`Fb ?p2 MQ T`Q/m+iBp2 ii`B#mi2b- BX2 i?2 /2MbBiv
K2bm`2 ⟨p⟩ Bb MQi  7mM+iBQM Q7 q- M/ BBV T2`Fb M/ 2zQ`i `2 KmHiBTHB+@
iBp2Hv b2T`#H2 BM g(n, q)- i?2 QTiBKH b Bb  7mM+iBQM Q7 n HQM2- `i?2`
i?M Q7 n M/ qX
h?i Bb- 7Q` q = 0- i?2`2 2tBbib MQ /Bz2`2M+2 #2ir22M URV M/ i?2 2tT`2bbBQM r2
rQmH/ Q#iBM BM i?2 T2`F@H2bb 2+QMQKvX "v i?Bb bBKTH2 bbmKTiBQM- r2 K2M
iQ +?`+i2`Bx2 i?2 2z2+i Q7 T2`Fb QM QTiBKH +QKT2MbiBQM QMHv i?`Qm;? i?2B`
/B`2+i 2z2+i QM 2zQ`i- T`QpB/2/ i?i 2zQ`i /Q2b z2+i i?2 QTiBKH r;2X
*Q`QHH`vk, "v ._- i?2 G> bB/2 Q7 URV /Q2b BM+`2b2 BM b M/ /2+`2b2b BM
s- 7Q` HH it b+?2K2b bm+? i?i T ′′(b) ≥ 0- BX2X 7Q` HH T`QTQ`iBQMH M/
T`Q;`2bbBp2 it 7mM+iBQMbX 6Q` i?Qb2 it b+?2K2b bm+? i?i T ′′(b) < 0- i?2
G> bB/2 Q7 URV /Q2b biBHH BM+`2b2 BM b 7Q` |T ′′(b)| bm{+B2MiHv bKHHX
Ai Bb- i?2`27Q`2- 7Q` b22F Q7 bBKTHB+Biv- i?i r2 bbmK2 it2b `2 T`QTQ`iBQMH iQ
r;2b- M/ +QMbi`BM i?2 it 7mM+iBQM iQ biBb7v i?2 7QHHQrBM; bbmKTiBQM-
33
bbmKTiBQMUha- ht avbi2KV, h?2 it bvbi2K Bb /2b+`B#2/ #v  H#Q`@BM+QK2
it 7mM+iBQM T (ws) bm+? i?i- 7Q` j = {s, b}-
Ç T ′(j) ≡ dT (j)
dj
= τj > 0 M/
Ç T ′′(j) ≡ d
2T (j)
dj2
= 0
*Q`QHH`vj, G2i g(·) M/ ⟨pθ⟩ biBb7v bbmKTiBQMULV M/ bbmKTiBQMUS.V-
`2bT2+iBp2HvX h?i Bb- g˜(n) = δn
1+σ
1 + σ
M/ p1(n, θ) = α(n + θ)X h?2M- i
M 2[mBHB#`BmK HHQ+iBQM- i?2 QTiBKH TvK2Mi b Bb bm+? i?i i?2 T`BM@
+BTHǶb b?`2 Q7 i?2 QTTQ`imMBiv ;BMb Q7 KQpBM; 7`QK bii2 y iQ bii2 R
#v BM+2MiBpBxBM; i?2 ;2MiǶb i?`Qm;? b Bb 2Bi?2` +QMbiMi- Q` BM+`2bBM;
U/2+`2bBM;V BM 2zQ`i- /2T2M/BM; QM r?2i?2` p
′
p1
g˜n
g˜nn
Bb  +QMbiMi- Q` 
/2+`2bBM; UBM+`2bBM;V 7mM+iBQM Q7 i?2 ;2MiǶb 2zQ`iX
"v bT2+B}+iBQM Q7 g˜(n)- ⟨pθ⟩ M/ T (·)- 2tT`2bbBQM URV #2+QK2b
1
σ
[
∆
∆u/uc(b)
]
= (1 + τb)
(
1 +
θ
n
)
h?`22 b+2M`BQb `2 i?mb TQbbB#H2,
RX A7 θ = 0 - i?2M ∆
(1+τb)∆u/uc(b)
= σX q2 `272` iQ i?Bb b i?2 T2`72+i `BbF@
b?`BM; #2M+?K`F- bBM+2- i i?2 2[mBHB#`BmK HHQ+iBQM- i?2 T`BM+BTHǶb
QTTQ`imMBiv@;BM Bb T`QTQ`iBQMH iQ ?Bb 2tT2M/Bim`2 BM bii2@R r;2- #v
 7+iQ` r?B+? K2bm`2b i?2 BMp2`b2 Q7 i?2 6`Bb+? 2HbiB+Biv Q7 i?2 H#Q`
bmTTHvX h?i Bb- i?2 ;BMb 7Q` ?B;?2` y1 `2 bTHBi #2ir22M i?2 T`BM+BTH
M/ i?2 ;2Mi- BM bm+?  rv i?i i?2 `iBQ Q7 ;BMb ∆
∆u/uc(b)
Bb KBMiBM2/
+QMbiMiX
AM i?Bb b+2M`BQ- r?i `2HHv Kii2`b 7Q` i?2 T`BM+BTH Bb i?2 BKTH2K2Mi#H2
K`;BMH +Qbi Q7 2zQ`i HQM2- BX2X gn(n, q)- bBM+2 p`vBM; q /Q2b MQi z2+i
i?2 `iBQ Q7 i?2 K`;BMH +QbiǶb M/ Q7 i?2 K`;BMH +QbiǶb `2bTQMbBp2M2bb
iQ 2zQ`iX 6Q` ;Bp2M gn(n, q)- Bi Bb TQbbB#H2 iQ /2}M2 i?2 QTiBKH b- BM/2T2M@
/2MiHv Q7 ?Qr gn(n, q) Bb bTHBi #2ir22M K`;BMH /BbmiBHBiv Q7 2zQ`i g˜n(n)
M/ miBHBiv 7`QK T2`Fb h(q)X
kX A7 θ > 0- ∆
(1+τb)∆u/uc(b)
= σ
(
1 +
θ
n
) Bb /2+`2bBM; BM nX h?2 T`BM+BTHǶb
b?`2 Q7 i?2 QTTQ`imMBiv ;BM 7`QK +QMi`+iBM; Bb ?B;?2` i?M Bi Bb BM i?2
3N
T2`72+i `BbF@b?`BM; #2M+?K`F U2Bi?2` #2+mb2 θ > 0- M/ nθ < 0V- #mi Bi
Bb /2+`2bBM; BM i?2 2zQ`i H2p2H i?2 T`BM+BTH rMib iQ BKTH2K2MiX
jX A7 θ < 0- i?2M ∆
(1+τb)∆u/uc(b)
= σ
(
1 − |θ|
n
) Bb BM+`2bBM; BM nX qBi? 
M2;iBp2 bvbi2KB+ +QKTQM2Mi θ- 7Q` ;Bp2M n- i?2 2[mBHB#`BmK 2tT2M/Bim`2
BM b T2` QTTQ`imMBiv@;BM Bb +2i2`Bb T`B#mb ?B;?2` M/ BM+`2bBM; BM nX
aBM+2 ⟨pθ⟩ biQ+?biB+HHv /QKBMi2b ⟨p−θ⟩- i?2 T`QpBbBQM Q7 BM+2MiBp2b r?2M
θ < 0 Bb BM/22/ KQ`2 +QbiHv iQ i?2 T`BM+BTHX
AM i?2 7QHHQrBM;- r2 i?BMF Q7 i?2 F2`M2H ⟨p0⟩ b Qm` #2M+?K`FX "2bB/2b ?pBM;
bQK2 2+QMQKB+ +QMi2Mi- #v bbmKBM; θ > 0- r2 K2M iQ +?`+i2`Bx2 i?Qb2
b+2M`BQb r?2`2BM i?2 T`Q/m+iBQM i2+?MQHQ;v }`bi@Q`/2` biQ+?biB+HHv /QKBMi2b
i?i BM i?2 #2M+?K`FX "v bbmKBM; θ < 0- r2 BK i BMp2biB;iBM; i?2 QTiBKH
HHQ+iBQM r?2M i?2 T`Q##BHBiv /Bbi`B#miBQM Bb biQ+?biB+HHv /QKBMi2/ #v i?2
#2M+?K`FX
b Bi b?HH #2 /Bb+mbb2/ Hi2` BM a2+iBQM jXN- bQHpBM; 7Q` i?2 QTiBKH +QMi`+i
KQmMi iQ bQHp2  bvbi2K Q7 MQM@HBM2` 2[miBQMbX "2+mb2 Q7 i?2 HBM2`Biv
bbmKTiBQM- M/ i?2 r2F b2T`#BHBiv Q7 q M/ n BM g(·)-  bQHmiBQM iQ i?2
T`Q#H2K Bb T`Qp2/ iQ 2tBbi r?2M θ = 0X 6Q` HH Qi?2` θ ∈ Θ- ?Qr2p2`- r2 +MMQi
;m`Mi22 i?2 2tBbi2M+2 Q7  bQHmiBQM- T`i i?M BM  bKHH BMi2`pH `QmM/
θ = 0X aBM+2 i?2 T`Q}i 7mM+iBQM Bb +QMiBMmQmb- BM 7+i- M TTHB+iBQM Q7 i?2
JtBKmK S`BM+BTH2 h?2Q`2K BKTHB2b i?i i?2 bQHmiBQM Bb +QMiBMmQmb- M/ i?i
Bi /Q2b 2tBbi M/ Bb HbQ +QMiBMmQmb `QmM/ θ = 0X
jX8XR *QKT`iBp2 biiB+b 7Q` i?2 QTiBKH TB2+2@`i2
"2+mb2 Q7 Qm` bT2+B}+iBQM bbmKTiBQM- p
′
p1
g˜n
g˜nn
=
1
σ
n
n+ θ
X
G2i #2 ε ≡ n
n+ θ
> 0X
h?2`27Q`2- ∂ε
∂n
=
θ
(n+ θ)2
bB;M
( ∂ε
∂n
)
= bB;M
(
θ
)
G2i #2 A ≡ y1 − y0 + s(1 + τs)- rBi? i?2 T`QpBbQ i?i A > b(1 + τb) b HQM; b
Ln > 0X h?2M 2tT`2bbBQM URV #2+QK2b
[u(b)− u(s)
uc(b)
]
[ A
1 + τb
− b
] = ε
σ
UkV
Ny
"v /Bz2`2MiBiBM; UkV- r2 Q#iBM i?i- 7Q` HH T`K2i2`b j- i?2 7QHHQrBM; T`QTQ@
bBiBQM ?QH/b-
S`QTQbBiBQMk, G2i N ≡ ∆u
uc(b)
M/ D ≡ ∆
1 + τb
#2- `2bT2+iBp2Hv- i?2 ;2MiǶb
M/ i?2 T`BM+BTHǶb QTTQ`imMBiv ;BM Q7 KQpBM; 7`QK bii2 y iQ bii2 R T2`
mMBi Q7 bii2@R@r;2 K`;BMH +QbiX h?2M-
Ç 7Q` HH T`K2i2`b j ∈ {a, δ, γ, k}- M/ 7Q` j = α- 2Bi?2`
RX db
dj
= 0- B7 ∂ε
∂n
= 0- BX2X B7 θ = 0 c Q`
kX db
dj
KQp2b iQ;2i?2` rBi? ∂ε
∂n
dn
dj
- ++Q`/BM; iQ
db
dj
=
D2
σ(D ·Nb +N)
(
∂ε
∂n
· dn
dj
)
q?2M θ > 0- bB;M
(db
dj
)
= bB;M
(dn
dj
)
X q?2M θ < 0- i?2 QTTQbBi2
?TT2MbX
Ç 6Q` j = y1-
db
dy1
=
1
D ·Nb +N
[
D2
σ
(
∂ε
∂n
· dn
dy1
)
+
N
1 + τb
]
RX A7 dn
dy1
≥ 0- i?2M db
dy1
> 0 7Q` HH θ ≥ 0 bm+? i?i ∂ε
∂n
≥ 0c
kX 6Q` θ < 0- i?2 bB;M Q7 db
dy1
Bb biBHH TQbBiBp2 7Q` τb bm{+B2MiHv HQrX
jX8XRXR Ji? LQi2, h?2 7mM+iBQMH 7Q`Kb i rQ`F
∆u
uc(b)
K2bm`2b i?2 +?M;2 BM i?2 QTTQ`imMBiv@;BM ∆u /m2 iQ M BM+`2b2 BM b
r?2M i?2 K`;BMH miBHBiv Q7 b Bb 2[mH iQ uc(b)X h?2 ?B;?2` Bb i?Bb BM/2t- i?2
2bB2` Bb 7Q` i?2 T`BM+BTH iQ T`QpB/2 BM+2MiBp2b #v i?2 TvK2Mi Q7 bX b QM2
+M b22 #2HQr- rBi?  *__ miBHBiv 7mM+iBQM- r2 +M b?T2 i?2 +m`pim`2 Q7
d
db
[
∆u
uc(b)
]
bBKTHv #v p`vBM; i?2 +Q2{+B2Mi Q7 i?2 ;2MiǶb `2HiBp2 `BbF p2`bBQMX
q2 Kmbi MQi2- ?Qr2p2`- i?i- #v BM+`2bBM;f/2+`2bBM; b Qp2`  }t2/ s- i?2
T`BM+BTH /Q2b +?M;2 i?2 r;2 /BbT2`bBQM- M/ #v i?i- i?2 ;2MiǶb U#bQHmi2V
`BbF p2`bBQMX
NR
AMbi2/- B7 u(c) #2HQM;b iQ i?2 +Hbb Q7 *_ miBHBiv 7mM+iBQM- MQi QMHv d
db
[
∆u
uc(b)
]
Bb BM+`2bBM; M/ +QMp2t BM b 7Q` Mv pHm2 Q7 i?2 #bQHmi2 `BbF p2`bBQM +Q2{@
+B2Mi- #mi- #v p`vBM; b i?2 T`BM+BTH /Q2b MQi z2+i i?2 ;2MiǶb `BbF p2`bBQMX
q2 2tT2+i i?2b2 /Bz2`2M+2b iQ THv  `QH2 BM +?`+i2`BxBM; i?2 r2H7`2 BKTHB+@
iBQMb Q7 i?2 QTiBKH bQHmiBQM- KQ`2 i?M i?2 QTiBKH bQHmiBQM Bib2H7X LQM2i?2@
H2bb- i?2 7QHHQrBM; MHvbBb bm;;2bib i?i i?2 K;MBim/2 Q7 i?Bb +?M;2b Bb QMHv
Q7 b2+QM/@Q`/2`X >Qr2p2`- Bi HHQrb mb iQ 7Q+mb QM  bm#b2i Q7 i?2 pHm2b 7Q` i?2
+Q2{+B2Mi Q7 `2HiBp2 `BbF p2`bBQM r?B+? Bb BM HBM2 rBi? i?2 HBi2`im`2- η ∈ [1, 2]X
G2KKR, Ua22 Ji? TT2M/Bt jX"V
RX A7 u(c) = c
1−η
1− η X h?2M- Nb ≡
d
db
[
∆u
uc(b)
]
Bb TQbBiBp2- M/ BV HBM2`Hv BM+`2b@
BM; BM b 7Q` η = 2c BBV BM+`2bBM; M/ +QM+p2 BM b 7Q` HH η ∈ (0, 1] ∪ (1, 2)c
BBBV BM+`2bBM; M/ +QMp2t BM b 7Q` η > 2X
kX bbmK2 u(c) = − 2tT(−ηc)X h?2M- Nb ≡ d
db
[
∆u
uc(b)
]
Bb TQbBiBp2 M/ BM@
+`2bBM; M/ +QMp2t BM b 7Q` HH η > 0X
b 7` b r2 +M b22- *__ 7mM+iBQMb rBi? η > 2 M/ i?2 CARA miBHBiv 7mM+iBQM
#2?p2 HBF2- b iQ `2;`/ i?2 2z2+i Q7  K`;BMH BM+`2b2 BM b QM i?2 miBHBiv
;BM i?2 T`BM+BTH Kmbi ;m`Mi22 iQ i?2 ;2Mi BM Q`/2` iQ 2Mbm`2 BM+2MiBp2
+QKTiB#BHBivX 6Q` η = 2- i?2 b2+QM/@Q`/2` 2z2+ib Q7 M BM+`2b2 BM i?2 TB2+2@
`i2 QM i?2 ;2MiǶb BM+2MiBp2@+QKTiB#H2 miBHBiv ;BMb `2 x2`Qc r?BH2 7Q` η ∈
(0, 1] ∪ (1, 2)- BM+`2b2b BM b ?p2 /2+`2bBM; b2+QM/@Q`/2` 2z2+ibX
jXe PTiBKHBiv +QM/BiBQM 7Q` T2`Fb
h?2 7Q+ rBi? `2bT2+i iQ q r`Bi2b
Lq : g˜n|hq|
g˜nnh(q)
p′∆− k ≤ 0- B7 <- q⋆ = 0
1pHmiBM; Lq i q = 0- r2 ;2i
k ≥ αaγn0
σ
(y1 − y0 − b0(1 + τb) + s(1 + τs)) UjV
AM TT2M/Bt jX- r2 /Bb+mbb i?2 `2bi`B+iBQM QM σ M/ γ bm+? i?i Lqq < 0 7Q`
HH n > 0X b HQM; b Lqq < 0- i?2 +QM/BiBQM bii2/ BM 2tT`2bbBQM UjV- 7Q`  MQM@
TQbBiBp2 T`QpBbBQM Q7 T2`Fb- Bb 2Bi?2` M2+2bb`v M/ bm{+B2MiX q2 +M /2`Bp2-
i?2`27Q`2- i?2 7QHHQrBM; T`QTQbBiBQM-
Nk
S`QTQbBiBQM j, 6Bt T`Q#H2K US9V M/ bbmK2 γ < σX h?2M- q > 0 B7 M/ QMHv
B7 i?2 K`;BMH +Qbi Q7 T2`F Bb bKHH2` i?M i?2 K`;BMH #2M2}i Q7 i?2 }`bi
mMBi Q7 T2`Fb r?2M iFBM; BMiQ ++QmMi i?2 2z2+i Q7 n QM i?2 T`BM+BTHǶb
2tT2+i2/ QTTQ`imMBiv@;BM- M/ i?i Q7 q BM i?2 ;2MiǶb 2zQ`i TQHB+vX h?i
Bb- B7
k <
|hq(0)|
h(0)
g˜np′∆
g˜nn
∣∣∣∣∣
q=0
"2+mb2 Q7 Qm` bT2+B}+iBQM- rBi? s0 = sˆ- r2 Q#iBM i?i q > 0 B7 i?2 7QHHQrBM;
?QH/b-
k < k¯ ≡ γaαn0
σ
[
y1 − y0 − b0(1 + τb) + sˆ(1 + τs)
]
U9V
r?2`2 i?2 bm#b+`BTi 0 /2MQi2b i?i i?2 +Q``2bTQM/BM; pHm2 Bb +QKTmi2/ 7Q`
q = 08X JQ`2 +QMp2MB2MiHv- r2 +M r`Bi2 i?2 #Qp2 2tT`2bbBQM b
k
γa
<
1
σ
(
nLn
)
q=0
U8V
>2`2- 1
σ
Bb i?2 6`Bb+? 2HbiB+Biv Q7 i?2 H#Q` bmTTHvX Ai +M #2 mb27mH iQ i?BMF Q7 Ln
b i?2 }`KǶb H#Q` /2KM/- i?i Bb b i?2 T`B+2 i?2 T`BM+BTH Bb rBHHBM; iQ Tv BM
Q`/2` iQ BKTH2K2Mi U+QMbmK2V /Bz2`2Mi 2zQ`i H2p2HbX aBM+2 Ln Bb /2+`2bBM; BM b-
b HQM; b b Bb BM+`2bBM; BM n UbQ b Bi Bb mM/2` p2`v KBH/ `2;mHiQ`v +QM/BiBQMbV-
8Ua22 Ji? TT2M/Bt jX"VX q?2M σ = 1 M/ q = 0- 2zQ`i Kmbi biBb}2b- 7`QK UA*V-
n0 =
α ·∆u∣∣
q=0
δ
X am#biBimiBM; n0 BMiQ Ln
∣∣
q=0
- M/ bbmKBM; u(·) Bb *__ rBi? η = 2 - r2
;2i i?2 7QHHQrBM; 2tT`2bbBQMb 7Q` b0 M/ n0-
b0 =
(
A˜
1
s
+
θδ
α
) 1
2
n0 =
α
δ
[
1
s
−
√(1
s
+
θδ
α
)/
A˜
]
r?2`2 A˜ ≡ y1 − y0 + s(1 + τs)
1 + τb
6Q` y0 = sˆ = 1- θ = 0 M/ τs = 0- Qm` #2M+?K`F T`K2i`BxiBQM- r2 ;2i b0 =√
y1/(1 + τb) M/ n0 = α
δ
[
1−
√(
1 + τb
)/
y1
]
- r?B+? Bb Hrvb TQbBiBp2 7Q` y1 > 1 + τbX
Nj
Ln Bb BM/22/ /2+`2bBM; BM n 7Q` Mv p`BiBQM BM HH i?Qb2 T`K2i2`b- #mi y1e
M/ sˆ- i?i `2 HBMF2/ iQ i?2 T2`Fb i2+?MQHQ;v M/ T`272`2M+2bX
6QHHQrBM; i?Bb BMi2`T`2iiBQM- i?2 `2 #2HQr i?2 Ln +m`p2 M/ #Qp2 i?2 Ln(n0)
HBM2 `2T`2b2Mib i?2 T`BM+BTHǶb bm`THmb /2`Bp2/ 7`QK BKTH2K2MiBM; UQ` Tm`+?bBM;V
n0X h?2 `2+iM;H2 #2HQr Ln(n0)- BX2X n0 · Ln(n0) `2T`2b2Mib- i?2`27Q`2- i?2 iQiH
KQmMi i?2 T`BM+BTH Bb +imHHv TvBM; 7Q` n0 mMBib Q7 2zQ`i dX
h?2 #Qp2 +QM/BiBQM +M #2 bii2/ b 7QHHQrb-
*Q`QHH`v9, S2`Fb `2 T`QpB/2/ BM TQbBiBp2 KQmMi QMHv B7 i?2B` T`B+2- M2i Q7
i?2 T2`FǶb K`;BMH 2z2+i QM i?2 ;2MiǶb /BbmiBHBiv Q7 2zQ`i UMK2Hv- k
γa
V-
Bb bKHH2` i?M i?2 2tT2M/Bim`2 i?2 T`BM+BTH Bb rBHHBM; iQ KF2 BM 2zQ`i
i i?2 BKTH2K2Mi#H2 T2`F@H2bb 2zQ`i H2p2H n0- r?BH2 iFBM; BMiQ ++QmMi
i?2 ?B//2M +Qbi Q7 ǳ/2KM/BM;Ǵ n- ?2`2 `2T`2b2Mi2/ #v i?2 H#Q` bmTTHv
2HbiB+Biv- 1
σ
X
i M BMi2`BQ` bQHmiBQM 7Q` q- i?2`27Q`2- T`QpB/2/ i?i UA*V #BM/b- r2 Q#iBM
Lq : ∆∆u/ g˜ng˜nn
=
k
|gnq| =
p′
g˜nn
∆
h?2 }`bi 2[mHBiv bvb i?i q Bb TB/ iBHH i?2 T`BM+BTHǶb QTTQ`imMBiv@;BM ∆- T2`
mMBi Q7 i?2 miBHBiv ;T M22/2/ iQ +QKT2Mbi2 i?2 ;2Mi 7Q`  mMBi BM+`2b2 BM
gn #v n- 2[mHb i?2 2tT2M/Bim`2 BM T2`Fb i?i Bb M22/2/ iQ /2+`2b2 i?2 ;2MiǶb
K`;BMH +Qbi Q7 2zQ`i #v QM2 mMBiX
AM KQ`2 mb27mH i2`Kb- i?2 b2+QM/ 2[mHBiv bii2b i?i i?2 2tT2M/Bim`2 BM T2`Fb
i?i Bb M22/2/ iQ /2+`2b2 i?2 K`;BMH +Qbi Q7 2zQ`i #v QM2 mMBi Bb  b?`2
Q7 i?2 T`BM+BTHǶb ;BM Q7 KQpBM; rv 7`QK bii2 y iQ bii2 R- i?2 7+iQ` Q7
T`QTQ`iBQMHBiv r2B;?iBM; i?2 K`;BMH 2z2+i Q7 n QM i?2 T`Q##BHBiv Q7 bii2 R
iQ #2 `2HBx2/ rBi? i?2 `2bTQMbBp2M2bb Q7 i?2 K`;BMH +Qbi Q7 2zQ`i iQ BM+`2bBM;
nX
eAM Ji? TT2M/Bt jX" r2 T`Qp2 i?i- 7Q` BM+`2bBM; y1 M/ dn
dy1
> 0- Ln Bb BM+`2bBM; BM
n B7 M/ QMHv B7 (1 + τb) db
dy1
< 1- r?B+? ?QH/b r?2M2p2` 2Bi?2` BV θ ≤ 0- M/ |θ| Bb bm+? i?i HH
p`B#H2b `2 r2HH@/2}M2/c BBV θ > 0- M/ 2Bi?2` σ Bb bm{+B2MiHv ?B;? Q` τb Bb bm{+B2MiHv HQrX
d6Q` HH i?Qb2 +?M;2b BM i?2 T`K2i2`b bm+? i?i Ln(n) Bb BM+`2bBM; BM n- `2T`2b2MiBM;
Ln b  H#Q` /2KM/ +M #2 KBbH2/BM;X >Qr2p2`- b HQM; b r2 i?BMF Q7 n b i?2 ǳ;QQ/Ǵ
T`Q/m+2/ #v i?2 }`K- QM i?2 bbmKTiBQM i?i Bi Bb i?2 }`K i?i T`Q/m+2b QTTQ`imMBiB2b Q7
rQ`F M/ i`Mb7Q`Kb T`Q/m+iBQM +T+BiB2b UpV BMiQ `2H pHm2 UnV- r2 +M biBHH `2T`2b2Mi Ln(n)
b i?2 }`KǶb bmTTHv +m`p2X 6QHHQrBM; i?Bb BMi2`T`2iiBQM- +QM/BiBQM U8V bii2b i?i i?2 }`KǶb
BMp2biK2Mi BM i?2 BMi2`K2/Bi2 ;QQ/ ǳT2`FbǴ Bb TQbBiBp2- BX2X q > 0- B7 M/ QMHv B7 i?2 /Dmbi2/
T`B+2 k
γa
Bb bKHH2` i?M i?2 KQmMi 7Q` r?B+? i?2 T`BM+BTH Bb rBHHBM; iQ Qz2` n0 mMBib Q7
2zQ`i- b+H2/ #v σ- i?i ?2`2 `2T`2b2Mib i?2 ?B//2M +Qbi Q7 ǳT`Q/m+BM;Ǵ nX
N9
"v `2``M;BM;- bQ b iQ ;2i HH i2`Kb BM nQM i?2 _> bB/2- r2 ;2i
Lq : k|hq| =
g˜n
g˜nn
p′∆
aBM+2 g˜ng˜nn Bb BM+`2bBM; BM n- i?2 QTiBKH 2tT2M/Bim`2 BM q Bb BM+`2bBM; BM n b
HQM; b i?Bb /B`2+i 2z2+i Qp2`r2B;?ib i?2 BM/B`2+i 2z2+i Q7 2zQ`i QM BM+`2bBM; b
M/- i?2`27Q`2- `2/m+BM; ∆X >Qr2p2`- B7 b M/ n +?M;2 BM i?2 QTTQbBi2 /B`2+iBQM
U7Q` 2tKTH2- 7Q` +?M;2b BM i?2 T`K2i2`b a, γ, δ, k M/ α 7Q` θ ≤ 0V- i?2 iQiH
2tT2M/Bim`2 BM q M/- i?2`27Q`2- q Bib2H7- Bb Hrvb BM+`2bBM; BM nX
Lq :
k/|hq|
p′1∆
=
g˜n
g˜nn
UeV
1[miBQM UeV bii2b i?i T2`Fb `2 TB/ iBHH i?2 2tT2M/Bim`2 BM T2`Fb i?i Bb
M22/2/ iQ /2+`2b2 h(q) #v QM2- T2` mMBi Q7 i?2 K`;BMH `2p2Mm2b i?2 T`BM+BTH
;2ib #v KQpBM; 7`QK bii2 y iQ bii2 R- 2[mHb i?2 ;2MiǶb ǳ2tT2M/Bim`2Ǵ BM 2zQ`i
UBX2X KQmMi Q7 2zQ`i M22/2/ iQ BM+`2b2 gn #v QM2 mMBi U 1g˜nn V iBK2b i?2 K`;BMH
+Qbi Q7 2zQ`i Ug˜nVX q2 +M +QM+Hm/2- i?2`27Q`2-
S`QTQbBiBQM9, 6Bt T`Q#H2K US9V M/ bbmK2 i?i i?2 +QM/BiBQM 7Q`  TQbBiBp2
T`QpBbBQM Q7 T2`Fb Bb biBb}2/ US`QTQbBiBQM jVX h?2M- i?2 T`BM+BTH b2ib q
bm+? i?i i?2 7QHHQrBM; 2[mHBiv ?QH/b
k/|hq|
p1∆
=
p′
p1
g˜n
g˜nn
h?i Bb- i?2 b?`2 i?i Bb BMp2bi2/ BM T2`Fb Q7 i?2 2tT2+i2/ ;BM 7`QK
KQpBM; iQ bii2 R KQp2b QM2@iQ@QM2 rBi? i?2 `iBQ Q7 2zQ`i K`;BMH 2z2+ib
QM gn M/ p1X h?Bb b?`2 Bb +QMbiMi BM n 7Q` θ = 0- M/ Bi Bb BM+`2bBM;
U/2+`2bBM;V BM n 7Q` HH θ > 0 Uθ < 0VX
jXd  +?`+i2`BxiBQM Q7 i?2 J_a #2ir22M r;2b
M/ T2`Fb
6`QK Lq M/ Lb- #v bm#biBimiBM; Qmi UA*V- r?i r2 Q#iBM Bb Ua22 Ji? T@
T2M/Bt jX"V
k
|gnq| =
p1(1 + τb)
p′uc(b)
h?2 2tT2M/Bim`2 BM T2`Fb i?i Bb M22/2/ iQ /2+`2b2 i?2 ;2MiǶb K`;BMH +Qbi
#v QM2 mMBi Kmbi #2 2[mH iQ i?2 2tT2+i2/ 2tT2M/Bim`2 BM bii2@R r;2 i?i Bb
N8
M22/2/ iQ `2Tv i?2 ;2Mi 7Q` BM+`2bBM; i?i K`;BMH +Qbi #v i?2 bK2 KQmMiX
HiQ;2i?2`- i?2b2 p`BiBQMb rBHH F22T UA*V #BM/BM;X q2 bii2 Bi BM i2`Kb Q7 i?2
7QHHQrBM; T`QTQbBiBQM-
S`QTQbBiBQM8, 6Bt S`Q#H2K US9V M/ bbmK2 bbmKTiBQMb ULV- US.V M/ UhaV
?QH/X h?mb- r?2M2p2` i?2 T`BM+BTH rMib iQ BM/m+2  QM2@mMBi BM+`2b2 BM
i?2 ;2MiǶb K`;BMH +Qbi- ?2 Kv 2Bi?2` BV bT2M/ BM b i?2 KQmMi (1 + τb)
p′uc(b)
rBi? T`Q##BHBiv p1c Q` BBV ?2 +M `2/m+2 ?Bb BMp2biK2Mi BM T2`Fb #v k|gnq| X
>2M+2- QTiBKHBiv `2[mB`2b i?i i?2 2tT2+i2/ ;BMb 7`QK bpBM; QM T2`Fb
M/ `2TvBM; i?2 ;2Mi #v +b? 7i2` bii2 R Bb `2HBx2/ `2 x2`QX h?i Bb-
bBM+2 i?2 T`BM+BTH Bb `BbF@M2mi`H- bm#biBimiBM; mM+2`iBMiv 7Q` +2`iBMiv-
M/ pB+2@p2`b- Kmbi +QK2 i MQ +QbiX
"v `2``M;BM; i?2 #Qp2 2tT`2bbBQM- r2 +M r`Bi2
p′uc(b)
|gnq| =
p1(1 + τb)
k
UdV
M/ bii2 i?2 7QHHQrBM;-
*Q`QHH`v8, 6`QK i?2 T`BM+BTHǶb T2`bT2+iBp2- i?2 K`;BMH `i2 Q7 bm#biB@
imiBQM #2ir22M b M/ q- BM F22TBM; i?2 ;2MiǶb BM+2MiBp2 +QKTiB#BHBiv
+QMbi`BMi #BM/BM;- Kmbi #2 2[m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`2 i?2 7QHHQrBM;-
Lb : p
′uc(b)
gnn(n, q)
p′
p1
∆ = (1 + τb)
Lq : |hq|g˜n
g˜nn
p′∆ = k
IC : p′(u(b)− u(s)) = gn(n, q)
1+? Q7 i?2K bBKTHv bii2b i?i- i i?2 2[mBHB#`BmK HHQ+iBQM- i?2 K`;BMH
#2M2}i Q7 b2iiBM; Mv BMbi`mK2Mi iQ i?2 +Q``2bTQM/BM; QTiBKH KQmMi 2[mHb
Bib K`;BMH +Qbi @ 7Q` i?2 T`BM+BTH b r2HH b 7Q` i?2 ;2MiX "2+mb2 Q7 i?2
bT2+B}+ 7mM+iBQMH 7Q`Kb r2 ?p2 bbmK2/- r2 Q#iBM
Lb : (1 + aq)
γ
δnσ
=
n+ θ
n
σ(1 + τb)
α∆ · uc(b)
Lq : (1 + aq)
γ
δnσ
=
γaα∆
k(1 + aq)δσnσ−1
IC :
(1 + aq)γ
δnσ
=
1
α(u(b)− u(s))
h?2 G>a Q7 2+? Q7 i?2b2 2[miBQMb `2T`2b2Mib i?2 UBMp2`b2 Q7V i?2 ;2MiǶb
K`;BMH +Qbi Q7 2zQ`iX b H`2/v /Bb+mbb2/- B7 r2 HQQF i Lb - Bib 2[mBHB#@
`BmK pHm2 Bb  7mM+iBQM Q7 n M/ b HQM2X >Qr2p2`- b HQM; b- i?2 T`Q##BHBiv
/Bbi`B#miBQM Bb bm+? i?i i?2 2z2+i Q7 2zQ`i QM p1 2[mHb i?i QM g˜n- 7Q` Mv
;Bp2M pHm2 Q7 i?2 T`K2i2`b- i?2 T`BM+BTH b2ib b `2;`/H2bb Q7 r?B+? n ?b iQ
#2 BKTH2K2Mi2/X 6Q` σ = 1- KQ`2Qp2`- QTiBKHBiv rBi? `2bT2+i iQ q BKTQb2b iQ
}t i?2 ;2MiǶb K`;BMH +Qbi Q7 2zQ`i b  7mM+iBQM Q7 q M/ b HQM2X Ai Bb bQ
#2+mb2- 7Q` σ = 1- i?2 `2bTQMbBp2M2bb Q7 n rBi? `2bT2+i iQ b M/ i?i Q7 ∂n
∂brBi? `2bT2+i iQ q `2 BM/2T2M/2Mi Q7 nX
.BpB/BM; i?2 irQ 7Q+b 7Q` A*- r2 Q#iBM
Lq/IC : 1 = γaα∆
k(1 + aq)σ
α(u(b)− u(s))
δnσ−1
RyR
Lb/IC : 1 =
(n+ θ
n
)σδ(1 + τb)
α∆ · uc(b)
α(u(b)− u(s))
δ
M/ i?mb- (n+ θ
n
· nσ−1
)k(1 + aq)
γa
=
(α∆
σ
)2 uc(b)
δ(1 + τb)
h?2`27Q`2- B7 σ = 1- BX2X i?2`2 Bb MQ 722/#+F T`Q+2bb i?`Qm;? n QM i?2 H#Q`
QTiBKH TQHB+B2b- M/ θ = 0- BX2X i?2 K`;BMH 2z2+i Q7 n QM g˜n 2[mHb Bib 2z2+i QM
p1- 2Bi?2` BV b Bb MQi  7mM+iBQM Q7 nc BBV ;Bp2M b- gn Bb }t2/c BBBV i?2 bm#biBimi#BHBiv
#2ir22M b M/ q /Q2b MQi /2T2M/ QM nX
6Q` σ = 1- ?Qr2p2`- +QM+pBiv QM q /2KM/b 0 < γ < 1X 6Q` i?2 KQbi T`i r2
+M M2;H2+i r?i γ Bb- M/ HQQF QMHv iQ i?2 `2HiBp2 +Qbi k˜ ≡ k
aγ
r?2M +QKTmiBM;
qX h?2M- 7Q` ?B;?2` γ- UA*V BKTHB2b ?B;?2` nX
qBi? σ = 1 M/ θ = 0- Lb #2+QK2b
bη
sη−1
− (2− η)b− (η − 1)A = 0
rBi? A ≡ y1 − y0 + s(1 + τs)
1 + τb
X
"v /Bz2`2MiBiBM; i?Bb 2[miBQM rBi? `2bT2+i iQ i?2 T`K2i2` η- r2 Q#iBM
M 2tT`2bbBQM 7Q` i?2 b2MbBiBpBiv Q7 i?2 QTiBKH b iQ i?2 ;2MiǶb `2HiBp2 `BbF
p2`bBQM- i?i rBHH #2 mb27mH Hi2` QM- r?2M /Bb+mbbBM; i?2 /vMKB+b i?i H2/
iQ M QTiBKH K`;BMH it `i2X AM 7+i-
∂b
∂η
=
(A− b)− s1−ηbη HQ; b
η
[( b
s
)η−1
+ 1
]
− 2
r?B+? Bb M2;iBp2 7Q` bm{+B2MiHv HQr 0 < η < 1 M/ Bi Bb M2;iBp2 7Q` η ≥ 2-
T`QpB/2/ i?i A
b
< 1 +
( b
s
)η−1
HQ; bX 6Q` η = 2- KQ`2Qp2`- i?2 QTiBKH b Bb b2i
b iQ biBb7v
b2
s
−A = 0
h?i Bb- b = √AsX q?2M y0 = s = sˆ- M/ τs = 0- i?2 QTiBKH `mH2 7Q` i?2
#QMmb bii2b b =
√
sˆ
1 + τb
y1- r?B+? +H2`Hv `2Hi2b i?2 2[mBHB#`BmK r;2 iQ BV
 K2bm`2 Q7 i?2 ;2MiǶb 2zQ`i T`Q/m+iBpBiv- y1c BBV i?2 /BbiQ`iBM; K`;BMH it
Ryk
`i2 Ur?2`2 i?2 K`;BMHBiv Q7 τb +QK2b 7`QK i?2 7+i i?i r2 }t2/ τs = 0Vc BBBV
i?2 H#Q` K`F2i bi`m+im`2 Ui?`Qm;? i?2 KBMBKH r;2 `2[mB`2K2Mi- sˆVc BpV i?2
;2MiǶb `BbF p2`bBQM U7`QK r?B+? i?2 b[m`2 `Qmi ?b #22M /2`Bp2/VX
6`QK Lq/Lb- r2 FMQr i?i k(1 + aq)
γa
=
(α∆
σ
)2 uc(b)
δ(1 + τb)
X
b HQM; b η = 2- i?2`27Q`2- (1 + aq) = γa
k
α2
δ(1 + τb)
∆2
b2
BKTHB2b
q = Kt
{
γα2
δ
(1 + τb)
k
[√A
s
− 1
]2
− 1
a
, 0
}
h?2 KBM `2bmHi b iQ `2;`/ q Bb i?i Bib QTiBKH KQmMi Bb MQi KQMQiQMB+
BM τbX b r2 +M b22- BM/22/- i?2 2z2+i Q7 i?2 iQT@BM+QK2 it QM T2`Fb +M
#2 /2+QKTQb2/ BMiQ  UTQbBiBp2V bm#biBimiBQM 2z2+i- i?i QT2`i2b i?`Qm;? i?2
`2HiBp2 T`B+2 Q7 r;2b iQ T2`Fb- M/  UM2;iBp2V BM+QK2 2z2+i /2`Bp2/ 7`QK i?2
7+i i?i M ?B;?2` it `2/m+2b i?2 T`BM+BTHǶb 2tT2+i2/ ;BM 7`QK BM+2MiBpBxBM;
 KQp2K2Mi 7`QK bii2 y iQ bii2 RX JQ`2Qp2`- iQ i?Bb /B`2+i 2z2+i Q7 i?2 H#Q`
BM+QK2 it QM ∆- r2 ?p2 iQ // i?2 BM/B`2+i 2z2+i i?i +?M;2b QM n- r?B+?
Q++m` #2+mb2 Q7 i?2 /B`2+i bm#biBimiBQM 2z2+i Q7 τb QM b- ?p2 QM i?2 T`Q##BHBiv
i?i ∆ Bb ;BM2/X q?2M2p2` i?2 +QKTH2K2Mi`BiB2b #2ir22M n M/ q `2 bi`QM;-
M/ i?2 ;2MiǶb 2zQ`i Bb bm{+B2MiHv b2MbBiBp2 iQ p`BiBQMb Q7 b- i?2 M2;iBp2
BM+QK2 2z2+i Bb KQ`2 HBF2Hv iQ Qmir2B;? i?2 bm#biBimiBQM 2z2+iX
AM 7+i- r?2M2p2` y0 = s = sˆ M/ τs = 0 ?QH/- ∂q
∂τb
< 0 7Q` HH y1 bm+? i?i i?2
7QHHQrBM; +QM/BiBQM Bb biBb}2/- MK2Hv y1
sˆ
> 4(1 + τb)X
6BMHHv- 7`QK i?2 ;2MiǶb BM+2MiBp2 +QKTiB#BHBiv +QMbi`BMi- n = α
δ
(1+aq)γ
[
u(b)−
u(s)
]
X 6Q` η = 2- i?2`27Q`2- i?2 2[mBHB#`BmK 2zQ`i Bb
n =
α1+2γ
δ1+γ
[
γa
k
(1 + τb)
]γ[√A
s
− 1
]2γ[√A−√s
s
√A
]
"v H2iiBM; #2 γ = 1
2
- r2 Q#iBM i?i
n =
α2
δ
3
2
√
a
2k
(1 + τb)
(√A−√s)2
√As3
Ryj
jXNXR 1HbiB+BiB2b rX`XiX i?2 it `i2
hQ Qm` KBM Tm`TQb2- r2 +QKTmi2 M/ #`B2~v /Bb+mbb i?2 2HbiB+BiB2b rBi? `2@
bT2+i iQ i?2 it `i2 Q7 2Bi?2` i?2 r;2@#QMmb M/ i?2 ;2MiǶb 2zQ`iX Ai Bb-
mM7Q`imMi2Hv- rBi? HQbb Q7 ;2M2`HBiv i?i r2 7Q+mb QM i?2 +b2 r?2`2 θ = 0-
η = 2- y0 = sˆ = 1- M/ τs = 0X h?2M-
ϵb,τ ≡ ∂b
∂τb
τb
b
= −1
2
τb
1 + τb
-
r?B+? Bb M2;iBp2- /2+`2bBM; M/ +QMp2tX JQ`2Qp2`- r2 MQi2 i?i ϵb,τ → 0 b
τb → 0X
lM/2` Qm` T`K2i`BxiBQM- n⋆ = φ1 + τb√
y1
(√
y1
1 + τb
− 1
)2
- r?2`2 φ = α
2
δ
3
2
√
a
2k
X
h?2`27Q`2-
ϵn,τ ≡ ∂n
∂τb
τb
p1
= − τb
1 + τb
/(√
y1
1 + τb
− 1
)
lMbiBb7+iQ`v b Bi Kv #2- i?i i?2 2HbiB+Biv Q7 i?2 2zQ`i UM/ i?2`27Q`2 Q7 i?2
2[mBHB#`BmK T`Q##BHBiv- p1V rBi? `2bT2+i iQ i?2 iQT@BM+QK2 K`;BMH it `i2 Bb
MQi z2+i2/ #v i?2 T`272`2M+2b 7Q` T2`Fb U#2BM; bQK2?Qr H2bb mMbiBb7+iQ`v Bib
mM`2bTQMbBp2M2bb iQ i?2B` T`B+2V- r2 bi`2bb QM i?2 `2bmHi i?i- 7Q` Mv τb > 0-
ϵn,τ → 0 B7 M/ QMHv B7 y1 →∞X LQM2i?2H2bb- r2 Kmbi MQiB+2 i?i- 7Q` y1 →∞-
HbQ Ln →∞- bQ i?i n = n¯X
jXRy  K2bm`2 Q7 2{+B2M+v 7Q` T2`Fb
AM i?Bb b2+iBQM- r2 T`QTQb2  bBKTH2 K2bm`2 Q7 2{+B2M+v bQ b iQ bb2bb i?2
UK`F2iV pHm2 Q7 M 2[mBHB#`BmK HHQ+iBQM rBi? T2`Fb M/ +QKT`2 Bi iQ i?2
pHm2 Q7 i?2 2[mBHB#`BmK HHQ+iBQM r2 rQmH/ Q#iBM BM  T2`F@H2bb 2+QMQKvX
6Q` Qm` Tm`TQb2b- r2 /2MQi2 #v ǳ2{+B2M+vǴ i?2 +T+Biv Q7 2Bi?2` i2+?MQHQ;v
bvbi2K Ui?2 }`bi QM2 TTHvBM; #Qi? 2zQ`i M/ T2`Fbc i?2 b2+QM/ QM2 TTHvBM;
QMHv 2zQ`iV iQ `2HBx2 M ?B;?2` 2tT2+i2/ BM+QK2 UBX2X `2H `2bQm`+2bV- M2i Q7 BV
i?2 ;2MiǶb rQ`F +Qbi- M/ BBV HH i?2 2tT2Mb2b- BM T2`Fb UB7 MvV M/ it2bX
.2}MBiBQMU1- 1{+B2M+vV, q2 bv i?i i?2 2[mBHB#`BmK HHQ+iBQM rBi? T2`Fb
Bb 2{+B2Mi- Q` i?i i?2 T2`F bvbi2K Bb  `2bQm`+2@BKT`QpBM; i2+?MQHQ;v-
B7 M/ QMHv B7 i?2 2[mBHB#`BmK 2tT2+i2/ pHm2 Q7 T`Q/m+iBQM- M2i Q7 it2b-
2tT2M/Bim`2 BM T2`Fb M/ ;2MibǶ +Qbi Q7 2zQ`i- Bb H`;2` BM i?2 2+QMQKv
rBi? T2`Fb i?M BM i?2 T2`F@H2bb 2+QMQKvX h?i Bb-
Ry9
E(q)
[
ys − T (ws)
]
− kq − g(n, q) > E
[
ys − T (ws)
]
− g(n) URyV
"v /QBM; bQ- r2 `2 BMi2`2bi2/ BM mM/2`biM/BM; r?2i?2` i?2 TvK2Mi #v T2`Fb-
r?Qb2 KQmMi Bb /2+B/2/ #v i?2 T`BM+BTH BM Q`/2` iQ KtBKBx2 ?Bb QrM T`Q}ib-
+M KF2 i?2 2[mBHB#`BmK HHQ+iBQM rBi? T2`Fb UbQ+BHHvV BM2{+B2Mi b +QKT`2/
iQ i?2 2[mBHB#`BmK HHQ+iBQM r2 rQmH/ Q#iBM BM  T2`F@H2bb 2+QMQKvX A7 i?i Bb
MQi i?2 +b2- i?2M- Bi Kmbi #2 i?i i?2 b2+QM/@Q`/2` 2z2+ib Q7 T2`Fb QM 2Bi?2` i?2
BKTH2K2Mi#H2 2zQ`i Ur?B+? Bb TQbBiBp2V M/ it2b Ur?B+? Bb K#B;mQmbV /Q2b
#HM+2 i?2 /B`2+i M2;iBp2 2z2+i Q7 i?2B` +QbiX
lT iQ i?Bb TQBMi- i?2 MHvbBb bbmK2b i?i i?2 it bvbi2K Bb i?2 bK2 7Q` 2Bi?2`
i2+?MQHQ;vX LQM2i?2H2bb- Bi KF2b ;`QmM/b 7Q` i?2 2M[mB`BM; Q7 i?2 ;2M2`H ;BMb
7`QK T2`Fb r?2M i?2 it bvbi2K Bib2H7 Bb HHQr2/ iQ QTiBKBx2 QM i?2 it `i2b-
r?2M iFBM; BMiQ ++QmMi i?2 }`KǶb BM+2MiBp2b iQ T`QpB/2 T2`Fb- M/ i?2B` 2z2+i
QM 2{+B2M+vf`2/Bbi`B#miBQMX q2 rBHH ii2KTi iQ ;Bp2 M Mbr2` iQ i?Bb [m2biBQM
BM a2+iBQM jXRR- #v bQHpBM; i?2 }`bi@bi;2 Q7 i?2 BMi2`+iBQM ;K2 #2ir22M i?2
;Qp2`MK2Mi M/ i?2 H#Q` K`F2iX aBM+2 i?i T`Q#H2K `2[mB`2b i?2 /2}MBiBQM Q7
 bm{+B2MiHv i`+i#H2 bQ+BH r2H7`2 7mM+iBQM- ?Qr2p2`- r2 }M/ +QMp2MB2Mi M/
v2i BMi2`2biBM; iQ /Ti i?2 7`K2rQ`F /Bb+mbb2/ bQ 7`- BM Q`/2` iQ bb2bb i?2
UKQM2iBx2/ pHm2 Q7 i?2V 2{+B2M+v Q7 T`QpB/BM; T2`FbX
h?2 M2ti b2+iBQM ;Q2b i?`Qm;? HH i?2 /2iBHb Q7 Qm` 2{+B2M+v BM/2t2bX
jXRyXR h?2 MQ`KHBxiBQM T`Q+2/m`2
"2+mb2 Q7 i?2 b2T`#BHBiv #2ir22M r;2b M/ 2zQ`i BM i?2 ;2MiǶb miBHBiv 7mM+@
iBQM- Bi b22Kb mM`2bQM#H2 iQ /B`2+iHv `272` iQ g(n, q) b i?2 KQM2i`v 2[mBpH2Mi
Q7 i?2 ;2MiǶb 2zQ`iX h?2 /`r#+F Q7 i?Bb Bb i?i- bBM+2 g(·) Bb 2tT`2bb2/ BM miBH@
Biv i2`Kb r?2`2b KQM2i`v pHm2b `2 2tT`2bb2/ BM mMBib Q7 i?2 MmK2`B`2- Qm`
2{+B2M+v BM/2t- M/ i?2 +QKT`iBp2 biiB+b `2bmHib 7Q` Bi- Kv #2 z2+i2/ #v
i?2 b+H2 Q7 i?2 g(·) 7mM+iBQMX
AM Q`/2` iQ ;2i `B/ Q7 i?Bb 2z2+i- r2 TTHv  bBKTH2 +QKT2MbiBQM T`BM+BTH2 M/
+QKTmi2 i?2 T`BM+BTHǶb 2tT2M/Bim`2 BM T2`Fb i?i- ;Bp2M i?2 QTiBKH HHQ+iBQMb
rBi? M/ rBi?Qmi T2`Fb- Bb M22/2/ BM Q`/2` iQ BKTQb2 QM i?2 ;2Mi i?2 bK2 +Qbi
Q7 2zQ`i +`Qbb KQ/2HbX *QKTmi2/ i?2 `2[mB`2/ /Bz2`2MiBH BM q- r2 pHm2 Bi i
i?2 K`F2i T`B+2 k 3X h?2 `2bi Q7 i?Bb b2+iBQM T`QpB/2b  /2iBH2/ 2tTHMiBQM Q7
3Hi2`MiBp2 iQ i?Bb T`B+BM; rQmH/ #2 iQ TTHv iQ i?2 /Bz2`2MiBH BM T2`Fb i?2B` b?/Qr
T`B+2- BX2X i?2 K`;BMH T`B+2 i?2 T`BM+BTH Bb rBHHBM; iQ Tv 7Q`  `2HtiBQM Q7 i?2 +QMbi`BMi
q = 0- MK2Hv χq X
Ry8
?Qr i?2 +QKT2MbiBQM Bb +``B2/ Qp2`X _2bmHib- #b2/ QM MmK2`B+H bBKmHiBQM-
`2 /Bb+mbb2/ BM a2+iBQM jXRRX
G2i /2MQi2 #v x ∈ [0, n¯] i?2 QTiBKH 2zQ`i- bQHmiBQM iQ US9V r?2M q ≥ 0c M/
#v n ∈ [0, n¯]- i?2 QTiBKH 2zQ`i BM i?2 `2bi`B+i2/ KQ/2H rBi? q = 0X h?2M- r2
`2[mB`2- 2Bi?2`
RX g(x, q + dq) = g(n)- Q`
kX g(x, q) = g(n, dq)
r?2`2 dq Bb i?2 /Bz2`2MiBH +?M;2 BM q i?i- bi`iBM; 7`QK i?2 2[mBHB#`BmK- Bb
`2[mB`2/ BM Q`/2` iQ 2[mi2 i?2 +Qbi Q7 2zQ`i +`Qbb i?2 irQ KQ/2HbX
AM +b2 R- dq Bb +QKTmi2/ bQ b iQ #`BM; i?2 ;2MiǶb +Qbi Q7 2zQ`i i?i T`2pBHb BM
i?2 T2`F 2+QMQKv iQ i?2 pHm2 Bi iF2b BM i?2 T2`F@H2bb 2+QMQKv UBX2X ?2 ;2MiǶb
+Qbi Q7 2zQ`i Q7 i?2 T2`F@H2bb 2+QMQKv Bb i?2 QM2 i?i ?b iQ #2 BKTH2K2Mi2/VX
h?2`27Q`2- 2Bi?2` dq > 0 B7 g(n) < g(x, q) Q` dq ≤ 0- Qi?2`rBb2X
h?2 ?BbiQ`v #2?BM/ i?Bb /DmbiK2Mi +M #2 2bBHv iQH/ b 7QHHQrbX G2i bbmK2
i?i i?2 +QMi`+iBM; ;K2 Bb bm+? i?i i?2 T`BM+BTH QMHv +QKKBib iQ T`QpB/2 q-
M/ i?i- QM i?i ++QmMi- i?2 ;2Mi iF2b 2zQ`i xX h?2 /B2 Bb +bi M/ 2Bi?2`
bii2 Q7 i?2 rQ`H/ Bb `2HBx2/X h?2M-  bQ+BH THMM2` +HH QM i?2 T`BM+BTH M/ bF
?BK iQ /Dmbi i?2 T`QpBbBQM Q7 T2`Fb bm+? i?i i?2 2M/@Q7@;K2 ;2MiǶb /BbmiBHBiv
Q7 2zQ`i Bb g(x, q+ dq) = g(n)X h?2 [m2biBQM Bb i?2`27Q`2 i?2 7QHHQrBM;, 7`QK M
2t@Mi2 T2`bT2+iBp2- r?2M2p2` T2`Fb `2 T`QpB/2/- /Q i?2v ;m`Mi22 i?i i?2`2
`2 bm{+B2MiHv ?B;? 2tT2+i2/ `2bQm`+2b BM i?2 2+QMQKv 7Q` i?2 T`BM+BTH #2BM;
#H2- B7 ?2 r2`2 bF2/ iQ /Q bQ- iQ #mv 2ti` dq mMBib Q7 T2`Fb- i i?2 K`F2i
T`B+2 k - BM Q`/2` iQ H2p2 i?2 ;2Mi BM/Bz2`2Mi Ub iQ `2;`/ ?2` +Qbi Q7 2zQ`iV
#2ir22M i?2 irQ bvbi2Kb\
"v bQHpBM; i?2 7QHHQrBM; 2[miBQM-
δx1+σ
1 + σ
1
(1 + a(q + dq))γ
=
δn1+σ
1 + σ
r2 Q#iBM i?i i?2 dq `2[mB`2/ iQ BKTH2K2Mi g(n) KQmMib iQ
dq =
1
a
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n
] 1+σ
γ − 1
)
− q URRV
q?2M- BM i?2 KQ/2H rfQ T2`Fb- r2 BKTQb2 q = 0- i?2 G;`M;BM bbQ+Bi2/ iQ i?i +QM@
bi`BMi- +M #2 2Bi?2` TQbBiBp2 Q` M2;iBp2- /2T2M/BM; QM r?B+? /B`2+iBQM i?2 T`BM+BTH rQmH/
HBF2 iQ pBQHi2 i?2 +QMbi`BMiX Ua22 Ji? TT2M/Bt jX"V
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6Q` +b2 R- i?2`27Q`2- i?2 +QKT2Mbi2/ 2{+B2M+v BM/2t 7Q` i?2 T2`F 2+QMQKv Bb
b 7QHHQrb-
E(q)
[
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− k · (q + dq)− g(n)
AM +b2 k- BMbi2/- i?2 2zQ`i +Qbi i?i ?b iQ #2 BKTH2K2Mi2/ Bb i?2 QM2 rBi?
T2`FbX A7 Bi Bb i?2`27Q`2 i?2 +b2 i?i g(x, q) > g(n)-  M2;iBp2 dq Bb M22/2/ iQ
#`BM; g(n, dq) i i?2 H2p2H g(x, qVX HBF2 iQ i?2 T`2pBQmb +b2- r2 +M i?BMF Q7 i?2
bQ+BH THMM2` #mvBM; 7`QK i?2 T`BM+BTH BM i?2 T2`F@H2bb 2+QMQKv- i T`B+2 k-
dq mMBib Q7 ?Bb THMi- bQ b iQ BKTQb2 QM i?2 ;2Mi M 2M/@Q7@i?2@;K2 /BbmiBHBiv
Q7 2zQ`i 2[mH iQ g(x, q)X h?2 +QKT2Mbi2/ 2{+B2M+v BM/2t- 7Q` i?2 T2`F@H2bb
2+QMQKv- Bb ;Bp2M #v
E
[
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+ k · dq − g(x, q)
h?i Bb- BM i?2 b+2M`BQ rBi?Qmi T2`Fb- r2 +QKTmi2 dq bm+? i?i
δx1+σ
1 + σ
1
(1 + aq)γ
=
δn1+σ
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1
(1− adq)γ
M/ Q#iBM
dq =
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[n
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] 1+σ
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− q ·
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x
] 1+σ
γ URkV
aBM+2 Bi +M #2 `;m2/ ;BMbi i?2 THMM2` 2iBM; bQK2 Q7 i?2 ǳBMiM;B#H2Ǵ bi`m+@
im`2 Q7 i?2 T2`F@H2bb }`K- r2 T`QTQb2 M Hi2`MiBp2 +QKT2MbiBQM UMK2/ +b2
k#V i?i- b 7Q` +b2 R- BKTH2K2Mib g(n) M/ `2[mB`2b i?2 THMM2` Q7 i?2 T2`Fb
2+QMQKv iQ T`QpB/2 i?2 ;2Mi rBi? 2ti` mMBib Q7 T2`FbX
h?2 /Bz2`2M+2 #2ir22M +b2 R M/ +b2 k# `2HB2b QM i?2 K`;BMH 2z2+i Q7 i?2
2ti` mMBib #2BM; /Bz2`2Mi +`Qbb ivT2b Q7 +QKT2MbiBQMX q?BH2- BM 7+i- dq Bb
r2B;?i2/ ++Q`/BM; iQ i?2 T`K2i2` a BM +b2 RV- BM +b2 k#V i?2 b2MbBiBpBiv Q7
h(q) iQ dq Bb K2bm`2/ #v a ·
[x
n
] 1+σ
γ X q2 +M- i?2`27Q`2- i?BMF Q7
[x
n
] 1+σ
γ b i?2
T2`bQMH #2M2}i i?2 ;2Mi /2`Bp2b #v ?Bb TQbBiBQM BM i?2 }`KX 6Q` ;Bp2M x- i?2
H`;2` Bb i?i `2bTQMbBp2M2bb- i?2 H2bb mMBib Q7 dq `2 `2[mB`2/ BM Q`/2` iQ #`BM;
i?2 ;2MiǶb rQ`F /BbmiBHBiv iQ Bib pHm2 g(n)X 6Q`KHHv- r2 bQHp2 i?2 7QHHQrBM;
B/2MiBiv-
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δx1+σ
1 + σ
1(
1 + a(q + dq ·
[x
n
] 1+σ
γ
)
)γ = δn1+σ1 + σ
Ai Bb bi`B;?i7Q`r`/ iQ b22 i?i +b2 RV M/ +b2 k#V `2 bm+? i?i dq1) =
dq2b)
[x
n
] 1+σ
γ - rBi? dq2b) < dq1)X h?2 /Bz2`2M+2 Bb /m2 iQ i?2 7+i i?i BM +b2 RV
g(n) Bb BKTH2K2Mi2/- r?2`2b BM +b2 k#V i?2 `2bTQMbBp2M2bb iQ i?2 2ti` mMBib
Q7 T2`Fb Bb /Dmbi2/ M/ dq Bb +QKTmi2/ bQ b iQ BKTH2K2Mi g(n, q)X hQ +QM+Hm/2-
i?2 2{+B2M+v BM/2t i?i Bb `2H2pMi BM +b2 k#V- r?B+? KQ/B}2b i?2 2tT`2bbBQM
7Q` i?2 T2`Fb 2+QMQKv- Bb i?2 7QHHQrBM;-
E(q)
[
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− k · (q + dq2b))− g(n)
jXRR  MmK2`B+H 2t2`+Bb2
h?Bb bBKmHiBQM 2t2`+Bb2 b2`p2b irQ Tm`TQb2bX 6B`biHv- Bi 2ti2M/b Qm` i?2Q`2iB+H
`2bmHib M/ +QKT`iBp2 biiB+bX h?2 `272`2M+2 Bb T`2+Bb2Hv iQ i?2 /Bb+mbbBQM QM
i?2 b2+QM/@Q`/2` 2z2+ib bbQ+Bi2/ rBi? i?2 +m`pim`2 Q7 i?2 miBHBiv 7mM+iBQM- M/
QM i?2 +QKTH2K2Mi`Bivfbm#biBimi#BHBiv Q7 T2`Fb M/ +b? i i?2 2[mBHB#`BmK
HHQ+iBQM- r?B+? mMK#B;mQmbHv `2[mB`2b iQ +QMi`QH 7Q` i?2 bi`B+i +QM+pBiv Q7
i?2 T`Q#H2KX h?2 b2+QM/ i`;2i Bb iQ 2pHmi2 [mMiBiiBp2Hv Qm` 2{+B2M+v
BM/2t2b M/ /`r bQK2 +QM+HmbBQMb QM i?2 +QMp2`;2Mi Q` /Bp2`;2Mi BM+2MiBp2b
#2ir22M }`Kb M/ }b+H mi?Q`Biv b iQ `2;`/ i?2 TvK2Mi #v T2`FbX
AM Q`/2` iQ T`Q+22/- r2 TQbimHi2 i?2 KBM T`K2i2`b ++Q`/BM; iQ 2Bi?2` Qm`
72bB#BHBiv MHvbBb M/ i?2 pHm2b i?i TT2` ivTB+H BM i?2 HBi2`im`2 QM QTiBKH
itiBQMX q2 mb2 i?2 pHm2b η = {0.5, 1, 2}- M/ σ = {1, 2}X AM 7+i- ++Q`/BM;
iQ "2`Mb+QMB URNN3V- i?2 +Q2{+B2Mi Q7 `2HiBp2 `BbF p2`bBQM b?QmH/ HB2 BM i?2
`M;2 R@k- r?2`2b KMv 2KTB`B+H bim/B2b b22K iQ +QM}`K  6`Bb+? 2HbiB+Biv
i?i Bb H2bb i?M QM2X b r2 M22/ γ < σ- r2 b2i γ = σ/2 7Q` +QMp2MB2M+2X
aBM+2 r2 /Q MQi FMQr i?2 TT`QT`Bi2 pHm2b Q7 α, ε M/ θ- r?B+? /2i2`KBM2 i?2
biQ+?biB+ /Bbi`B#miBQM Q7 BM+QK2- r2 H2i i?2K `M;2 `QmM/ i?2 pHm2b 0.8, 0.05
M/ 0- `2bT2+iBp2HvX q2 b2i τb = 0.25 B7 η ≤ 1- M/ τb = 0.45 7Q` η = 2- Q` H2i
Bi p`v BM i?2 BMi2`pH [0.2, 0.6]X q2 }t τs = 0- M/ y0 = sˆ = 1- r?BH2 r2 HHQr
y1 iQ p`v BM i?2 BMi2`pH (2, 4)- Q` r2 b2i Bi i 3.5- r?2M p`vBM; bQK2 Qi?2`
T`K2i2`X h?2 pHm2b Q7 δ = {0.25, 0.5, 1} M/ a = {2, 4.5, 5}- `2 /Dmbi2/ bQ
b iQ KBMiBM i?2 +Qbi Q7 T2`Fb k `QmM/ RX
Ry3
h?2 2z2+i Q7  +?M;2 BM i?2 ;2MiǶb `2HiBp2 `BbF p2`bBQM- ηX q2
}`bi MQiB+2 i?i M BM+`2b2 BM η H2/b iQ  /`QT BM i?2 QTiBKH 2zQ`i r?B+?-
2p2`vi?BM; 2Hb2 2[mH- `2/m+2b i?2 T`BM+BTHǶb BM+2MiBp2b iQ T`QpB/2 T2`FbX b Bi
Bb- 2Bi?2` q
y1
M/ q
b
7HH /QrM b η BM+`2b2bX h?2 BMimBiBQM #2?BM/ i?2 `2bmHi Bb
i?2 7QHHQrBM;X h?2 KQ`2 `2HiBp2Hv `BbF@p2`b2 i?2 ;2Mi Bb- i?2 HQr2` Bb i?2 `BbF@
T`2KBmK i?i i?2 T`BM+BTH ?b iQ Tv BM Q`/2` iQ BM+2MiBpBx2 i?2 ;2MiǶb 2zQ`iX
LQM2i?2H2bb- i?2 H2p2H Q7 2zQ`i i?i +M +imHHv #2 BKTH2K2Mi2/ /2+`2b2b BM
η- bQ `2/m+BM; i?2 b+QT2 7Q` T`QpB/BM; T2`FbX b M Qp2`HH `2bmHi- i?2 T`BM+BTH
2tT2+i2/ T`Q}ib /2+`2b2- #mi- #2+mb2 Q7 i?2 T`QpBbBQM Q7 T2`Fb- i?2v 7HH H2bb
i?M i?2v /Q BM i?2 T2`F@H2bb 2+QMQKvX h?2 ;2Mi- ?Qr2p2`- Bb K/2 rQ`b2 Qz
7`QK i?2 T`QpBbBQM Q7 i?2 7`BM;2 #2M2}i i i?Qb2 ηǶb 7Q` r?B+? Bi Bb biBHH +QMp2MB2Mi
7Q` i?2 T`BM+BTH iQ Tv ?2` BM rQ`F@`2Hi2/ ;QQ/b M/ BM+2MiBpBx2 2zQ`i #Qp2
i?2 QTiBKH H2p2H Bi iF2b BM i?2 T2`F@H2bb 2+QMQKvX q?2M Bi Bb i?2 +b2- BM 7+i-
i?2 BM7Q`KiBQM `2Mi TB/ iQ i?2 ;2Mi BM i?2 T2`F bvbi2K Bb ?B;?2` Ui?Qm;?
biBHH #2BM; /2+`2bBM; BM ηV i?M Bi Bb BM i?2 T2`F@H2bb 2+QMQKv- #2+mb2 Q7 i?2
TQbBiBp2 2z2+i Q7 T2`Fb QM 2zQ`iX LQM2i?2H2bb- i?2 miBHBiv /2`Bp2/ 7`QK i?2 HQr2`
r;2b M/ T2`Fb i?i `2 M22/2/ iQ BM/m+2/ i?2 KQ`2 `BbF@p2`b2 rQ`F2` iQ TTHv
i?2 /2bB`2/ 2zQ`i Bb MQi 2MQm;? iQ Qmir2B;? ?2` /BbmiBHBiv 7`QK rQ`FBM;X h?2
KBbKi+? #2ir22M i?2 HBM2`Biv Q7 i?2 T`BM+BTHǶb TvQz M/ i?2 +QM+pBiv Q7
i?2 ;2MiǶb miBHBiv ;Bp2b M BM+2MiBp2 iQ i?2 T`BM+BTH iQ mb2 T2`Fb BM Q`/2` iQ
/BbiQ`i i?2 ;2MiǶb rQ`FBM; /2+BbBQMX
q?2M HQQFBM; i i?2 #2?pBQ` Q7 Qm` 2{+B2M+v BM/2t2b b η BM+`2b2b- r2 b22 i?i-
#2bB/2b M Qp2`HH i2M/2M+v iQ bii2 i?2 BM2{+B2M+v Q7 T2`Fb r?2M +QKT2MbiBQM
Bb T2`7Q`K2/ bQ b iQ BKTH2K2Mi i?2 T2`F@H2bb 2+QMQKvǶb 2zQ`i U+b2 RV- i?2 ;BM
7`QK T`QpB/BM; T2`Fb Bb l@b?T2/ r?2M 2{+B2M+v Bb K2bm`2/ b BM +b2 kX
h?i Bb- i?2 bvbi2K rBi? T2`F T2`7Q`Kb #2ii2` i?M i?2 T2`F@H2bb 2+QMQKv i
bm{+B2MiHv HQr pHm2b Q7 i?2 +Q2{+B2Mi Q7 `2HiBp2 `BbF p2`bBQMX LQM2i?2H2bb-
b η BM+`2b2b- i?2 BM/2t /2+`2b2b- bQ KFBM; T2`Fb  H2bb@2{+B2Mi i2+?MQHQ;v
7Q`  #mM+? Q7 `2HiBp2Hv ?B;?2` +Q2{+B2Mib- rBi?  +?M;2 BM i2M/2M+v i bQK2
TQBMi M/  T`Q;`2bbBp2Hv /2+`2bBM; BM2{+B2M+v b r2 TT`Q+? i?2 H2p2H Q7 η
7Q` r?B+? q = 0X
h?2 BM2{+B2M+v i?i `Bb2 BM +b2 R +M #2 2bBHv mM/2`biQQ/ B7 QM2 HQQFb i
i?2 T`BM+BTHǶb rBHHBM;M2bb iQ Tv 7Q`  `2HtiBQM Q7 i?2 +QMbi`BMi QM  MQM@
TQbBiBp2 T`QpBbBQM Q7 T2`FbX :Bp2M Qm` bBKTH2 T`K2i`BxiBQM- i?i rBHHBM;M2bb
Bb p2`v HQr +QKT`2/ iQ i?2 K`F2i T`B+2 Q7 T2`Fb- kX aBM+2- #2+mb2 Q7 i?2
+QK#BM2/ 2z2+i Q7 `2HiBp2Hv HQr `BbF@p2`bBQM M/ T2`F T`QpBbBQM- i?2 KQmMi
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Q7 2ti` mMBib Q7 T2`Fb i?i i?2 T`BM+BTH ?b iQ Tv iQ i?2 ;2Mi- BM Q`/2` iQ
#`BM; ?2` /BbmiBHBiv iQ Bib T2`F@H2bb +QmMi2`T`i H2p2H- Bb p2`v H`;2 U?B;?2` i?M
i?2 KQmMib `2[mB`2/ BM +b2 k M/ k#V- i  T`B+2 k i?2`2 Kv #2 MQi bm{+B2Mi
`2bQm`+2b H27i 7Q` i?i +QKT2MbiBQM iQ iF2 TH+2X
h?2 2z2+i Q7  +?M;2 BM i?2 biQ+?biB+ T`K2i2`- θX >2`2- i?2 KQbi
bi`BFBM; `2bmHi- bQK2?Qr `2Hi2/ iQ i?2 b2+QM/@Q`/2` ;BMb i?i i?2 T`BM+BTH
+M TQi2MiBHHv Q#iBM i θ ̸= 0- #v /2pBiBM; 7`QK i?2 QTiBKH +QMi`+i- Bb
i?i- 7Q` HH η- b θ p`B2b BM  bKHH BMi2`pH +2Mi2`2/ i x2`Q- 2Bi?2` q
y1
M/ q
b
2t?B#Bi M BMp2`b2 l@b?T2 Tii2`M- rBi?  KtBKmK i θ = 0X h?Qm;? i?Bb
#2?pBQ` `2~2+ib i?2 BM+`2b2/ +QM+pBiv Q7 i?2 `iBQ n
n¯
- #Qi? #2BM; /2+`2bBM;
M/ +QM+p2 7mM+iBQMb Q7 θ- Bi /Q2b MQi z2+i i?2 i`2M/ Q7 b
y1
- r?B+? bi`B+iHv
/2+`2b2b b θ BM+`2b2b BM Bib BMi2`pHX q?2M +QKT`2/ rBi? Bib pHm2 BM i?2
T2`F@H2bb 2+QMQKv- i?2 bi`B+iHv TQbBiBp2 U`2bT2+iBp2Hv- bi`B+iHv M2;iBp2V p`BiBQM
BM i?2 QTiBKH +QKT2MbiBQM b 7Q` θ ∈ (0, θ¯] U`2bT2+iBp2Hv- θ ∈ [θ, 0)V Bb- ?Qr2p2`-
iQQ bKHH UBM [mMiBiiBp2 i2`KbV iQ 2tTHBM i?2 rQ`F2`Ƕb 2t+2bb Q7 miBHBiv /2`Bp2/
7`QK i?2 T`QpBbBQM Q7 T2`FbX AM 7+i- i?i ;BM +?B2~v `2bmHib 7`QK i?2 ?B;?2` `2Mi
i?2 ;2Mi Bb H2i 7`22 iQ 2MDQv HQM; i?2 BMi2`pH- BM i?2 T2`F 2+QMQKvX JQ`2Qp2`-
bBM+2 BV #2+mb2 Q7 Qm` T`K2i`BxiBQM- i?2 `2Mi 2[mHb i?2 /BbmiBHBiv Q7 2zQ`i-
M/ BBV i?2 2z2+i QM i?2 QTiBKH r;2 Bb p2`v bKHH- i?2 T2`+2Mi;2 BM+`2K2Mi BM
i?2 T`BM+BTHǶb 2tT2+i2/ T`Q}ib- +?B2p2/ #v T`QpB/BM; T2`Fb- Bb [mMiBiiBp2Hv
mMBKTQ`iMiX
b θ BM+`2b2b- 2Bi?2` i?2 KQ/2H rBi? T2`Fb M/ i?2 T2`F@H2bb 2+QMQKv T2`7Q`K
#2ii2` BM i2`Kb Q7 M2i 2tT2+i2/ `2bQm`+2b- 7i2` +QKT2MbiBQM ?b iF2M TH+2X
>Qr2p2`- HH Qm` 2{+B2M+v BM/2t2b b?Qr i?2 `2HiBp2 BM2{+B2M+v Q7 T`QpB/BM;
T2`Fb- b +QKT`2/ iQ  bvbi2K i?i /Q2b MQi HHQr 7Q` i?2K- rBi?  i`Qm;?
M2` θ = 0X h?2 `2bmHi #2BM; `Q#mbi iQ +?M;2b BM σ M/ η- Qm` MHvbBb bm;;2bib
i?i- #v 7Q+mbBM; QM θ = 0- r2 `2 +imHHv Qp2`2biBKiBM; i?2 2z2+i Q7 T2`Fb BM
i?2 2+QMQKvX
h?2 2z2+i Q7 BM+`2bBM; y1X 6Q` ;Bp2M T`B+2b- τb M/ k- M/ }t2/ y1 = sˆ- i?2
Qp2`HH 2z2+i Q7 BM+`2bBM; y1 KQmMib iQ  bi2/v BM+`2b2 BM i?2 `iBQ q
y1
Ub
bQQM b i?2 BM+QK2 ;T Bb bm+? i?i Bi #2+QK2b QTiBKH 7Q` i?2 T`BM+BTH iQ Tv
#v T2`Fb HbQV M/- i?2`27Q`2- iQ  ?B;?2` `iBQ n
n¯
BM i?i `2;BQM- b +QKT`2/
iQ  bvbi2K rBi?Qmi T2`FbX AM bTBi2 Q7 i?2 M2;iBp2 i`2M/ Q7 b
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- r?B+? Bb `Q#mbi
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iQ +?M;2b BM η- θ M/ σ- i?2 T2`F@iQ@r;2 `iBQ BM+`2b2b BM i?2 BM+QK2 H2p2H-
M/ `2+?2b Bib KtBKmK BM +Q``2bTQM/2M+2 Q7 i?2 y1Ƕb pHm2 i r?B+? n = n¯X
6m`i?2` BM+`2K2Mib BM y1 `2 i?2M bbQ+Bi2/ rBi? HQr2` q
y1
M/ b
y1
- bQ b iQ
F22T i?2 `iBQ T2`F@iQ r;2 +QMbiMiX
h?2 M2i 2z2+i Q7 i?2 ;2MiǶb ?B;?2` T`Q/m+iBpBiv- B7 TQbBiBp2 QM i?2 T`BM+BTHǶb
2tT2+i2/ T`Q}ib- Bb K#B;mQmb 7`QK i?2 ;2MiǶb T`QbT2+iBp2X AM/22/- 2Bi?2` i?2
BM7Q`KiBQM `2Mi M/ i?2 ;2MiǶb 2tT2+i2/ miBHBiv Kv 7HH #2HQr i?2 pHm2b i?2v
iF2 BM  T2`F@H2bb 2+QMQKvX JQ`2Qp2`- /Bz2`2M+2b BM i?2 `2HiBp2 `BbF p2`bBQM
Kv H2/ iQ /Bz2`2Mi /vMKB+b b iQ `2;`/ i?2 rQ`F2`Ƕb r2HH@#2BM;X AM 7+i-
i?Qm;? i?2 ;2MiǶb 2tT2+i2/ miBHBiv rBi? T2`Fb Bb BMBiBHHv /2+`2bBM; BM y1- b
i?2 T`BM+BTH bi`ib mbBM; i?2K- `2+?2b  KBMBKmK M/ i?2M BM+`2b2b #Qp2
Bib T2`F@H2bb H2p2H- 7Q` 0 < η < 1c 7Q` η ≥ 1- i?Bb /vMKB+b Bb `2p2`i2/- rBi? i?2
;2MiǶb miBHBiv ;BMb 7`QK T2`Fb #2BM; }`biHv TQbBiBp2 M/ BM+`2bBM;- b i?2 `2Mi
BM+`2b2b BM ?2` 2zQ`i- M/ i?2M bi`iBM; iQ 7HH- b bQQM b i?2 BKTH2K2Mi#H2
2zQ`i ?Bib Bib KtBKmKX q2 rBHH `272` iQ i?2b2 /Bz2`2M+2b Hi2` QM BM i?Bb
+?Ti2`- r?2M /Bb+mbbBM; i?2 BKTHB+iBQMb Q7  HQr2` `2HiBp2 `BbF@p2`bBQM QM
i?2 /2bB;MBM; Q7 i?2 QTiBKH iQT@BM+QK2 itX
6BMHHv- H2i MQiB+2 i?i- r?2M2p2` i?2 7Q+mb Bb i?2 T`Q/m+iBQM 2{+B2M+v- i?2
;2MiǶb `2HiBp2 `BbF p2`bBQM /Q2b MQi +?M;2 i?2 #2?pBQ` Q7 Mv Q7 i?2 2{@
+B2M+v BM/2t2b b i?2 BM+QK2 H2p2H BM+`2b2bX AM 7+i- Qi?2` i?M  /Bz2`2M+2 BM
[mMiBiiBp2 i2`Kb- r?B+? Bb H`;2` i?2 ?B;?2` Bb η- HH BM/2t2b bTHBi i?2 BMi2`pH
Q7 BM+QK2 ;Tb BMiQ irQ `2;BQMbX i }`bi- b bQQM b T2`Fb `2 T`QpB/2/- i?2 H2bb
/pM+2/ bvbi2K T2`7Q`Kb- BM 2tT2+i2/ i2`K- #2ii2` i?M Qm` KQ/2H rBi? T2`FbX
h?2M- 7i2`  i`Qm;?- i?2 Hii2` bvbi2K /2+`2b2b Bib BM2{+B2M+v- mMiBH Bi Qp2`@
+QK2b i?2 T2`F@H2bb 2+QMQKv BM 2tTHQBiBM; i?2 ?B;?2` TQi2MiBH Q7 i?2 ;2Mib- b
2K#Q/B2/ BM H`;2` y1ǶbX 6m`i?2`KQ`2- Bi Bb rQ`i? K2MiBQMBM; i?i- #2+mb2 Q7
i?2 HBM2`Biv rBi? `2bT2+i iQ 2zQ`i M/ T2`Fb Q7 Qm` BM/2t2b- 7Q` HH y1 bm+? i?i
n = n¯- i?Qm;? i?2 T2`F@iQ@r;2 `iBQ M/ i?2 2zQ`i F22T +QMbiMi b BM+QK2
BM+`2b2b- i?2 2{+B2M+v 7`QK T`QpB/BM; T2`Fb Bb +?`+i2`Bx2/ #v  H2bb bi22T-
#mi biBHH BM+`2bBM;- i`2M/X
h?2 2z2+i Q7 BM+`2bBM; τbX q?2M /2bB;M2/ bQ b iQ K2bm`2 i?2 BKT+i
Q7 M BM+`2b2 BM i?2 it `i2 U#mi i?2 bK2 ?QH/ 7Q` M BM+`2b2 BM kV- Qm`
MmK2`B+H bQHmiBQMb +Q``Q#Q`i2 i?2 MHviB+H `2bmHi Q7 i?2 +QKTH2K2Mi`BiB2b
#2ir22M r;2b M/ 2zQ`i M/ i?Qb2 #2ir22M 2zQ`i M/ T2`Fb #2BM; i?2 /`BpBM;
7Q`+2b BM 2tTHBMBM; i?2 `2/m+iBQM BM q b i?2 BM+QK2 it BM+`2b2bX
RRR
AM 7+i- b bQQM b i?2 KQ/2HǶb T`K2i`BxiBQM Bb bm+? i?i BM+2MiBp2b `2 bQ
bi`QM; i?i 2zQ`i ?Bib Bib KtBKmK BM  `M;2 Q7 TQbBiBp2 pHm2b 7Q` τb- i?2 bm#@
biBimiBQM 2z2+i HQM2 Ui?Qb2 +QKTH2K2Mi`BiB2b ?p2 #2BM; `mH2/ QmiV H2/b iQ M
BM+`2b2 BM i?2 QTiBKH T`QpBbBQM Q7 T2`Fb M/ iQ  /`QT BM r;2bX LQM2i?2H2bb-
b bQQM b i?2 ;2MiǶb 2zQ`i Bb Tmb?2/ /QrM #v i?2 `2/m+iBQM BM r;2b M/ #v
i?2 /2+`2bBM; K`;BMH `2im`Mb Q7 T2`Fb- ?B;?2` it `i2b `2 bbQ+Bi2/ rBi?
H2bb T2`Fb M/  7HH Ui  /2+`2bBM; bT22/V BM r;2b- b +QKT`2/ iQ i?2 pHm2
i?2v iF2 BM i?2 T2`F@H2bb 2+QMQKvX AM i?2 #`Q/2` BMi2`pH- i?2`27Q`2- i?2 M2i
2z2+i QM i?2 T2`F@iQ@r;2 `iBQ Bb MQ HQM;2` KQMQiQMB+ BM τb- #2BM; BMBiBHHv
BM+`2bBM;- M/ i?2M b?`THv /2+`2bBM; BM i?2 BM+QK2 it- mMiBH Bi ;Q2b iQ x2`QX
h?Qm;? ?B;?2` /BbiQ`iBM; it2b ;2M2`HHv BKTHv HQr2` 2tT2+i2/ miBHBiB2b M/
bKHH2` BM7Q`KiBQM `2Mib- i?2 ;BMfHQbb 7`QK #2BM; TB/ rBi? T2`Fb- b +QKT`2/
iQ  T2`F@H2bb b+2M`BQ- /2T2M/b QM i?2 ;2MiǶb `BbF p2`bBQMX 6Q` η = 0.5- i?2
rQ`F2` Bb K/2 rQ`b2 Qz #v i?2 Ui2KTQ``vV T`QpBbBQM Q7 T2`Fb- r?2`2b- 7Q`
η = 2- i?2 ;2Mi Bb #2ii2` Qz r?2M T`QpB/2/ #v T2`Fb- 7Q` i H2bi bQK2 pHm2b Q7
τb BM Qm` BMi2`pHX JQ`2Qp2`- BM 2Bi?2` +b2- QTiBKH `2bTQMb2b `2 bm+? i?i i?2v
+?M;2 i?2B` i`2M/ Dmbi QM+2- BX2X i?2 ;2MiǶb 2tT2+i2/ miBHBiv Bb Ur2FHvV +QM+p2
BM i?2 it `i2X b r2 H`2/v TQBMi2/ Qmi- i?2b2 `2 i?2 /vMKB+b r2 rBHH #2
+QM+2`M2/ #Qmi r?2M +?`+i2`BxBM; i?2 2[mBHB#`BmK iQT@BM+QK2 K`;BMH it
`i2X
6BMHHv- bi`QM; Q7 i?2 BMimBiBQMb QM ?Qr p`BiBQMb BM i?2 T`BM+BTHǶb 2tT2+i2/
T`Q}iǶb- i?`Qm;? i?2B` 2z2+i QM i?2 rBHHBM;M2bb iQ BM+2MiBpBx2 2zQ`i- bT`2/ Qp2`
i?2 QTiBKH TQHB+v 7mM+iBQMb- Bi Bb MQi bm`T`BbBM; i?i i?2 2{+B2M+v BM/2t2bǶ
`2bTQMb2 iQ +?M;2b BM i?2 it@`i2 b?2`b i?2 bK2 Tii2`M- #mi `2~2+i2/- i?M
i?2 `2bTQMb2 iQ +?M;2b BM y1X AM 7+i- Qm` bvbi2K rBi? T2`Fb b?Qrb M BM/2t
Q7 `2HiBp2 2{+B2M+v i?i, BV Bb bi`B+iHv TQbBiBp2 M/ }`biHv BM+`2bBM; UB7 n = n¯V
M/ i?2M /2+`2bBM; Ub 2zQ`i /2+`2b2bV 7Q` bQK2 τb bm{+B2MiHv HQrc BBV #2+QK2b
M2;iBp2- rBi?  ;HQ#H KBMBKmK- Qp2`  `M;2 Q7 BMi2`K2/Bi2 pHm2bc BBBV bHB;?iHv
`2/m+2b Bib BM2{+B2M+v- mMiBH i?2 T`QpBbBQM Q7 T2`Fb im`Mb iQ x2`Q 7Q` bm{+B2MiHv
?B;? τbX
RRk
6B;m`2 jXR, 6Q` η, PTiBKH HHQ+iBQM Uθ = 0V
RRj
6B;m`2 jXk, 6Q` η, AM7Q`KiBQM `2Mi M/ 2{+B2M+v Uθ = 0V
RR9
6B;m`2 jXj, 6Q` θ, PTiBKH HHQ+iBQM Uη = 2V
RR8
6B;m`2 jX9, 6Q` θ, AM7Q`KiBQM `2Mi M/ 2{+B2M+v Uη = 2V
RRe
6B;m`2 jX8, 6Q` y1, PTiBKH HHQ+iBQM Uη = 2V
RRd
6B;m`2 jXe, 6Q` y1, PTiBKH HHQ+iBQM Uη = 0.5V
RR3
6B;m`2 jXd, 6Q` y1, 1{+B2M+v Uη = 2V
6B;m`2 jX3, 6Q` y1, 1{+B2M+v Uη = 0.5V
RRN
6B;m`2 jXN, 6Q` τb, PTiBKH HHQ+iBQM Uη = 2V
Rky
6B;m`2 jXRy, 6Q` τb, PTiBKH HHQ+iBQM Uη = 0.5V
RkR
6B;m`2 jXRR, 6Q` τb, 1{+B2M+v Uη = 2V
6B;m`2 jXRk, 6Q` τb, 1{+B2M+v Uη = 0.5V
Rkk
jXRk h?2 }`bi@bi;2 Q7 i?2 ai+F2H#2`; ;K2, i?2
QTiBKH iQT BM+QK2 K`;BMH it
aQ 7`- r2 ?p2 /Bb+mbb2/ M/ +?`+i2`Bx2/ i?2 Qmi+QK2b Q7 i?2 b2+QM/ Q7 i?2
irQ bi;2b BM i?2 Lb? MQM@+QQT2`iBp2 ;K2 #2ir22M i?2 }b+H mi?Q`Biv M/
i?2 H#Q` K`F2iX h?2 b2[m2M+2 Q7 i?2 KQp2b 7Q` i?2 +QKTH2i2 ;K2 +M MQr
#2 bii2/ KQ`2 7Q`KHHv b 7QHHQrb,
RX h?2 }b+H mi?Q`Biv MMQmM+2b i?2 it b+?2K2 M/ i?2 KQM2i`v pHm2 Q7
i?2 Tm#HB+ 2tT2M/Bim`2- ⟨τs, τb, G⟩X
kX :Bp2M i?2 }b+H TQHB+v ⟨τs, τb, G⟩- i?2 T`BM+BTH /2bB;Mb i?2 QTiBKH +QK@
T2MbiBQM b+?2K2 W ≡ ⟨s, b, q⟩- M/ T`QpB/2b i?2 ;2Mi rBi? T2`F qX
jX :Bp2M ⟨τs, τb, G⟩ M/ W- i?2 rQ`F2` /2+B/2b ?Qr Km+? 2zQ`i n iQ TTHvX
9X AM+QK2 Bb `2HBx2/- M2i r;2b `2 TB/ iQ i?2 rQ`F2`- r?BH2 it2b `2
+QHH2+i2/ #v i?2 ;Qp2`MK2MiX
AM i?Bb b2+iBQM- #v bQHpBM; i?2 }`bi bi;2 Q7 i?2 ;K2 r2 BK i 2M/Q;2MBxBM;
i?2 BM+QK2 it `i2 i?i `Bb2b BM i?2 /2+2Mi`HBx2/ 2+QMQKv- r?2M i?2 }b+H
mi?Q`Biv HHQrb 7Q` i?2 T`QpBbBQM Q7 i?2 MQM@it#H2 T2`[mBbBi2 ;QQ/X 1Bi?2`
7Q` i`+i#BHBiv Tm`TQb2b M/ #2+mb2 i?2 T`i Q7 i?2 BM+QK2 /Bbi`B#miBQM i?i
Bb KQ`2 +QM+2`M2/ #Qmi i?2 T`QpBbBQM Q7 T2`Fb Bb i?2 mTT2` iBH- r2 7Q+mb QM
i?2 2[mBHB#`BmK iQT@BM+QK2 K`;BMH it `i2- M/ bbmK2 i?i G- r?B+? rb
KQbiHv 2t+Hm/2/ 7`QK i?2 MHvbBb BM i?2 b2+QM/ bi;2- /Q2b MQi MQr /B`2+iHv
z2+i i?2 ;2MiǶb BM+2MiBp2 +QKTiB#BHBiv +QMbi`BMiX
h2+?MB+HHv- BM 7+i- i?2 T`Q#H2K i ?M/ `2[mB`2b i?2 bT2+B}+iBQM Q7 M Q#@
D2+iBp2 7mM+iBQM 7Q` i?2 ;Qp2`MK2Mi UM/- i?2`27Q`2- 7Q` bQ+B2ivV i?i- i?Qm;?
mM#H2 iQ ++m`i2Hv /2b+`B#2 i?2 #2?pBQ` Q7 i?2 }b+H mi?Q`Biv- #mBH/b i H2bi
QM bQK2 bBKTH2 MQ`KiBp2 +`Bi2`BmKX PM i?i `2;`/- r2 /2p2HQT M Hi2`MiBp2
TT`Q+? iQ QTiBKH itiBQM #b2/ QM i?2 MQiBQM- MQi M2r iQ Qi?2` #`M+?2b
Q7 i?2 HBi2`im`2 QM }b+H TQHB+B2b- Q7 M ǳB/2HǴ ;2MiX
q2 i?2M /Bb+mbb ?Qr Qm` `2bmHib ?p2  #2`BM; QM i?2 /2#i2 QM BV H#Q` bmTTHv
2HbiB+BiB2b- BBV x2`Q iQT@BM+QK2 it `i2- BBBV BM+2MiBp2 p2`bmb BMbm`M+2 KQiBp2
Q7 itiBQMX AM /QBM; bQ- r2 +H2`Hv K2M iQ 2tTHQ`2 i?2 #BHBiv Q7 Qm` i?2Q`v
iQ 2tTHBM- DQBMiHv- i?2 7+ib QM r;2b M/ T2`F T`QpBbBQM- i?2 /vMKB+b Q7 it
`2p2Mm2b M/ i?2 H2p2H Q7 ;Qp2`MK2MiǶb 2tT2M/Bim`2X Pm` `2bmHib `2 BM 7+i BM i?2
7Q`K Q7  bBKTH2 it@7Q`KmH i?i- i?Qm;? BM HBM2 rBi? i?Qb2 BM i?2 HBi2`im`2-
Rkj
#mBH/b QM  M2r i?2Q`2iB+H 2tTHMiBQM r?B+? ++QmMib 7Q` i?2 T`QpBbBQM Q7
T2`FbX
h?2 M2ti Q7 i?2 b2+iBQM T`Q+22/b b 7QHHQrbX h?2 Mim`2 Q7 i?2 2ti2`MHBiv
T`Q#H2K M/ i?2 bQ+BH r2H7`2 7mM+iBQM `2 /2b+`B#2/ BM a2+iBQM jXRkXRX a2+iBQM
jXRkXk bii2 i?2 KtBKBxiBQM T`Q#H2K 7Q`KHHv- M/ /2`Bp2b Qm` it 7Q`KmHX
h?2 KBM `2bmHib Q7 i?2 +?Ti2` `2 +QK#BM2/ iQ;2i?2` M/ /Bb+mbb2/ BM a2+iBQM
jXRkXjX 6BMHHv- a2+iBQM jXRkX9 T`QTQb2b  MmK2`B+H bQHmiBQM 7Q` i?2 2[mBHB#`BmK
K`;BMH it `i2 r?B+? Bb +QKTiB#H2 rBi? T2`Fb #2BM; 2Bi?2` T`QpB/2/ M/ MQiX
jXRkXR a2i@mT M/ BM7Q`KiBQM bi`m+im`2
b #27Q`2- r2 +QMbB/2`  KQ/2H r?2`2 i?2 ;Qp2`MK2Mi H2pB2b it2b iQ }MM+2
i?2 Tm#HB+ T`QpBbBQM Q7 ;QQ/b M/ b2`pB+2bX LQr- ?Qr2p2`- iQ /2H rBi? i?2 Bbbm2
i ?M/- r2 2tTHB+BiHv bbmK2 i?i i?2 ;2Mi /2`Bp2b miBHBiv 7`QK #Qi? T`Bpi2
+QMbmKTiBQM UBX2X i?2 HHQ+iBQM Q7 r;2b- T2`Fb M/ 2zQ`iV M/ i?2 Tm#HB+
2tT2M/Bim`2X
h?2 ;Qp2`MK2Mi- i?mb- +?QQb2b i?2 QTiBKH it `i2- ;Bp2M bQ+BH T`272`2M+2b M/
i?2 #2?pBQ` Q7 i?2 H#Q` K`F2iX h?i Bb- Hi?Qm;? i?2 ;Qp2`MK2Mi `2+Q;MBx2
+Q``2+iHv i?i T2`Fb `2 mb2/ iQ BM+2MiBpBx2 rQ`F2`bǶ 2zQ`i M/ i?i T2`Fb KB;?i
bm#biBimi2 Qmi r;2b- M/ ?2 /2`Bp2b ?Bb #m/;2i +QMbi`BMi QM i?i ++QmMi- BM
/2bB;MBM; i?2 QTiBKH it `i2- ?2 b22Fb iQ KtBKBx2  T`QT2`Hv /2}M2/ bQ+BH
r2H7`2 7mM+iBQMX
aBM+2 i?2 ǳB/2HǴ- #Qi? 7Q` i?2 bQ+B2iv M/ i?2 ;Qp2`MK2Mi- Bb 7Q` i?2 rQ`F2` MQi
iQ b?`BMF- r2 bbmK2 i?i i?2 ;Qp2`MK2Mi iF2b b ?Bb Q#D2+iBp2 i?2 2tT2+i2/
miBHBiv Q7  `2T`2b2MiiBp2 ;2Mi r?Q Hrvb TTHB2b i?2 KtBKmK 2zQ`i- n¯X q2
Kv +HH bm+? M ;2Mi i?2 ǳB/2HǴ ;2MiX a?2 iF2b MQ /2+BbBQM- ?2M+2- ?b MQ
BM+2MiBp2 +QKTiB#BHBiv +QM/BiBQMb iQ biBb7vX .2+BbBQMb- ?Qr2p2`- `2 iF2M BM
?2` #2?H7 #v i?2 ;Qp2`MK2Mi r?Q- b r2 bB/- /2`Bp2b ?Bb #m/;2i +QMbi`BMi
7`QK i?2 #2?pBQ` Q7 b2H7@BMi2`2bi2/ ;2Mib BM i?2 H#Q` K`F2iX
*?`+i2`Bx2/ i?2 `2p2Mm2b i?i +M #2 +QHH2+i2/ r?2M ;2Mib iF2 i?2 }b+H
TQHB+v b ;Bp2M- r2 /2`Bp2 i?2 QTiBKH K`;BMH it #v 2[miBM; G iQ i?2 +@
imH 2tT2+i2/ `2p2Mm2b M/ i?2M b2`+?BM; 7Q` i?2 pHm2 Q7 i?2 it `i2 i?i
KtBKBx2b i?2 bQ+BH r2H7`2 7mM+iBQMX
h?`Qm;?Qmi HH i?Bb b2+iBQM r2 bbmK2 y0 = sˆ - M/ τs = 0X h?2M- τb +M #2
i?Qm;?i Q7 b i?2 iQT@BM+QK2 K`;BMH it `i2 Q7 i?Bb 2+QMQKvX
Rk9
h?2 2ti2M/2/ BM7Q`KiBQM b2iX h?2 Mim`2 Q7 i?2 2ti2`MHBiv T`Q#H2K Bb
b 7QHHQrbX qQ`F2`b /2`Bp2 miBHBiv 7`QK H#Q` K`F2i Qmi+QK2b U⟨s, b, q, n⟩V M/
i?2 Tm#HB+Hv T`QpB/2/ ;QQ/b M/ b2`pB+2b UGVX LQM2i?2H2bb- r?2M /2+B/BM; ?Qr
Km+? iQ rQ`F M/ ?Qr Km+? iQ Tv- ;2Mib iF2 b ;Bp2M i?2 it bvbi2K M/
i?2 Tm#HB+ T`QpBbBQM Q7 ;QQ/b- MK2Hv ⟨τb, G⟩X h?2 ;Qp2`MK2Mi- ?Qr2p2`- bT2M/b
i?2 +imH 2tT2+i2/ it `2p2Mm2b- T˜ (τb)- mM/2` i?2 #HM+2/ #m/;2i +QMbi`BMi-
G = T˜ (τb)X aBM+2 i?2 }`K Kv ?p2 M BMi2`2bi iQ Tv #v T2`Fb BM //BiBQM
iQ r;2b- #v bm#biBimiBM; Qmi r;2b rBi? T2`Fb- Bi +M +mb2  `2/m+iBQM BM i?2
KQmMi Q7 it2b- i?Qm;? 2tT2+i2/ it2b- M/ i?2`27Q`2- i?2 Tm#HB+ 2tT2M/Bim`2
G- Kv 2Bi?2` BM+`2b2 Q` /2+`2b2 #v i?2 2z2+i Q7 T2`Fb QM 2zQ`i M/- i?mb- QM
T`Q##BHBiB2bX
jXRkXRXR  `2}M2K2Mi Q7 i?2 ;2MiǶb T`272`2M+2b M/ aq6
qQ`F2`bǶ T`272`2M+2b Qp2` Tm#HB+ 2tT2M/Bim`2 M/ T`Bpi2 Qmi+QK2b `2 ;Bp2M #v
V p(W, G;n) = µu(G) + (1− µ) [p1u(b) + p0u(s)− g(n, q)]
h?2 i2`K BMiQ b[m`2 #`+F2ib Bb r?i r2 ?p2 /2}M2/ BM a2+iBQM jX9 b Up(W;n)X
q2 MQiB+2 i?i- r?2M2p2` i?2 ;2Mi iF2b i?2 Tm#HB+ 2tT2M/Bim`2 G b ;Bp2M-
i?2 BM+2MiBp2 +QKTiB#BHBiv +QMbi`BMi /2`Bp2/ 7`QK KtBKBxBM; 2Bi?2` Up(W;n)
M/ V p(W, G;n) rBi? `2bT2+i iQ n Bb i?2 bK2- bQ i?i Qm` /2`BpiBQM Q7 i?2
QTiBKH HHQ+iBQM ⟨s, b, q, n⟩ biBHH TTHB2b ?2`2NX
h?2 ;Qp2`MK2Mi mb2b V p(W, G;n) iQ KtBKBx2 Qp2` τb i?2 2tT2+i2/ miBHBiv Q7 M
ǳB/2HǴ rQ`F2` 7Q` r?QK n = n¯ M/ q = 0X AM 7+i- r2 `2 BKTHB+BiHv bbmKBM;
i?i i?2 ;Qp2`MK2Mi #2?p2b ǳb B7Ǵ ?2 /Q2b MQi FMQr r?i i?2 T`QpBbBQM Q7
T2`Fb BbX hQ F22T i?BM;b b bBKTH2 b TQbbB#H2- r2 HbQ bbmK2 i?i i?2 ;Qp2`M@
K2Mi Bb BM/Bz2`2Mi #Qmi r?Q Tvb i?2 it- B7 i?2 T`BM+BTH Q` i?2 rQ`F2`- bQ
i?i- BM /2bB;MBM; i?2 QTiBKH it- ?2 KtBKBx2b i?2 2tT2+i2/ miBHBiv Q7 i?2 B/2H
rQ`F2` r?Qb2 M2i r;2b `2 b = y1(1 − τb) M/ s = ys(1 − τs) = ysX +imHHv-
r2 +M i?BMF Q7 i?Bb HBKBiBM; rQ`F2` b #2BM; i?2 2Mi`2T`2M2m` Q7 i?2 }`K- r?Q
`2iBMb 7Q` ?BKb2H7 ?Bb T`Q/m+iBpBiv UMK2Hv- y1V M/ Tvb τby1 BM it2bX
q2- i?2`27Q`2- /2}M2 i?2 7QHHQrBM;
.2}MBiBQMUA1l- A/2H ;2MiǶb 2tT2+i2/ miBHBivV, G2i /2MQi2 #v
Nh?2 F2v bbmKTiBQM Bb- BM 7+i- i?i i?Qm;? /2`Bp2/ 7`QK 2tT2+i2/ `2p2Mm2b- i?2 Tm#HB+
T`QpBbBQM Q7 ;QQ/ Bb  +2`iBM Qmi+QK2X AM i?i- Qm` b2`+?BM; 7Q` i?2 QTiBKH it rMib iQ
b?2/ HB;?i QM i?2 /2bB`#BHBiv Q7 bQK2 +`Qr/BM;@Qmi 2z2+i #2ir22M T2`Fb M/ Tm#HB+ b2`pB+2bX
Rk8
V p(τb, G) ≡ µu(G) + (1− µ) [p¯1u(y1(1− τb)) + p¯0u(ys)− g(n¯, 0)]
rBi?
u(c) =
⎧⎪⎨⎪⎩
c1−η
1− η ∀η ̸= 1
HQ; c B7 η = 1
g(n¯, 0) =
δn¯1+σ
1 + σ
i?2 2tT2+i2/ miBHBiv Q7 M ǳB/2HǴ rQ`F2`- r?Qb2 2zQ`i Bb n = n¯ M/ i?2
r;2b `2 ?2` M2i@Q7@it T`Q/m+iBpBivX
bbmKTiBQMUaq6- aQ+BH r2H7`2 7mM+iBQMV, G2i V p(τb, G) ;Bp2 i?2 bQ+BH
T`272`2M+2b #2ir22M Tm#HB+ 2tT2M/Bim`2 M/ T`Bpi2 H#Q` K`F2i Qmi+QK2b
BM i?Bb 2+QMQKvX
.2}MBiBQMULL1- Lb? MQM@+QQT2`iBp2 2[mBHB#`BmKV, 1+? τb +?Qb2M #v i?2
;Qp2`MK2Mi BM i?2 }`bi bi;2 /2i2`KBM2b  Ub2+QM/@bi;2V bm#@;K2X h?2
T`Q}H2 Q7 bi`i2;B2b ⟨b⋆(τb), q⋆(τb), n⋆(τb)⟩ 7Q`Kb  Lb? MQM@+QQT2`iBp2
2[mBHB#`BmK BM i?2 bm#@;K2X  bm#@;K2 T2`72+i 2[mBHB#`BmK Q7 i?2 ;K2
Bb i?2M i?2 imTH2 ⟨b⋆, q⋆, n⋆, τ⋆b ⟩- r?2`2 τ⋆b KtBKBx2b i?2 ;Qp2`MK2MiǶb
bQ+BH r2H7`2 7mM+iBQM bm#D2+i iQ i?2 #m/;2i +QMbi`BMi- G = T˜ (τ⋆b )X
h?2 M2ti bm#b2+iBQM bii2b i?2 T`Q#H2K 7Q`KHHv M/ +?`+i2`Bx2 Qm` bQHmiBQMX
jXRkXk h?2 ;Qp2`MK2MiǶb T`Q#H2K
h?2 ;Qp2`MK2MiǶb T`Q#H2K +M #2 bii2/ b 7QHHQrb
US8V Kt
τb
V p(τb, G) bm#D2+i iQ,
G = τbp1(n⋆)b⋆
0 ≤ τb ≤ 1
b⋆ = argKt
b
Πp(n;W)
n⋆ = argKt
n
Up(W;n)
Rke
h?2 2tBbi2M+2 Q7  bQHmiBQM iQ US8V /2T2M/b- Q7 +Qm`b2- QM  KmHiBTHB+Biv Q7
T`K2i2`b, /B`2+iHv QM y1, ⟨p(n¯)⟩- µ M/ η- M/ BM/B`2+iHv QM HH i?2 Qi?2` T@
`K2i2`b r?B+? z2+i b⋆ M/ n⋆ Ry X PM2 Q7 i?2 KQbi BKTQ`iMi T`K2i2`b-
?Qr2p2`- Bb µ- r?B+? /2i2`KBM2b bQ+B2ivǶb T`272`2M+2b 7Q` Tm#HB+ b2`pB+2b +QK@
T`2/ iQ i?2 +QMbmKTiBQM Q7 i?2 T`Bpi2 Qmi+QK2bX
aBM+2 r2 /Q MQi FMQr i?2 `B;?i pHm2 Q7 µ- #mi @ /m2 iQ Qm` i`+i#H2 7Q`K
7Q` i?2 ;2MiǶb miBHBiv 7mM+iBQM @ 2tT2+i2/ it `2p2Mm2b UM/- i?2`27Q`2- GV /Q
MQi /2T2M/ QM µ-  +HB#`iBQM bi`i2;v b?QmH/ +QMbBbi BM TB+FBM;  pHm2 7Q`
µ ∈ (0, 1) bQ b iQ K22i  i`;2i pHm2 7Q` GX q2 H2p2 Bi iQ 7mim`2 rQ`FbX
6Q` i?2 KQK2Mi- r2 HBKBi Qm`b2Hp2b iQ TB+F i?2 pHm2 Q7 µ- bm+? i?i i i?2
2[mBHB#`BmK K`;BMH it@`i2 2Bi?2` T2`Fb `2 QTiBKHHv T`QpB/2/ Q` i?2v `2
T`2p2Mi2/- M/ i2bi i?2 #BHBiv Q7 Qm` 7`K2rQ`F iQ ++QmMi 7Q` i?2 /Bz2`2M+2b
BM i?2 irQ +b2bX
jXRkXkXR  7Q`KmH 7Q` i?2 iQT@BM+QK2 K`;BMH it
q?2M2p2` M BMi2`BQ` bQHmiBQM /Q2b 2tBbi- i?2 }`bi@Q`/2` M2+2bb`v +QM/BiBQM 7Q`
M QTiBKmK `2[mB`2b
Lτ :
[
p1b+ τb
(
b
∂p1
∂n
∂n
∂τb
+ p1
∂b
∂τb
)]
G−η =
1− µ
µ
[
p¯1y1(y1(1− τb))−η
]
aBKTH2 `2``M;2K2Mi Q7 i?2 #Qp2 2tT`2bbBQM H2/b iQ i?2 7QHHQrBM; it 7Q`KmH-
τb
1− τb =
⎧⎪⎪⎨⎪⎪⎩
(
µ
1− µ
1
p¯1
) 1
η
(1 + αϵn,τ + ϵb,τ )
1
η
(p1b
y1
)− η−1η ∀η ̸= 1(
µ
1− µ
1
p¯1
)
(1 + αϵn,τ + ϵb,τ ) B7 η = 1
r?2`2 ϵn,τ M/ ϵb,τ `2- `2bT2+iBp2Hv- i?2 2HbiB+Biv Q7 2zQ`i M/ r;2b rBi?
`2bT2+i iQ i?2 K`;BMH it `i2- M/ p1b +M #2 i?Qm;?i Q7 b i?2 T`Q/m+i Q7
i?2 Up2`;2V r;2 `i2 BM i?2 iQT@BM+QK2 #`+F2i iBK2b Bib /2MbBivX
q?BH2 i?2 }`bi i2`K QM i?2 _>a ++QmMib 7Q` i?2 bQ+BH K`;BMH r2B;?i QM
Tm#HB+ 2tT2M/Bim`2- bQ i?i i?2 QTiBKH K`;BMH it Bb BM+`2bBM; BM µ- i?2
b2+QM/ i2`K /B`2+iHv `2~2+ib i?2 2{+B2M+v +Qbi Q7 BM+`2bBM; it2b- /m2 iQ i?2
#2?pBQ`H `2bTQMb2b Q7 2Bi?2` i?2 rQ`F2` M/ i?2 }`KX Ai Bb M 2{+B2M+v +Qbi
#2+mb2 bm+? #2?pBQ`H `2bTQMb2b ?p2 MQ }`bi@Q`/2` TQbBiBp2 r2H7`2 2z2+ib QM
i?2 ;2Mi UMQi Dmbi QM i?2 B/2H ;2MiV M/ i?2 }`K- #mi ?p2  b2+QM/@Q`/2`
M2;iBp2 2z2+i QM `2p2Mm2bX
Ryb r2 b?HH b?Qr- ?Qr2p2`- r?2M i?2 ;2MiǶb miBHBiv iF2b i?2 HQ;`Bi?KB+ 7Q`K- i?2 2tBb@
i2M+2 Q7 i?2 bQHmiBQM M/- i?2`27Q`2- Bib 2[mBHB#`BmK pHm2- /2T2M/ QMHv QM µ M/ p1(n¯)X
Rkd
aBM+2 i?2 ϵǶb `2 #Qi? MQM@TQbBiBp2 7Q` y1 bm{+B2MiHv ?B;?- i?Bb 2tT`2bbBQM `2@
[mB`2b 7Q` M QTiBKmK iQ 2tBbi- i?i i?2 2HbiB+BiB2b rBi? `2bT2+i iQ τb Q7 i?2
T`Q##BHBiv K2bm`2 M/ i?2 QTiBKH r;2 bmK mT iQ;2i?2` iQ  MmK#2` H2bb
i?2 QM2 UBM #bQHmi2 pHm2V- BX2X 2Bi?2` 2zQ`i M/ r;2b Kmbi #2 MQi iQQ Km+?
2HbiB+X
Ai Bb HbQ rQ`i? bi`2bbBM; i?i ϵ Bb M mM+QKT2Mbi2/ 2HbiB+Biv +QM+2TiX Ai /Bz2`b
bHB;?iHv 7`QK i?2 HBi2`im`2 QM QTiBKH itiBQM- r?B+? 7Q+mb2b- BMbi2/- QM i?2
2HbiB+Biv Q7 `2TQ`i2/ BM+QK2 rBi? `2bT2+i iQ i?2 T`iB+BTiBQMfTQbi@it r;2
`i2- (1− τ)X
6m`i?2`KQ`2- bBM+2 HH i?2 p`B#H2b BMpQHp2/ `2 2M/Q;2MQmb 7mM+iBQMb Q7 τb M/-
i?mb- i?2v /Q MQi HHQr 7Q`  +HQb2/ 7Q`K bQHmiBQM Q7 i?2 2[mBHB#`BmK it- r2 T`Q@
TQb2 i?2 #Qp2 7Q`KmH b  i2bi#H2 ?vTQi?2bBbX ++Q`/BM; iQ Bi- Qm` 7`K2rQ`F
;Bp2b H2p2 iQ BV `2TH+2 i?2 2HbiB+Biv Q7 2zQ`i bmTTHv- ϵnτ - rBi? i?2 2HbiB+Biv
Q7 i?2 /2MbBiv K2bm`2- ϵpτ = p′ϵnτ - M/ BBV ?M/H2 rBi? i?2 r;2 /Bbi`B#miBQM
BMbi2/ Q7 i?2 QM2 7Q` i?2 `2TQ`i2/ BM+QK2X AM i?i- i?2 }`bi /Bz2`2M+2 b22Kb iQ
++QmMi 7Q` i?2 2ti2MbBp2 K`;BM Q7 i?2 iQT@2`M2`bǶ H#Q` bmTTHv- r?BH2 i?2 b2+@
QM/ +Tim`2b Bib BMi2MbBp2 K`;BM- M2i- ?Qr2p2`- i?2 TQ`iBQM Q7 Bi i?i Bb `2TB/
#v T2`FbX
jXRkXj *QKT`iBp2 biiB+b `2bmHib
AM i?2 biM/`/ QTiBKH itiBQM i?2Q`v- i?2 QTiBKH iQT it `i2 BM+`2b2b BM
i?2 /2MbBiv Q7 i?2 iQT@BM+QK2 ;2Mib Ui?2 `2p2Mm2@+QHH2+iBQM KQiBp2VX >Qr2p2`-
Qm` KQ/2H T`2/B+ib i?i- r?2M2p2` i?i /2MbBiv BM+`2b2b- y1 #2BM; }t2/- i?2
QTiBKH it `i2 b?QmH/ /2+`2b2 B7 i?2 2+QMQKv Bb bm{+B2MiHv ?B;? `2HiBp2 `BbF
p2`b2- BX2X B7 η > 1X h?2 K`;BMH it `i2- ?Qr2p2`- #2+QK2b KQ`2 T`Q;`2bbBp2
B7 i?2 ;2MiǶb Bb `2HiBp2Hv HQr@`BbF p2`b2X AM i?Bb Hbi b+2M`BQ- BM r?B+? i?2
T`QpBbBQM Q7 BM+2MiBp2b i?`Qm;? r;2b Bb KQ`2 +QbiHv 7Q` i?2 T`BM+BTH U`BbF@
T`2KB `2 BM 7+i ?B;?2`V M/ }`Kb KQ`2 2bBHv bm#biBimi2 r;2b rBi? T2`Fb-
Qm` KQ/2H T`2/B+ib ?B;?2` QTiBKH K`;BMH it2bX
h?2 2+QMQKB+ +QMi2Mi #2?BM/ i?2 `2bmHi +M #2 2tTHBM2/ b 7QHHQrbX aBM+2 i
n = n¯- r?B+? Bb i?2 /2bB`#H2 H2p2H Q7 2zQ`i 7Q` i?2 ;Qp2`MK2MiǶb T2`bT2+iBp2-
 /`QT BM η Bb bbQ+Bi2/ rBi? HQr2` 2Bi?2` b
y1
M/ q
y1
- i?2 ;Qp2`MK2Mi }M/b
QTiBKH iQ +QmMi2`+i i?2 H2/BM; 7Q`+2b BM i?2 H#Q` K`F2i- M/ +ib bQ b iQ
bm#biBimi2 i?2 HQr T`Bpi2 +QMbmKTiBQM rBi?  ǳ7Q`+2/Ǵ BM+`2K2Mi BM i?2 Tm#HB+
2tT2M/Bim`2- bBM+2 7Q` i?Qb2 pHm2b Q7 i?2 ;2MiǶb `BbF p2`bBQM- i?2 B/2H ;2MiǶb
2tT2+i2/ HQbb 7`QK  bvbi2K rBi? T2`Fb UBM i2`Kb Q7 ?2` T`Bpi2 +QMbmKTiBQMV
Rk3
Bb TQbBiBp2X AM 7+i- r?2M bQ+B2iv Bb HQr@`BbF p2`b2- i?2 bQ+BH pHm2 Q7 Tm#HB+
2tT2M/Bim`2 Bb ?B;? M/ T2`bBbi2Mi- bQ i?i /2+`2bBM; i?2 K`;BMH +QMbmKTiBQM
;BM Q7 ?B;?2` b #v BM+`2bBM; i?2 it `i2- BM+`2b2b i?2 miBHBiv Q7 i?2 B/2H ;2Mi
BM Bib Tm#HB+@;QQ/@+QMbmKTiBQM +QKTQM2MiX
PM i?2 Qi?2` ?M/- r?2M ;2Mib `2 bm{+B2MiHv ?B;? `BbF@p2`b2- i?2`2 `2
irQ TQbbB#H2 2z2+ib, }`biHv- bBM+2 ;m`Mi22BM; BM+2MiBp2 +QKTiB#BHBiv Bb 2bB2`-
?B;?2` it `i2b i HQr2` r;2b `2 +QMbBbi2Mi rBi? i?2 QTiBKBxBM; #2?pBQ` Q7
i?2 }`K M/ i?2 rQ`F2`bX i i?Qb2 bii2b- BM 7+i- i?2 Qmi+QK2 BKTH2K2Mi#H2
BM i?2 H#Q` K`F2i Bb H2bb HBF2Hv iQ KF2 i?2 ;2Mi rQ`b2 QzX a2+QM/Hv- bBM+2 i?2
B/2H ;2Mi Bb KQ`2 `BbF@p2`b2- i?2 ;Qp2`MK2Mi +M }M/ QTiBKH iQ bm#biBimi2
H#Q`@Qmi+QK2 mM+2`iBMiv rBi? i?2 +2`iBMiv Q7 T`QpB/BM; i?2 Tm#HB+@;QQ/X
AMimBiBp2Hv- QM2 +M }M/ pHm2b 7Q` µ M/ η 7Q` r?B+? 2Bi?2` 2z2+i /QKBMi2b i?2
Qi?2`X LQM2i?2H2bb- 7Q` µ bm{+B2MiHv bKHH M/ }t2/- r2 2tT2+i i?2 /2+2Mi`HBx2/
H#Q` K`F2i Qmi+QK2 iQ +QMp2`;2 iQ i?2 +2Mi`HBx2/ 2{+B2Mi HHQ+iBQM b i?2
;2MiǶb `BbF p2`bBQM BM+`2b2b Qp2`  bKHH `M;2X
++Q`/BM; iQ "2`Mb+QMB URNN3V- i?2 +Q2{+B2Mi Q7 `2HiBp2 `BbF p2`bBQM HB2b BM@
/22/ BM i?2 BMi2`pH [1, 2]- bQ i?i Qm` i?2Q`2iB+H `2bmHi Bb BM 7pQ` Q7  KQ`2
`2;`2bbBp2 it `i2X b r2 /Bb+mbb2/ BM *?Ti2` k- i?Bb Bb BM/22/ r?i M miBHB@
i`BM bQ+BH THMM2` rQmH/ ?p2 HBF2/ iQ /Q BM i?2 +2Mi`HBx2/ 2+QMQKvX
AM i?2 M2ti b2+iBQM- r2 T`QpB/2  ;`T?B+H `2T`2b2MiiBQM Q7 Qm` `2bmHib- #b2/
QM i?2 MmK2`B+H 2t2`+Bb2 /Bb+mbb2/ BM a2+iBQM jXRRX
h?2 7QHHQrBM; T`QTQbBiBQM bmKK`Bx2b i?2 KBM `2bmHib Q7 i?Bb +?Ti2`X
S`QTQbBiBQMd, 6Bt T`Q#H2K US9V M/ US8V M/ H2i bbmKTiBQMb US.V M/ ULV
?QH/X h?2M- 7Q` }t2/ y1- i?2 2[mBHB#`BmK K`;BMH it Bb,
RX /2+`2bBM; U`2bT2+iBp2Hv- BM+`2bBM;V BM i?2 2tT2+i2/ r;2- p1b- B7 η > 1
U`2bT2+iBp2Hv- B7 0 < η < 1V- M/ /Q2b MQi /2T2M/ QM Bi B7 i?2 ;2MiǶb miBHBiv
7mM+iBQM Bb HQ;`Bi?KB+c
kX BM+`2bBM; BM i?2 bQ+BH r2B;?i iQ Tm#HB+ 2tT2M/Bim`2- µ M/ /2+`2bBM; BM
#Qi? 2HbiB+BiB2b- ϵn,τ M/ ϵw,τ X
JQ`2Qp2`-
jX q?2M bQ+B2iv Bb HQr `BbF@p2`b2- i?2 2[mBHB#`BmK K`;BMH it `i2 Bb +QM@
bBbi2Mi rBi?  TQbBiBp2 T`QpBbBQM Q7 T2`Fb- 2p2M 7Q` H`;2 pHm2b Q7 µX
9X q?2M ;2Mib `2 bm{+B2MiHv ?B;? `BbF@p2`b2- M/ i?2 T`QpBbBQM Q7 BM@
+2MiBp2b Bb H2bb@+QbiHv 7Q` i?2 T`BM+BTH- 2Bi?2` i?2 2[mBHB#`BmK it `i2
RkN
/Bb+Qm`;2b i?2 T`QpBbBQM Q7 T2`Fb- 7Q` `2HiBp2Hv ?B;? µ M/ η- Q` Bi Bb
+QMbBbi2Mi rBi?  TQbBiBp2 T`QpBbBQM Q7 i?2 T2`[mBbBi2 ;QQ/X 6m`i?2`KQ`2-
i?2 Hii2` +b2 Bb KQ`2 HBF2Hv iQ Q++m` B7 i?2 Qmi+QK2 BKTH2K2Mi#H2 BM i?2
H#Q` K`F2i- b +QKT`2/ iQ i?2 T2`F@H2bb 2+QMQKv- /Q2b MQi KF2 i?2
;2Mi rQ`b2 QzX
jXRkX9  MmK2`B+H 2t2`+Bb2 7Q` i?2 2[mBHB#`BmK K`;BMH
it `i2
aQ 7` r2 ?p2 T`QTQb2/ M `;mK2Mi 7Q` r?v- 7Q` η ∈ (0, 1]- i?2 QTiBKH it
`i2 Bb BM+`2bBM; BM r;2bc r?2`2b- 7Q` η > 1- i?2 QTiBKH it Bb /2+`2bBM; BM
i?2KX >2`2- r2 i2bi i?2 #BHBiv Q7 Qm` KQ/2H iQ TBM /QrM i?2 2[mBHB#`BmK it
`i2 i?i Bb +QKTiB#H2 rBi? T2`Fb #2BM; bmTTHB2/ BM i?2 2+QMQKvX
b r2 H`2/v /Bb+mbb2/- r2 b?QmH/ #2 #H2 iQ }M/  b2i Q7 T`K2i2`b 7Q` r?B+?-
i i?2 2[mBHB#`BmK it `i2, BV T2`Fb `2 T`QpB/2/ 2p2M r?2M bQ+BH T`272`2M+2b
ii+?  H`;2 r2B;?i iQ i?2 Tm#HB+ 2tT2M/Bim`2- B7 i?2 ;2Mi Bb bm{+B2MiHv HQr
`BbF p2`b2- M/ BBV T2`Fb `2 MQi T`QpB/2/ BM TQbBiBp2 KQmMi b i?2 ;2MiǶb `BbF
p2`bBQM BM+`2b2bX
"2+mb2 Q7 i?2 +QMiBMmBiv Q7 Qm` bQHmiBQM- ?Qr2p2`- i?2`2 Kmbi #2 bQK2 T`K@
2i2` pHm2b 7Q` r?B+?- ;Bp2M η = 2- r?B+? Bb Qm` mTT2`@#QmM/ 7Q` i?2 ;2MiǶb
`2HiBp2 `BbF p2`bBQM- i?2 2[mBHB#`BmK it `i2 iF2b irQ pHm2b- QM2 Q7 r?B+?
HHQrb 7Q`  TQbBiBp2 T`QpBbBQM Q7 T2`Fb BM i?2 2+QMQKvX AMimBiBp2Hv- i?2M- i?2
+QKTH2K2Mi`Bivfbm#biBimi#BHBiv #2ir22M +b? M/ T2`Fb THvb MQr  F2v `QH2
BM /2i2`KBMBM; i?2 QTiBKH K`;BMH it `i2X
h?2 7QHHQrBM; };m`2b bbmK2 µ = 0.2 - (σ, δ) = (1, 0.5) M/ y1 = 3X >Qr2p2`-
7Q` +b2 R- r?B+? Bb i?2 +b2 Q7 M 2[mBHB#`BmK rBi? T2`Fb- r2 bbmK2 a = 5 c
r?BH2- 7Q` +b2 k- 7Q` r?B+? i i?2 2[mBHB#`BmK it `i2 T2`Fb `2 MQi T`QpB/2/
#v i?2 T`BM+BTH- a = 4.5X AM 2Bi?2` +b2 i?2 T`B+2 Q7 T2`Fb Bb b2i iQ k = 1X
b r2 +M b22 7Q`K i?2 6B;m`2 jXRj M/ jXR9- Qm` KQ/2H T`2/B+ib  iQT@BM+QK2
K`;BMH it `i2 Q7 30W BM +b2 RX Ai BKTHB2b  Tm#HB+ 2tT2M/Bim`2- G = 0.20-
r?B+? ++QmMib 7Q` #Qmi 7W Q7 i?2 bii2- y1- M/ 13W Q7 i?2 2[mBHB#`BmK r;2b
b(τ⋆b )X JQ`2Qp2`- i i?2B` 2[mBHB#`BmK pHm2- T2`Fb KQmMi iQ 1.6W Q7 i?2 ;`Qbb
BM+QK2 M/ 3.2W Q7 i?2 r;2X
>Qr2p2`- BM +b2 k U6B;m`2b jXR8- jXReV i?2 QTiBKH K`;BMH it `i2 Bb 7QmM/
iQ #2 45WX i i?Qb2 pHm2- Bi Bb MQi QTiBKH 7Q` i?2 }`K iQ Tv T2`FbX h?2
+imH 2tT2+i2/ `2p2Mm2b BKTHv G = 0.22 - r?B+? ++QmMi 7Q` 7.5W Q7 i?2 ;`Qbb
BM+QK2 M/ 15W Q7 i?2 r;2X
Rjy
6B;m`2 jXRj, ai;2 irQ, h?2 r;2b M/ T2`F bi`i2;B2b U+b2 RV
6B;m`2 jXR9, h?2 B/2H ;2MiǶb 2tT2+i2/ miBHBiv U1[mBHB#`BmK rf T2`FbV
RjR
6B;m`2 jXR8, ai;2 irQ, h?2 r;2b M/ T2`F bi`i2;B2b U+b2kV
6B;m`2 jXRe, h?2 B/2H ;2MiǶb 2tT2+i2/ miBHBiv U1[mBHB#`BmK rfQ T2`FbV
Rjk
jXRj *QM+HmbBQMb
h?Bb +?Ti2` /2p2HQTb  irQ@bi;2 Lb? MQM@+QQT2`iBp2 ;K2 #2ir22M  }b+H
mi?Q`Biv M/ i?2 ;2Mib BM i?2 H#Q` K`F2i- BM Q`/2` iQ TBM /QrM i?2 2[mBHB#@
`BmK iQT@BM+QK2 K`;BMH it `i2 i?i `2bmHib r?2M }`Kb `2 HHQr2/ iQ `2Tv
rQ`F2`b #v T2`FbX
h?2 Mim`2 Q7 i?2 2ti2`MHBiv T`Q#H2K BKTHB2/ #v Qm` b2iiBM; Bb i?2 7QHHQrBM;X
qQ`F2`b /2`Bp2 miBHBiv 7`QK 2Bi?2` i?2 H#Q` K`F2i Qmi+QK2b M/ i?2 ;QQ/b M/
b2`pB+2b Tm#HB+Hv T`QpB/2/ #v i?2 ;Qp2`MK2MiX LQM2i?2H2bb- r?2M /2+B/BM; ?Qr
Km+? iQ rQ`F M/ ?Qr Km+? iQ Tv- #Qi? ;2Mib iF2 b ;Bp2M i?2 it bvbi2K
M/ i?2 Tm#HB+ 2tT2M/Bim`2 MMQmM+2/ #v i?2 }b+H mi?Q`BivX h?2 ;Qp2`MK2Mi-
?Qr2p2`- b2ib ?Bb +m``2Mi Tm`+?b2b 2[mH iQ i?2 pHm2 Q7 i?2 2tT2+i2/ it `2p@
2Mm2b ?2 +M +imHHv +QHH2+i- ;Bp2M i?2 #2?pBQ` Q7 i?2 H#Q` K`F2iX aBM+2 i?2
}`K Kv ?p2 M BMi2`2bi iQ Tv #v T2`Fb BM //BiBQM iQ r;2b- i?2 ;Qp2`MK2Mi
Kv HbQ ?p2 M BMi2`2bi iQ 2Bi?2` /Bb+Qm`;2 Q` bmTTQ`i i?2 T`QpBbBQM Q7 T2`FbX
h2+?MB+HHv- i?2 T`Q#H2K i ?M/ `2[mB`2b i?2 /2}MBiBQM Q7  bQ+BH r2H7`2 7mM+@
iBQM i?i Bb 2Bi?2` i`+i#H2 M/ bBKTH2 iQ DmbiB7vX PM i?i `2;`/- r2 /QTi
M miBHBi`BM TT`Q+? #b2/ QM i?2 +QM+2Ti- MQi M2r iQ i?2 HBi2`im`2 QM it
2pbBQM- Q7 M B/2H ;2Mi- r?Q M2p2` b?`BMFb MQ` `2+2Bp2b T2`FbX
q2 bTHBi Qm` MHvbBb BMiQ irQ T`ibX AM i?2 }`bi T`i r2 7Q+mb QM i?2 H#Q`
K`F2i M/- ;Bp2M i?2 }b+H TQHB+v- r2 +?`+i2`Bx2 i?2 QTiBKH HHQ+iBQM Q7
T2`Fb- r;2b M/ 2zQ`iX Pm` MHvbBb bm;;2bib i?i i?2 ;2MiǶb K`;BMH `i2
Q7 bm#biBimiBQM #2ir22M T2`Fb M/ r;2b Kv /Bz2` 7`QK i?2B` `2HiBp2 T`B+2-
bQ H2/BM; iQ M U2t@TQbiV BM2{+B2M+v BM i?2 T`QpBbBQM Q7 T2`FbX LQM2i?2H2bb-
r2 `;m2 i?i 2p2M M Qp2`@T`QpBbBQM Q7 T2`Fb Kv KF2 i?2 ;2Mi #2ii2` Qz-
+QKT`2/ iQ  bvbi2K rBi?Qmi T2`Fb- B7 i?2 2t+2bb Q7 T2`Fb i`B;;2`b  bm{+B2MiHv
?B;? 2t+2bb Q7 2zQ`i- Q` B7 Bi `2bmHib BM  `2bQm`+2@BKT`QpBM; i2+?MQHQ;v i?i
HHQrb 7Q` M 2t@TQbi +QKT2MbiBQM Q7 i?2 ;2MiǶb 2zQ`iX
>Qr2p2`- 2Bi?2` i?2Q`2iB+HHv M/ i?`Qm;? MmK2`B+H bBKmHiBQMb- r2 b?Qr ?Qr
i?2b2 `2bmHib `2 b2MbBiBp2 iQ i?2 biQ+?biB+ /QKBMM+2 T`QT2`iB2b Q7 i?2 T`Q#@
#BHBiv /Bbi`B#miBQM M/ i?2 pHm2 Q7 i?2 bii2 BM i?2 2+QMQKvX A7- BM i?2 7Q`K2`
+b2- /2pBiBQMb 7`QK i?2 #2M+?K`F `2 [mHBiiBp2Hv BKTQ`iMi #mi [mMiBi@
iBp2Hv bKHH- BM i?2 Hii2` +b2- ?Qr2p2`- i?2 [mMiBiiBp2 BKTHB+iBQMb Q7 /Bz2`2Mi
BM+QK2 H2p2Hb `2 [mBi2 bB;MB}+iBp2X
AM i?2 b2+QM/ T`i Q7 i?2 +?Ti2`- r2 7Q`KHHv bii2 i?2 ;Qp2`MK2MiǶb KtBKBx@
iBQM T`Q#H2K Qp2` i?2 QTiBKH K`;BMH it `i2- ;Bp2M bQ+B2ivǶb T`272`2M+2b M/
i?2 Qmi+QK2b ;2M2`i2/ BM i?2 H#Q` K`F2iX Pm` `2bmHib `2 BM i2`Kb Q7  bBKTH2
Rjj
it@7Q`KmH- i?i r2 T`QTQb2 b  M2r i2bi#H2 ?vTQi?2bBb- r?B+? #mBH/b QM 
i?2Q`2iB+H 2tTHMiBQM i?i 2tTHB+BiHv ++QmMib 7Q` i?2 T`QpBbBQM Q7 T2`FbX Aib
MQp2Hiv b?QmH/ #2 7QmM/ QM Bib `2TH+BM; i?2 2HbiB+Biv Q7 i?2 `2TQ`i2/ BM+QK2
rBi? i?2 +QK#BMiBQM Q7 i?2 2HbiB+Biv iQ i?2 it `i2 Q7 2zQ`i Ur?B+? ++QmMi
7Q` i?2 2ti2MbBp2 K`;BM Q7 i?2 iQT@2`M2`bǶ H#Q` bmTTHvV M/ r;2b Ur?B+?
+Tim`2b i?2 BMi2MbBp2 K`;BM Q7 i?2 H#Q` bmTTHv- M2i- ?Qr2p2`- i?2 TQ`iBQM Q7
Bi i?i Bb `2TB/ #v T2`FbVX
Pm` KBM +QMi`B#miBQM +QMbBbib BM b?QrBM; i?i  `2;`2bbBp2 K`;BMH it `i2 Bb
+QMbBbi2Mi rBi?  TQbBiBp2 T`QpBbBQM Q7 T2`FbX h?Qm;? r2 `;m2 ?Qr i?Bb `2bmHi Bb
b2MbBiBp2 iQ i?2 Ki+? #2ir22M i?2 ;2MiǶb `2HiBp2 `BbF p2`bBQM M/ i?2 H2p2H Q7
T`272`2M+2b 7Q` Tm#HB+ 2tT2M/Bim`2- r2 HbQ DmbiB7v Bi ++Q`/BM; iQ Qm` i?2Q`2iB+H
T`2/B+iBQMbX
6BMHHv- BM  MmK2`B+H 2t2`+Bb2- r2 i2bi i?2 #BHBiv Q7 Qm` KQ/2H iQ [mMiB7v
i?2 2[mBHB#`BmK iQT@BM+QK2 K`;BMH it M/ }M/ i?i  it `i2 #Qmi jyW
Bb +QMbBbi2Mi rBi?  TQbBiBp2 T`QpBbBQM Q7 T2`Fb r?2M i?2v ++QmMi 7Q` 1.6W Q7
i?2 ;`Qbb BM+QK2 U3.2W Q7 i?2 ;2MiǶb r;2V- M/ i?2 BKTH2K2Mi#H2 T2`@+TBi
Tm#HB+ 2tT2M/Bim`2 Bb #Qmi 7W Q7 i?2 iQT@#`+F2ib itTv2`bǶ ;`Qbb BM+QK2 U15W
Q7 i?2B` 2`MBM;bVX M 2[mBHB#`BmK HHQ+iBQM rBi?Qmi T2`Fb Bb HbQ 7QmM/ 7Q` 
45W K`;BMH it `i2X
 KQ`2 T`2+Bb2 +HB#`iBQM Q7 i?2 KQ/2H Bb H27i 7Q` 7mim`2 rQ`Fb- HQM; rBi?
 #2ii2` +?`+i2`BxiBQM Q7 i?2 `2bmHib BM i2`Kb Q7 i?2 /2;`22 Q7 biQ+?biB+
/QKBMM+2 BKTHB2/ #v i?2 BM+QK2 /Bbi`B#miBQMX
Rj9
TT2M/Bt jX, h?2 >2bbBM Ji`Bt
_2K2K#2` bbmKTiBQM ULV-
bbmKTiBQMULV, g(n, q) = g˜(n)h(q)-
g˜(n) =
δn1+σ
1 + σ
h(q) =
1
(1 + aq)γ
X
"v /Bz2`2MiBiBM; Lb rBi? `2bT2+i iQ b- r2 Q#iBM
Lbb : dn
db
[
Ln d
2n
dbdn
− p′1(1 + τb)
]
+ Lnb dn
db
+ Ln d
2n
db2
r?2`2
d2n
dbdn
= −p
′
1uc(b)
gnn2
gnnn Lnb = −p′1(1 + τb)
d2n
db2
= −p
′
1|ucc|
gnn
h?2`27Q`2-
Lbb : −p
′
1uc(b)
gnn
[
2p′1(1 + τb) + Lnp′1uc(b)
gnnn
g2nn
]
− Lnp
′
1|ucc(b)|
gnn
< 0
h?2 /2`BpiBp2 rBi? `2bT2+i iQ q Q7 Lq Bb ;Bp2M #v
Lqq :
[
Ln d
2n
dqdn
]
dn
dq
+ Ln d
2n
dq2
rBi? d
2n
dqdn
=
|gnnq|gnn
gnn2
− |gnq|gnnn
g2nn
=
=
|hq|
h(q)
[
1− gngnnn
g2nn
]
=
|hq|
h(q)
[
1− σ − 1
σ
]
=
|hq|
h(q)
[
1
σ
]
M/ d
2n
dq2
=
gnngnqq
g2nn
− gnnq|gnq|
g2nn
=
=
g˜n
g˜nnh(q)
[
−|hqq|+ |hq|
2
h(q)
]
h?2`27Q`2-
Lqq : Ln
h2q
h(q)2
g˜n
g˜nn
1
σ
− Ln
h2q
h(q)2
g˜n
g˜nn
[ |hqq|h(q)
h2q
− 1
]
=
= Ln
h2q
h(q)2
g˜n
g˜nn
[
1
σ
+ 1− γ + 1
γ
]
=
Rj8
= Ln
h2q
h(q)2
g˜n
g˜nn
[
1
σ
− 1
γ
]
< 0
B7 M/ QMHv B7 σ > γX "2+mb2 Q7 Qm` bT2+B}+iBQM- i?mb-
Lqq : αγa
2n∆
σ(1 + aq)2
[
γ
σ
− 1
]
< 0 ∀γ < σ
h?2 +`Qbb@/2`BpiBp2 Lqb Bb-
Lqb : Ln d
2n
dbdq
+
dn
dq
[
Ln d
2n
dbdn
− p′1(1 + τb)
]
rBi? d
2n
dbdq
=
p′1uc(b)|hq|
g˜nnh(q)2
d2n
dbdn
= −p
′
1uc(b)g˜nnn
h(q)g˜2nn
Lqb : Lnp′1
uc(b)
g˜nn
|hq|
h(q)2
[
1− gnnngn
gnn2
]
− p′1(1 + τb)
g˜n
g˜nn
|hq|
h(q)
=
=
p′1|hq|g˜n
h(q)g˜nn
[(
1− gnnngn
gnn2
)Lnuc(b)
g˜nh(q)
− (1 + τb)
]
! 0
q2 `2K2K#2` i?i QTiBKHBiv +QM/BiBQM 7Q` b bii2b i?i Lnuc(b)
g˜nh(q)
= (1 +
τb)
p1
np′1
g˜nnn
g˜n
X
h?2`27Q`2- b HQM; b i?2 7QHHQrBM; ?QH/b- g˜n
g˜nnn
= 1− gnnngn
gnn2
- M/ Bi ?QH/b 7Q`
Qm` BbQ@2HbiB+ /BbmiBHBiv 7mM+iBQM- r2 Q#iBM
Lqb : p
′
1|hq|g˜n
h(q)g˜nn
(1 + τb)
[
p1
np′1
− 1
]
"v bbmKTiBQMUaSV-
Lqb : p
′
1|hq|g˜n
h(q)g˜nn
(1 + τb)
[
θ
n
]
h?2M-
Ç B7 θ = 0- Lqb = 0- K2MBM; i?i i?2`2 Bb MQ ;BM 7`QK DQBMi /2pBiBQM Q7
BM+`2bBM; b M/ `2/m+BM; q i i?2 2[mBHB#`BmK HHQ+iBQM ⟨s, b, n, q⟩X
Ç B7 θ > (<) 0- Lqq > (<) 0- i?2`2 Kv #2  T`Q}i#H2 /2pBiBQM 7`QK
BM+`2bBM; U/2+`2bBM;V b M/ BM+`2bBM; q i i?2 2[mBHB#`BmK HHQ+iBQM
⟨s, b, n, q⟩X
Mvrv- 7Q` i?2 T`Q#H2K #2BM; DQBMiHv +QM+p2 BM q M/ b Ur?2M s Bb 2tQ;2MQmbHv
}t2/V- i?Qb2 b2+QM/@Q`/2` ;BMb Kmbi #2 Qmir2B;?2/ #v i?2 HQbb2b i?2 T`BM+BTH
rQmH/ 7+2 #v KQpBM; rv 7`QK i?2 QTiBKH H2p2Hb Q7 b, q Ub K2bm`2/ #v i?2
KBM 2Mi`22b BM i?2 >2bbBM Ki`BtVX
Rje
Ç i Mv BMi2`BQ` bQHmiBQM 7Q` q- DQBMi +QM+pBiv `2[mB`2b
|H2| = Lbb · Lqq −
(
Lqb
)2
> 0
r?B+?- 7Q` θ = 0- `2[mB`2b σ > γX
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⎧⎪⎨⎪⎩
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`iB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⎧⎪⎨⎪⎩
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⎧⎪⎨⎪⎩
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⎧⎪⎨⎪⎩
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= −1
η
+
1
η
2tT(η(b− s))
r?Qb2 /2`BpiBp2 rBi? `2bT2+i iQ b Bb ;Bp2M #v
Nb ≡ d
db
[
1
η
(
2tT(η(b− s))− 1
)]
= 2tT(η(b− s)) > 0
RX d
2
db2
[
1
η
(
2tT(η(b− s))− 1
)]
= η 2tT(η(b− s)) > 0
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=
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=
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∣∣∣∣∣
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=
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√
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(√
y1
1 + τb
− 1
)2]
=
= − τb
1 + τb
/(√
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keX .BKQM/- SX 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t _27Q`K +iX CQm`MH Q7 SQHBiB+H 1+QMQKv-
RyjUjV- 88R@8dkX
jRX 62H/bi2BM- JX RNNNX h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mK- .X 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F2Qp2` #B/b- i?2 7`22@`B/2` T`Q#@
H2K- 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M/ a2x- 1X kyRkX PTiBK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H ht
avbi2K\  >BbiQ`B+H M/ AMi2`MiBQMH S2`bT2+iBp2- CQm`M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t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